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Abstract

Dynamic epistemic logics reason about the knowledge belonging to a collection
of agents and how that knowledge changes in response to epistemic updates,
events that provide agents with additional information. Previous work in dy-
namic epistemic logic, such as public announcement logic [76, 47] and action
model logic [15, 14], introduced models for epistemic updates and logics for rea-
soning about the effects of specific epistemic updates using these models. How-
ever many natural questions about epistemic updates are not questions about
specific epistemic updates. For example, given a desired change in knowledge
we might ask “Is there an epistemic update that results in the desired change
in knowledge?”, and if there is we might also ask “What is a specific epistemic
update that results in the desired change in knowledge?”. More recent works in
dynamic epistemic logic, such as arbitrary public announcement logic [11] and
group announcement logic [74], have considered logics for quantifying over epis-
temic updates. In principle these logics allow us to answer such questions using
model-checking or satisfiability procedures, although these particular logics are
undecidable [45, 3], and quantify over relatively restricted forms of epistemic
updates.

In the present work we consider logics for quantifying over very general forms
of epistemic updates: arbitrary action model logic, which quantifies over action
models; and refinement modal logic, which quantifies over refinements, which
have a partial correspondence with the results of action models, but are more
general. We present sound and complete axiomatisations, expressivity results,

and decidability results for these logics in various multi-agent modal settings.
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CHAPTER 1

Introduction

Epistemic logic is the logic of knowledge, used to reason about the knowledge
a collection of agents holds regarding the truth of propositional atoms and each
other’s knowledge. As a modal logic, situations involving knowledge are repre-
sented by relational structures known as Kripke models, and are reasoned about
using modal operators that denote that an agent knows that a statement is
true. Epistemic logic only considers static situations involving knowledge, where
knowledge and the truth of the propositional atoms that the knowledge is about
do not change. However many practical situations involving knowledge are not
static, and many natural questions about knowledge directly concern changes in
knowledge. For example, your knowledge may change as a result of reading this
dissertation, and you might ask “What will I learn from reading this disserta-
tion?”, “Will I learn about quantifying over epistemic updates from reading this
dissertation?” or “How can I learn about quantifying over epistemic updates?”.

Dynamic epistemic logics are logics of change of knowledge, used to reason
about how knowledge changes in response to epistemic updates, events that pro-
vide agents with additional information. Examples of epistemic updates include
the direct observation of information by an agent, communication of information
between agents, and epistemic protocols formed by composing simpler epistemic
updates sequentially, concurrently, or conditionally. For our purposes, when we

discuss epistemic updates we assume that they are purely informative in nature,



so they may cause knowledge to change, but not the truth of the propositional
atoms that the knowledge is about. We also assume that epistemic updates only
provide additional information, so they may not cause agents to forget or revise
information they previously received.

Previous work in dynamic epistemic logic has considered how knowledge
changes in response to specific epistemic updates. Notable works include the
public announcement logic of Plaza [76] and Gerbrandy and Groenveld [47], and
the action model logic of Baltag, Moss and Solecki [15, 14], each introducing
models for epistemic updates and logics for reasoning about the effects of spe-
cific epistemic updates using these models. These logics extend epistemic logic
with operators that denote that a given, specific epistemic update results in a
statement becoming true, allowing us to answer questions such as “Will I learn
about quantifying over epistemic updates from reading this dissertation?”. Both
logics represent changes in knowledge as operations that take a Kripke model
representing a situation involving knowledge, and a model representing an epis-
temic update, and produces a new Kripke model, representing the result of the
epistemic update. These operations for performing epistemic updates on Kripke
models give a powerful method for modelling and reasoning about the full effects
of a specific epistemic update in a specific situation, allowing us to answer ques-
tions such as “What will I learn from reading this dissertation?” by obtaining
a model of the full result of a specific update. However many natural questions
about changes in knowledge are not questions about specific epistemic updates,
such as “How can I learn about quantifying over epistemic updates?”.

More recent work in dynamic epistemic logic has considered how knowledge
changes in response to arbitrary epistemic updates, by quantifying over epistemic
updates. Notable works include the arbitrary public announcement logic (APAL)
of Balbiani, et al. [11] and the group announcement logic (GAL) of Agotnes, et



al. [2, 74], each introducing logics for quantifying over epistemic updates. These
logics extend public announcement logic with quantifiers that denote that every
epistemic update results in a statement becoming true, or dually, that some epis-
temic update results in a statement becoming true, allowing us to answer ques-
tions such as “Can I learn about quantifying over epistemic updates (through
some epistemic update)?”. Supposing that the answer is in the affirmative we
might subsequently ask “How can I learn about quantifying over epistemic up-
dates?”, expecting an example of a specific epistemic update that will result in
the desired change in knowledge, such as reading this dissertation. In principle,
such questions may be answered by model-checking, satisfiability and synthesis
procedures for these logics. Although APAL and GAL both have model-checking
procedures [74], the satisfiability problems for these logics are undecidable [3].
In the present work we consider several decidable logics for quantifying over
epistemic updates, in the same style as APAL and GAL, but considering more
general notions of epistemic updates. These logics are refinement modal logic,
and arbitrary action model logic.

Refinement modal logic (RML) is an extension of epistemic logic that intro-
duces quantifiers over refinements of Kripke models. Refinements correspond to
the results of a very general notion of epistemic updates, in accordance with
our informal understanding of epistemic updates as purely informative and only
providing additional information. The refinements of a Kripke model partially
correspond to the results of action models, but are more general. Unlike pub-
lic announcements or action models, refinements in general are not backed by a
model or operation for epistemic updates that produces the results. RML was
introduced by van Ditmarsch and French [34], and initial results were given by
van Ditmarsch, French and Pinchinat [35] in the setting of single-agent X . In the

present work we consider RML in a variety of modal settings, including multi-



agent K, K4, K45, KD45 and S5. In the settings of multi-agent K, K45, KD45
and S5 we provide sound and complete axiomatisations for RML, we show that
RML is compact and decidable, and that RML is expressively equivalent to the
underlying modal logic, via a provably correct translation from the language of
RML to the language of modal logic. In the setting of X4 we show that RML
is decidable, and it is more expressive than the underlying modal logic, but less
expressive than the corresponding modal p-calculus.

Arbitrary action model logic (AAML) is an extension of action model logic
that introduces quantifiers over action models. AAML was proposed by Balbiani,
et al. [11] as a possible generalisation for APAL, and the syntax and semantics of
AAML and APAL are accordingly very similar. Like RML, we consider AAML
in a variety of settings, including multi-agent X, %45 and S5. In these settings
we provide sound and complete axiomatisations, we show that AAML is com-
pact and decidable, and that AAML is expressively equivalent to the underlying
modal logic, via a provably correct translation from the language of AAML to
the language of the underlying modal logic. We achieve these results simply by
showing that the action model quantifiers of AAML are equivalent to the refine-
ment quantifiers of RML, and therefore the results from RML can be adapted
to AAML rather trivially. We show this equivalence by providing a synthesis
procedure that, given a desired change in knowledge, constructs a specific action
model that will result in the desired change in knowledge whenever a refinement
exists where that change in knowledge is satisfied.

Logics for quantifying over epistemic updates may see applications in areas
such as robotics and artificial intelligence, economics and game theory, knowledge
bases and ontologies, the development of network protocols, and the verification
of secure computer systems. Many of these domains include epistemic planning

problems, where epistemic updates must be chosen in order to meet knowledge-



based goals. For example, a robot may have to use its sensors to gain enough
information about its surroundings in order to plan a path through an area. Sim-
ilarly, a player in a game with imperfect information may have to choose moves
that provide it with additional information in order to reliably choose a winning
strategy. Logics for specific epistemic updates can determine whether a given
epistemic update satisfies a knowledge-based goal. However in epistemic plan-
ning problems a suitable epistemic update is initially unknown, and it may also be
unknown whether a suitable epistemic update even exists. Logics for quantifying
over epistemic updates, such as APAL, GAL, RML, and AAML can determine
whether epistemic updates that result in desired knowledge-based goals exist. In
contrast to APAL and GAL, which are undecidable, in the present work we show
that RML and AAML are decidable in a number of multi-agent modal settings.
Decidable logics are more suitable for some practical applications, as knowledge-
based situations cannot always be completely and uniquely described by the finite
Kripke models required for model-checking procedures to be applicable. In addi-
tion, in the present work we also demonstrate synthesis procedures for AAML in
a number of multi-agent modal settings. Supposing that there exists an action
model that results in a desired knowledge-based goal, the synthesis procedures
will provide a specific action model that results in the knowledge-based goal. In
contrast to the epistemic updates produced by the model-checking procedures of
APAL and GAL, which are specific to an initial finite Kripke model, the synthesis
procedures that we provide for AAML depend only on the knowledge-based goal,
so are applicable regardless of the initial (possibly infinite) Kripke model.

The rest of this work is organised as follows. In Chapter 2 we provide a
literature review of epistemic logic and dynamic epistemic logic, giving context
and motivation to the present work. In Chapter 3 we recall technical definitions

and results used in the following chapters. In Chapter 4 we recall the notion of



refinements and the syntax and semantics of RML, providing results about re-
finements and semantic results about RML that apply to several modal settings.
In Chapter 5, Chapter 6, and Chapter 7 we consider in greater detail RML in the
setting of multi-agent K, K45 and KD45, and S5, respectively, providing sound
and complete axiomatisations, provably correct translations from the language of
RML to modal logic, and expressive equivalence, compactness and decidability
results. In Chapter 8 we consider in greater detail RML in the setting of %4,
showing that it is decidable and that its expressivity lies strictly between that
of modal logic and the modal p-calculus. In Chapter 9 we introduce the syntax
and semantics of AAML, and consider in greater detail AAML in the settings of
multi-agent K, K45, and S5, where we provide a synthesis procedure for AAML
and show that action model quantifiers are equivalent to refinement quantifiers,
providing as corollaries sound and complete axiomatisations, provably correct
translations from the language of AAML to modal logic, and expressive equiva-
lence, compactness and decidability results. Finally in Chapter 10 we summarise
our results, and outline on-going work and open questions.

Many of the results presented here have been previously published elsewhere.
In Chapter 5 the sound and complete axiomatisation of RML in the setting
of multi-agent X, previously appeared in Bozzelli, et al. [24]. In Chapter 6 and
Chapter 7 the sound and complete axiomatisation of RML in the setting of multi-
agent KD45 and S5, previously appeared in Hales, French and Davies [52]. In
Chapter 9 the action model synthesis procedure for AAML in the setting of multi-
agent X, previously appeared in Hales [50], and similar results in the setting of
multi-agent %45 and S5 previously appeared in French, Hales, and Tay [46].
The results of Chapter 8, showing that the expressivity of RML in the setting of
%4 lies strictly between that of modal logic and the modal p-calculus, is part of
unpublished joint work with Tim French and Sophie Pinchinat.



CHAPTER 2

Literature review

Dynamic epistemic logics are used to reason about how knowledge changes in
response to epistemic updates. Often the effects of epistemic updates on knowl-
edge can be unintuitive or surprising: sometimes announcing a true statement
makes it become false, as in Fitch’s knowability paradox [43]; sometimes repeat-
ing a statement can provide different information each time it is repeated, as
in the muddy children puzzle [16, 36]. Being able to reason about changes in
knowledge has applications in a range of areas: in artificial intelligence and in-
formation science we want to represent and reason about updates in knowledge
bases and ontologies; in the study of network protocols and computer security
we want to ensure that information communicated through a network results in
the desired knowledge-based goals and doesn’t result in the leaking of sensitive
information; and in economics and game theory we want to reason about pro-
cesses or games with imperfect knowledge, where actions may provide players
with additional information that’s required to inform their decisions. For some
applications it’s useful to know the effects of specific epistemic updates [76, 15],
such as when a robot updates its internal knowledge base with with new sensor
information, when a participant in a network protocol sends or receives a message
containing new information, or when a player in a game performs an action that
reveals additional information about the game state. At other times it’s useful

to reason about arbitrary epistemic updates, quantifying over epistemic updates



in a goal-directed fashion [11, 74, 34|, such as when a robot must sense enough
of its environment to navigate an area, when a protocol designer must design a
protocol that achieves desired knowledge-based goals without leaking sensitive
information, or when a player in a game must choose a strategy that increases
the information available in order to better inform their decisions. Formal logics
of knowledge have existed for many decades [86, 55, 56, 57|, whilst logics for rea-
soning about the effects of specific epistemic updates have only arisen relatively
recently [76, 47, 15]. Much more recently logics for reasoning about arbitrary
epistemic updates have been considered [11, 34, 74], and logics of this variety
are the focus of our research. This review summarises the development of logics
of knowledge, logics of specific epistemic updates and finally logics of arbitrary

epistemic updates.

2.1 Logics of knowledge

Epistemic logic is the modal logic of knowledge. Modal logics extend propo-
sitional logic with modal operators that qualify the truth of statements in the
logic. In epistemic logic, the modal operators allow us to qualify the truth of a
statement by saying that an agent knows that the statement is true. For exam-
ple, we can qualify the proposition “The coin has landed heads up” by saying
“Alice knows that the coin has landed heads up”. Modal operators may also be
nested, allowing us to make statements about an agent’s knowledge about its
own or another agent’s knowledge. For example, we could say “Alice knows that
Alice knows that the coin has landed heads up”, or “Bob doesn’t know that Alice
knows that the coin has landed heads up”.

The semantics for many modal logics, including epistemic logic, are based in

relational structures known as Kripke models [64, 23]. A Kripke model is a rela-



tional structure over a set of “worlds”, where each world has a set of propositional
atoms that are true at that world, and each agent has an accessibility relation de-
fined over the worlds. The worlds of a Kripke model can be seen as representing
the possible ways that the “real” world could be. We say that an agent considers
another world to be “possible” from a given world if that world is accessible from
the given world through the agent’s accessibility relation in the Kripke model.
An agent may consider multiple worlds to be possible, representing the agent’s
uncertainty as to which world is the real world. An agent is said to “know” that
a statement is true in a given world if that statement is true on each of the worlds
that the agent considers possible from the given world. Generally speaking, the
more worlds that an agent considers possible, the less the agent knows.
Variants of modal logic may attribute different intuitive meanings to its modal
operators, often depending on properties required of the Kripke models that are
under consideration. For example epistemic logics usually require that agents
always consider the real world to be possible, as otherwise the agent might “know”
a statement that is actually false in the real world. By contrast, doxastic logics,
which are logics of belief, often relax this constraint as it’s reasonable for an agent

to “believe” a statement that is actually false in the real world.

2.1.1 Modal and epistemic logics

Lewis and Langford are widely acknowledged as the progenitors of early modal
logic, with the earliest symbolic treatment of modal logic dating back to work by
Lewis in 1912, and leading to a book with Langford [65] in 1959. Early work in
modal logic was mostly syntactic, lacking any formal semantics. Carnap [27, 28]
first considered the notion of possible worlds to represent the semantics of modal
logics, and other authors, amongst them Hintikka [55, 56] and Kripke [63] further

developed these semantics, resulting in the final form by Kripke [64], the name-



sake of Kripke models and Kripke semantics for modal logics. von Wright [86]
was responsible for the first logical analysis of knowledge in terms of modal logic
in 1951, and this was further developed by Hintikka [55, 56] culminating in the
first book-length treatment of the subject by Hintikka [57] in 1962.

2.1.2 Common knowledge

The first work on the topic of common knowledge was by Lewis [68] and later
work was by McCarthy, Sato, Hayashi and Igarishi [71]. Common knowledge is
described by McCarthy as what “any fool knows”; for a statement to be com-
mon knowledge, it is required that everyone knows that the statement is true,
that every agent knows that every agent knows that the statement is true, and
so on. Whereas the definition of common knowledge of Lewis and McCarthy
was in terms of modal logics, Aumann [8] gave an alternative definition for com-
mon knowledge using Aumann structures and the meet of structures rather than
Kripke models and modal formulas. Common knowledge is of interest in eco-
nomics and game theory, where common knowledge of rationality, rules and
outcomes is assumed in order to permit backwards-induction reasoning about
games [9]. Aumann [8] discusses common knowledge with a focus towards dis-
cussing economics and game theory. Lehmann [66] and Halpern and Moses [53]
considered common knowledge in depth, and the book by Fagin, Halpern, Moses

and Vardi [41] gives a survey of much of their work in this area.

2.1.3 Alternative logics of knowledge

Non-modal logics of knowledge have been considered. Aumann [8] proposed
an event-based approach using Aumann structures, which represents knowledge
as an operator on events rather than reasoning about knowledge using logical

formulas. There is in fact a one-to-one correspondence between epistemic Kripke

10



models and Aumann structures [41]. A number of authors, among them van
Emde Boas, Groenendijk, and Stokhof [39], Fagin and Vardi [42], Mertens and
Zamir [72] and Fagin, Halpern and Vardi [40] have considered modeling knowledge
and belief using an infinite hierarchy of sets representing the relative strength or
plausibility of each piece of knowledge. This representation lends itself easily to
the concept of belief revision, discussed in the next section. Fagin, Halpern and
Vardi [40] discussed the relationship between this representation of knowledge

and belief with modal logic.

2.2 Logics of specific epistemic updates

Dynamic epistemic logics consider how knowledge changes as a result of epistemic
updates that provide agents with additional information. For our purposes we
generally assume that epistemic updates are purely informative, so they may
cause knowledge to change, but not the truth of the propositional atoms that the
knowledge is about. For example, after flipping a coin, if Alice were to tell Bob
“The coin has landed heads up”, this would be a purely informative epistemic
update, as the effect is only on Alice and Bob’s knowledge. However the act
of Alice flipping the coin would not be purely informative, as it has an effect
outside of Alice and Bob’s knowledge, specifically on the truth of the statement
that “The coin has landed heads up”. We also assume that epistemic updates
increases information monotonically, so they may not cause agents to forget or
revise information that they previously received. For example, if Alice wasn’t
wearing her glasses when she looked at the coin she might look again and tell
Bob that actually the coin landed tails up, causing Bob to revise the information
he was previously offered. If Alice looks yet again she might tell Bob that she’s

now unsure about whether the coin has landed heads up, causing Bob to forget
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the information he was previously offered, as it was possibly unreliable. There
are models for epistemic updates that permit propositional change [22] or that
that permit revision of information [4], however they are not the focus of the
present work.

Previous work in dynamic epistemic logic has considered how knowledge
changes in response to specific epistemic updates. These logics typically ex-
tend epistemic logic with operators that denote that a specific epistemic update
results in a statement becoming true. For example, we can say that “After Alice
tells Bob that the coin has landed heads up, Bob knows that the coin has landed
heads up.” Logics of this form have been considered for a number of different
models for epistemic updates. Often epistemic updates are modelled as opera-
tions on Kripke models, but there are examples of logics where this is not the
case.

Notable logics for reasoning about specific epistemic updates include the
logic of belief revision of Alchourrén, Gérdenfors and Makinson [4], the logic
of public announcements of Plaza [76] and Gerbrandy and Groenvald [47], the
arrow update logic of Kooi and Renne [61], the logic of epistemic actions of
van Ditmarsch [31, 32, 33] and the logic of action models of Baltag, Moss and
Solecki [13, 14]. A survey of some of these logics and related areas is given in the

book by van Ditmarsch, van der Hoek and Kooi [36].

2.2.1 Public announcement logic

Public announcements are simple epistemic updates that consist of a true state-
ment being publicly announced to all agents at once. The public nature of the
announcement means that every agent receives the announcement, every agent
knows that every agent receives the announcement, every agents knows that ev-

ery agents knows that every agent receives the announcement, and so on. The
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effect of publicly announcing a true statement is often that the statement be-
comes common knowledge amongst agents. For example, if Alice, Bob and Carol
are in a room and Alice publicly announces that “The coin has landed heads up”,
then this statement becomes common knowledge amongst Alice, Bob and Carol.
Not only does Bob now know that the coin has landed heads up, Carol knows,
Bob knows that Carol knows, Carol knows that Bob knows, and so on. However
there are examples where public announcements of true statements do not result
in common knowledge, such as the Moore sentence “The coin has landed heads
up but Bob doesn’t know that the coin has landed heads up”. If Bob knew that
this statement was true, then Bob would know that the coin has landed heads
up, but this would contradict the second part of the statement, that says that
Bob doesn’t know that the coin has landed heads up.

The public announcement logic was introduced by Plaza [76], and Gerbrandy
and Groenvald [47]. Public announcement logic extends epistemic logic with
an operator that denotes that publicly announcing a true statement results in
another statement becoming true. Public announcements may be modelled as
operations on Kripke models by restricting the worlds of the Kripke models to
those worlds where the publicly announced statement is true, removing those
worlds where the statement is false, as in the treatment by Plaza [76]. Alterna-
tively public announcements may be modelled as operations on Kripke models
by restricting the accessibility relations of the Kripke models so that agents only
consider worlds possible if those worlds satisfy the publicly announced statement,
as in the treatment by Gerbrandy and Groenvald [47]. Plaza [76] formulated and
axiomatised a multi-agent public announcement logic with common knowledge
operators, but without introspection of knowledge, i.e. agents cannot reason
about their own knowledge. Gerbrandy and Groenvald [47] formulated and ax-

iomatised a multi-agent public announcement logic without common knowledge
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operators, but with introspection of knowledge. Baltag, Moss and Solecki [15, 14]
provided a sound and complete axiomatisation of the public announcement logic
with common knowledge operators and introspection of knowledge as a special
case of their action model logic with common knowledge.

Public announcements are a very simple form of epistemic update, as the
information communicated by a public announcement must be communicated
publicly to all agents. Public announcements cannot model epistemic updates
that provide information to only some of the agents in the system, or that provides
different information to each agent. However public announcements are suited to
some interesting problems; for example, Fitch’s knowability paradox [43] can be
adequately modelled and reasoned about with the public announcement logic, as

can the muddy children puzzle [16, 36].

2.2.2  Action model logic

Action models are a very general notion of epistemic updates that generalise
public announcements. Unlike public announcements, action models are able
to represent epistemic updates that provide information privately to some of
the agents in the system and provide different information to each agent in the
system. When considering epistemic updates that communicate information pri-
vately to some agents, there are a number of ways in which the other agents
in the system can interpret that epistemic update. For example, suppose that
after flipping a coin, Alice looks at the coin so that Bob sees Alice looking at the
coin, but Bob can’t see the coin himself. Then Bob would know that either Alice
knows that the coin has landed heads up or Alice knows that the coin has landed
tails up, but Bob himself doesn’t know which is actually the case. If instead
Alice were to sneakily look at the coin so that Bob doesn’t see her looking, then

Alice would know that the coin has landed heads up, but Bob wouldn’t know

14



that Alice knows.

Action models are relational structures similar to Kripke models. An action
model is a relational structure over a set of “actions”, where each action has a
precondition determining when the action can take place, and each agent has an
accessibility relation defined over the actions. The actions of an action model can
be seen as representing the possible epistemic updates that may have occurred.
As in a Kripke model, agents may consider actions to be “possible”, and an
agent considering multiple actions possible represents the agent’s uncertainty as
to which epistemic update has actually occurred. For example, when Alice looks
at the coin after flipping it, she only considers one epistemic update to have
been possible: where she learns that the coin has landed heads up. Bob however
considers two epistemic updates to have been possible: one where Alice learns
that the coin has landed heads up; and one where Alice learns that the coin has
landed tails up. This uncertainty is represented in an action model by having
separate actions in the action model, one representing Alice learning that the
coin has landed heads up and one representing Alice learning that the coin has
landed tails up, and giving Alice and Bob different accessibility relations over the
actions, so that Alice only considers one action possible, but Bob considers both
actions possible.

The action model logic was introduced by Baltag, Solecki and Moss [15, 13].
Action model logic extends epistemic logic with an operator that denotes that
executing a specific action model results in a statement becoming true. The ex-
ecution of an action model may be modelled as an operations on Kripke models,
by taking a sort of “product” with the action model, followed by a restriction of
the resulting Kripke model according to the satisfaction of the preconditions in
the action model. This can be seen as a generalisation of the world-restricting

model of public announcements used by Plaza [76]. Baltag, Solecki and Moss [15]
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provided a sound and complete axiomatisation for the logic with and without
common knowledge operators. Later work by Baltag and Moss [14] emphasised
the generality of the action model approach, providing many examples of ac-
tion models representing various kinds of epistemic updates, including public
announcements. Baltag and Moss [14] introduced the notion of an action signa-
ture, representing a class of action models that have the same relational structure
but which have different formulas as preconditions. They show that sublanguages
of the action model logic can be defined by restricting the possible action mod-
els to those corresponding to sets of action signatures, and that the resulting
sublanguages have a sound and complete axiomatisation. This gives for exam-
ple a sound and complete axiomatisation for the public announcement logic, the
logic of completely private announcements to groups and the logic of common
knowledge of alternatives.

Although the notion of information change that the action model logic cap-
tures is intuitively explained in a setting of knowledge, the formulation that
Baltag, Moss and Solecki [15] provide is in a more general modal setting that can
be applied not only to epistemic logic, but to other modal logics, such as dox-
astic logics. Whereas public announcements can only represent true epistemic
updates, where the information that is communicated must actually be true in
the real world, there is no such restriction for action models. It is possible in
a setting of doxastic logic for an action model to represent epistemic updates
containing false information, leading agents to believe that false statements are
true. Baltag and Moss [14] refer to the epistemic updates that action models rep-
resent as justifiable changes in belief, meaning that it is not assumed that action
models communicate true information, only that they communicate information
that is assumed to be trustworthy. It is possible for action models to represent

intentionally deceptive epistemic updates, such as if Alice knows that the coin
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has landed heads up, but tells Bob that the coin has landed tails up. It is also
possible for action models to represent unintentionally false epistemic updates,
such as if Bob believes that the coin landed tails up, when it in fact did not, but
then tells Carol that the coin landed tails up. However action models are not
capable of revising beliefs. That is, after Bob has been lead to believe that the
coin has landed tails up, it is not possible to convince him otherwise using an

action model.

2.2.3 Arrow update logic

Arrow updates are another generalisation of public announcements. Unlike public
announcements, arrow updates are able to represent epistemic updates that pro-
vide different information to each agent in the system. The base system of arrow
updates assumes that the effects of an arrow update are common knowledge to
the agents in a system, and so arrow updates cannot represent epistemic updates
that provide information privately to agents [61]. However generalised arrow up-
dates are able to represent such epistemic updates, and in fact every action model
is update-equivalent to a generalised arrow update, and vice versa [62].

The arrow update logic was introduced by Kooi and Renne [61]. Arrow update
logic extends epistemic logic with an operator that denotes that executing a
finite set of arrow updates results in a statement becoming true. An arrow
update consists of a statement, called the source condition, an agent, and another
statement, called the target condition. The execution of an individual arrow
update may be modelled as an operation on Kripke models by restricting the
edges in the given agent’s accessibility relation so that worlds that satisfy the
given source condition only have edges to worlds that satisfy the given target
condition. The execution of a finite set of arrow updates may be modelled by

restricting the edges in the Kripke model’s accessibility relations to those edges
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that are preserved as a result of executing any of the arrow updates in the set
individually. Whereas action models may be seen as a generalisation of the world-
restricting model of public announcements used by Plaza [76], arrow updates may
be seen as a generalisation of the edge-restricting model of public announcements
used by Gerbrandy and Groenvald [47]. Kooi and Renne [61] provide a sound
and complete axiomatisation for the logic, and compare arrow updates to action
models, showing that arrow updates may be represented as action models, but
are sometimes exponentially more succinct than action models. Arrow updates
are less general than action models, however Kooi and Renne [62] also consider
a generalised arrow update that can represent any action model up to update-

equivalence.

2.2.4 Belief revision

In contrast to the true epistemic updates of public announcements, and the justi-
fiable, monotonic epistemic updates of action models, methods for belief revision
consider ways in which agents can revise their beliefs in the light of new informa-
tion. The system of truth maintenance of Doyle [38] is an early approach to belief
revision in the setting of artificial intelligence, which models a “knowledge base”
of beliefs along with the reasons for those beliefs, which are used to revise those
beliefs when contradicting information is discovered. Levi [67] and Harper [54]
provided a model of rational belief change which models beliefs and belief revision
using Bayesian probability.

More recent developments in belief revision are heavily influenced by the AGM
approach to belief revision, named for Alchourrén, Géardenfors and Makinson [4].
The AGM approach models a single agent’s beliefs with a belief set, consisting
of a set of propositional formulas. An epistemic update is represented by an

operation on the belief set called a revision, which consists of adding a new
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formula to the belief set, and then removing contradicting formulas from the
belief set until the resulting belief set is consistent. Often there are multiple
ways to remove formulas from the belief set that will result in a consistent belief
set, and so the AGM approach uses a model of entrenchment, representing how
strongly certain beliefs are held, in order to determine which formulas should
be removed in favour of others. Alchourrén, Gardenfors and Makinson do not
provide a logical framework for reasoning about their method of belief revision,
and their approach is limited in the sense that it only deals with propositional
beliefs, and therefore cannot represent introspective beliefs (beliefs about the
agent’s own beliefs) or beliefs about other agents’ beliefs.

van Benthem [18; 19, 20|, Jaspars [60] and de Rijke [77] applied dynamic
modal logic to doxastic logic to model information change, taking influences
from the AGM approach to belief revision. This provided a logical framework
for reasoning about belief revision, however the results still did not allow intro-
spection of beliefs. Subsequent work by Lindstrom and Rabinowicz [69, 70] and
Segerberg [78, 79] developed a full dynamic doxastic logic, allowing reasoning
about belief revision with introspective beliefs. These logics introduce opera-
tors that denote that revising an agent’s beliefs with a new statement results in

another statement becoming true.

2.3 Logics of arbitrary epistemic updates

A more recent development in the field of dynamic epistemic logic concerns logics
for reasoning about arbitrary epistemic updates. These logics extend epistemic
logic or dynamic epistemic logics for specific epistemic updates with quantifiers
that denote either that every epistemic update or some epistemic update results

in a statement becoming true. These quantifiers could be applied to the devel-
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opment of network protocols, where we want to reason about the existence of
epistemic protocols that achieve desired knowledge-based goals, or in the verifi-
cation of secure computer systems, where we want to guarantee that no sequence
of operations in the system will lead to sensitive information being leaked to
unauthorised agents.

A closely related problem is that of synthesising epistemic updates that achieve
desired knowledge-based goals. For example, in the development of network pro-
tocols, if a protocol exists that would achieve a desired knowledge-based goal,
then in principle a synthesis procedure could be applied to construct a specific
protocol that can be used in practice. Another example, in the verification of
secure computer systems, if there is a sequence of operations that results in the
system leaking sensitive information, then a synthesis procedure could be applied
to construct an example of such a sequence of operations, assisting in debugging

and securing the system.

2.3.1 Arbitrary public announcement logic

Early considerations of arbitrary epistemic updates were in relation to the concept
of knowability. A true statement is knowable by an agent if it is possible for the
agent to know that it is true as a result of an epistemic update. An example
of an unknowable statement was given by Moore (see Hintikka [57]) which takes
the form of “The coin has landed heads up but Bob doesn’t know that the coin
has landed heads up”. If Bob knew that this statement was true, then Bob
would know that the coin has landed heads up, but this would contradict the
second part of the statement, that says that Bob doesn’t know that the coin
has landed heads up. Knowability was considered by Fitch [43] in relation to
the verification principle, which says that “every true statement is knowable”.

Fitch shows that if every true statement is knowable then every true statement
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must be known; this is known as Fitch’s knowability paradox. It shows that
if we accept the verification principle then the notions of truth and knowledge
become equivalent, and therefore that the notion of knowledge is redundant in
such a setting. van Benthem [21] considers knowability in the setting of dynamic
epistemic logic and dismisses a number of logical treatments of knowledge that
attempt to accept the verification principle by weakening the rules for knowledge.
van Benthem [21] also considers the notion of a successful statement, which is a
true statement that is known by an agent after it is announced to that agent.
For example, if Bob were to be told that the coin has landed heads up then
he would know that the coin has landed heads up, and so “the coin has landed
heads up” is a successful statement. All successful statements are knowable, and
so the previous example of an unknowable statement is also an example of an
unsuccessful statement; after telling Bob that “the coin has landed heads up and
Bob doesn’t know that the coin has landed heads up”, Bob does not know that
this statement is true because its truth has been invalidated by telling it to Bob.
These treatments of knowable and successful statements introduce an informal
syntactic notion of “what can be known” that bears some similarity to quantifiers
over epistemic updates.

The arbitrary public announcement logic (APAL) was introduced by Balbiani
et al. [11]. APAL extends public announcement logic with quantifiers that denote
either that every public announcement or some public announcement results in a
statement becoming true. This work was partially motivated by Fitch’s knowabil-
ity paradox, and the concept of knowability may be encoded using the quantifiers
introduced by the logic. Balbiani et al. [11] provided a number of semantic re-
sults for the APAL, along with a sound and complete axiomatisation, however
the logic was shown to be undecidable in the setting of multiple agents by French

and van Ditmarsch [45]. Balbiani et al. [11] also suggested a generalisation of the
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APAL to quantify over more general classes of epistemic updates, such as action

models.

2.3.2  Group announcement and coalition announcement logic

Two logics related to APAL are the group announcement logic (GAL) and the
coalition announcement logic (CAL) of Agotnes and van Ditmarsch [2, 74]. Com-
pared to APAL the quantifiers of GAL restrict the public announcements that
are quantified over to group announcements. A group announcement consists of a
public announcement that each agent in a group knows a particular statement is
true. Each agent may only announce statements that they know to be true. GAL
extends public announcement logic with quantifiers that denote, for a given group
of agents, either that every group announcement or some group announcement
that can be made by the group results in a statement becoming true. Coalition
announcements are similar, but differ from group announcements in that agents
outside of the coalition are also able to make public announcements that may
sabotage whatever the coalition of agents is attempting to achieve through its an-
nouncements. Agotnes et al. [74] provide a sound and complete axiomatisation of
GAL, along with expressivity results and a complexity result for model checking,
and Agotnes, van Ditmarsch and French [3] showed that GAL is undecidable. Tt

is yet unknown whether GAL and CAL are expressively equivalent.

2.3.3 DEL-sequents

The system of DEL-sequents of Aucher [6, 7] provides a sequent calculus that
allows reasoning about arbitrary action models. In contrast to APAL, GAL, and
CAL, which introduce syntactic quantifiers over epistemic updates, the system of
DEL-sequents does not extend the syntax or semantics of action model logic with

quantifiers. Rather, all reasoning about arbitrary action models is performed at
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the meta-logical level. In the DEL-sequents, judgements have three parts: (i)
that which is true before an action model is executed, (ii) that which is true
about the action model, and (iii) that which is true after the action model is
executed. Aucher [6, 7] provides sequent calcului to derive (iii) given (i) and (ii),
to derive (ii) given (i) and (iii), and to derive (i) given (ii) and (iii), corresponding
respectively to epistemic progression, epistemic planning, and epistemic regres-
sion. The particular case of epistemic planning gives a method to determine,
given a formula describing an initial knowledge situation, and a formula describ-
ing a desired knowledge situation, a formula describing an action model that
takes us from the initial situation to the desired situation. If the formula describ-
ing the action model is satisfiable then we can produce a specific action model
that takes us from the initial situation to the desired situation. Otherwise if the
formula describing the action model is unsatisfiable then we know that no such
action model exists. This essentially corresponds to having a single action model
quantifier at the meta-logical level, that can only quantify over quantifier-free for-
mulas. Aucher [6, 7] also shows how to build formulas that capture respectively
all that can be inferred about (iii) given (i) and (ii), (ii) given (i) and (iii), and
(i) given (ii) and (iii), and although these results are presented in the setting of

multi-agent K, Aucher notes that they can be extended to other modal settings.

2.3.4 Other related logics

The subset space logic of Dabrowski, Moss and Parikh [30] associates with each
Kripke model a topology of non-empty subsets of the worlds in the Kripke model,
and introduces quantifiers that quantify over these subsets of worlds. Whereas
APAL quantifiers over public announcements, essentially the modally definable
subsets of the worlds in a Kripke model, the subset space logic may quan-

tify over subsets that are not modally definable. Recent work by Wang and
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Agotnes [84, 83] has extended the subset space logic to multiple agents, and
shown that the subset space logic may be used as the basis of an alternative
semantics for the public announcement logic, and recent work by Balbiani, van
Ditmarsch and Kudinov [12] has demonstrated that the subset space logic may
be used as the basis of an alternative semantics for reasoning about arbitrary
public announcements.

The arbitrary arrow update logic (AAUL) was recently proposed by van Dit-
marsch, van der Hoek and Kooi [37]. AAUL extends arrow update logic with
quantifiers that denote either that every arrow update or some arrow update re-
sults in a statement becoming true. van Ditmarsch, van der Hoek and Kooi [37]
have presented preliminary results focussing on the relative expressivity of AAUL
with epistemic logic, epistemic logic with common knowledge operators, and
APAL.

The alternative logic for knowability of Wen, Liu and Huang [85] introduces
quantifiers that quantify over subrelations of the accessibility relations of Kripke
models. Whereas AAUL quantifies over arrow updates, essentially a form of
modally definable subrelations of a Kripke model, the alternative logic for knowa-
bility may quantify over subrelations that are not modally definable. Subrelations
are less general than refinements, which may duplicate states as well as remove
edges from accessibility relations. Wen, Liu and Huang [85] discuss this logic in
the context of knowability, with comparisons to APAL, and demonstrate that in
the single-agent case the logic is equivalent to APAL, and in the multi-agent case
the logic is equivalent to the subset space logic on the class of downward closed

multi-agent subset frames.
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2.3.5 Bisimulation quantified modal logic

The bisimulation quantifier modal logics (BQML) of Ghilardi and Zawadowski [48],
and Visser [82] introduces quantifiers over the pointed Kripke models that are
bisimilar to the pointed Kripke model currently being considered, except for the
value of a propositional atom that is allowed to vary. Bisimulations are an impor-
tant concept in the semantics of modal logics. Notably the modal logic K corre-
sponds to the bisimulation-invariant fragment of first-order logic [17], and there
is a partial correspondence between bisimilarity and equivalence under modal
validity [49]. In particular, if two pointed Kripke models are bisimilar, then they
are indistinguishable to all modal formulas, and in restricted situations if two
pointed Kripke models are indistinguishable to all modal formulas then they are
bisimilar. Bisimulations are closely related to refinements, which we consider in
greater detail in the following chapters. van Ditmarsch and French [34] noted
the relationship between bisimulation quantifiers and refinement quantifiers and
Bozzelli, et al. [24] later showed that refinement quantifiers can be expressed

using bisimulation quantifiers in the setting of multi-agent %.

2.3.6 Refinement modal logic

The refinement modal logic (RML) of van Ditmarsch and French [34] introduces
quantifiers over a much more general class of epistemic updates than the logics
considered previously. Refinements are related to bisimulations: for a Kripke
model to be a refinement of another Kripke model, there must exist a relation
from one Kripke model to the other that satisfies atoms and forth. Refinements
can be seen as one direction of a bisimulation; whereas bisimulation corresponds
is an equivalence relation, refinement are a partial ordering. The refinement

modal logic of van Ditmarsch and French [34] quantifies over the pointed Kripke
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models that are refinements of the pointed Kripke model currently being con-
sidered. Whereas the quantifier in bisimulation quantified modal logic binds a
propositional atom as a variable, the quantifier in RML binds no variables. van
Ditmarsch and French [34] provide semantic results to justify the view that re-
finements correspond to a very general notion of epistemic updates, in particular
that the result of executing an action model on a Kripke model is a refinement
of the original Kripke model, and any refinement of a finite Kripke model corre-
sponds to the result of executing an action model. van Ditmarsch and French [34]
also compare RML to the arbitrary action model logic suggested by Balbiani et
al. [11], conjecturing that adding the operator from the action model logic to the
RML yields a logic equivalent to the arbitrary action model logic. In subsequent
work van Ditmarsch, French and Pinchinat [35] provide a sound and complete
axiomatisation for the single agent variant of RML over the class of all Kripke
models. The axiomatisation takes the form of reduction axioms, admitting a
provably correct translation from RML to the underlying modal logic, and as a
corollary means that the logic is decidable. van Ditmarsch, French and Pinchi-
nat [35] also considered a variant of RML that extends the modal u-calculus.
Later work by Bozzelli, van Ditmarsch and Pinchinat [25] gave succinctness re-
sults and complexity bounds for the decision problem for the single-agent RML
over the class of all Kripke models, and Achilleos and Lampis [1] provided com-
plexity results for the model-checking problem in addition to tighter complexity

bounds for the decision problem.
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CHAPTER 3

Technical preliminaries

In this chapter we recall technical definitions and results used in the following
chapters. In Section 3.1 we recall technical definitions and results for modal logic,
along with logical notation and terminology applicable to the other logics we’ll
be working will. All of the logics we’ll be considering are modal logics or exten-
sions of modal logics, and the definitions and results of this section will be used
throughout the following chapters. In Section 3.2 we we recall technical defini-
tions and results for the action model logic of Baltag, Moss and Solecki [15, 14],
a notable logic for reasoning about the effects of specific epistemic updates. Ac-
tion models represent a very general form of epistemic update, and we use action
models in motivating the investigation of refinement modal logic in Chapter 4,
and we consider action models more closely in Chapter 9 on arbitrary action

model logic.
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3.1 Modal logic

We recall standard definitions and results from modal logic. For an introductory
text on modal logic we direct the reader to the books by Blackburn, de Rijke
and Venema [23], and Hughes and Cresswell [58]. Many simple or well-known

propositions are given without proof and left as an exercise for the curious reader.

3.1.1 Syntax and semantics

Let P be a non-empty, countable set of propositional atoms, and let A be a

non-empty, finite set of agents.

Definition 3.1.1 (Language of modal logic). The language of modal logic, L,

is inductively defined as:

pu=p|l@|(@Ap)]|Oup
where p € P and a € A.

We also define the language of propositional logic, £,;, which is the fragment
of £,,; without ,.

We use all of the standard abbreviations from propositional logic: | ::= pA—p;
To==2Ll, VY = a(npAW); ¢ = = =9V and ¢ < ¥ = (¢ —
) A (¢ — ¢). We also use the abbreviation {,¢ ::= —[,—¢. When we are
working in a single-agent setting we will write (0 and ¢{) instead of [J, and ¢,,.
We write ¢ < ¢ to denote that 1 is a subformula or is equal to ¢.

The formula [J,» may be read as “agent a knows that ¢ is true”, or “agent
a believes that ¢ is true”, depending on which terminology is appropriate for the
setting we are working in. The formula ¢, may be read as “agent a considers
it possible that ¢ is true”. This reading can be understood with respect to the

definition of the ¢, operator as the dual of the [J, operator: if an agent doesn’t
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know or believe that a statement is false, then the agent must be open to the

possibility that the statement is true (and vice versa).

Example 3.1.2. Suppose that Alice (agent a) has flipped a coin and, being
careful that Bob (agent b) can’t see it, she looks at the coin and sees that it has
landed heads up (atom p). Then the formula p may be read as “the coin landed
heads up”, the formula [J,p may be read as “Alice knows that the coin landed
heads up”, the formula —[J,p may be read as “Bob doesn’t know that the coin
landed heads up”, and the formula [J,—J,p may be read as “Alice knows that
Bob doesn’t know that the coin landed heads up”. If Alice was not as careful
when she looked at the coin we might write the formula ¢{,[0,p, which may be
read as “Alice considers it possible that Bob knows that the coin landed heads
up”, or equivalently —[J,—[Jyp, which may be read as “Alice doesn’t know that

Bob doesn’t know that the coin landed heads up”.

Under the standard Kripke semantics for modal logics, modal formulas are
interpreted over relational structures known as Kripke models [80, 63, 57]. In
epistemic and doxastic logics, Kripke models are thought of as abstract models
of the knowledge or beliefs of a set of agents.

We first define Kripke frames, the relational components of Kripke models.

Definition 3.1.3 (Kripke frames). A Kripke frame, ' = (S, R) consists of: a
domain S, which is a non-empty set of states; and an indexed set of accessibility
relations R, indexed on A, where for every a € A, R, C S xS is a binary relation

on states.

We write sR,t to denote that (s,t) € R,. We write sR, to denote the set
of successor states sR, = {t € S | sR,t} and we write R,t to denote the set of

predecessor states Rt = {s € S | sR,t}.
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We will be working with a variety of modal logics that are defined by relational

properties on Kripke frames. We define those relational properties here.

Definition 3.1.4 (Relational properties). Let S be a set and let R C S x S be

a binary relation on S. Then we say that R is ...
o ...serial if and only if for every s € S there exists t € S such that sRt.
o ... reflerive if and only if for every s € S: sRs.
e ... transitive if and only if for every s,t,u € S: if sRt and t Ru then sRu.
o ...symmetric if and only if for every s,t € S: if sRt then tRs.
e ... Fuclidean if and only if for every s,t,u € S: if sRt and sRu then tRu.

When we ascribe relational properties to Kripke frames we actually ascribe
those properties to each of the accessibility relations of the Kripke frame. So we
say that a Kripke frame F' = (S, R) is {serial, reflexive, etc.} if and only if for
every a € A the binary relation R, is {serial, reflexive, etc.}.

We use these relational properties to define the classes of Kripke frames that

we will be working with.

Definition 3.1.5 (Classes of Kripke frames). We define the following classes of

Kripke frames:

e The class K of all Kripke frames.

The class K4 of all transitive Kripke frames.

The class K45 of all transitive and Euclidean Kripke frames.

The class KD45 of all serial, transitive and Euclidean Kripke frames.

The class S5 of all reflexive, transitive and Fuclidean Kripke frames.
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In order to interpret the validity of modal formulas containing propositional

atoms we augment Kripke frames with valuations of propositional atoms.

Definition 3.1.6 (Kripke models). A Kripke model, M = (S, R, V') consists of
an underlying Kripke frame F' = (S, R) along with a valuation functionV : P —
P(S), which is a function from propositional atoms to sets of states.

A pointed Kripke model M, = ((S, R,V),s) consists of a Kripke model M =
(S, R,V) along with a designated state (the real world), s € S. A multi-pointed
Kripke model My = ((S,R,V),T) consists of a Kripke model M = (S,R,V)

along with a non-empty set of designated states, T' C S.

As we will usually work with Kripke models rather than frames we overload
the notation for classes of Kripke frames to also refer to classes of Kripke models.
When we ascribe relational properties or frame properties to a Kripke model
we actually ascribe those properties to its underlying Kripke frame. We will
sometimes treat a (single-)pointed Kripke model as though it were a multi-pointed
Kripke model and we assume in this case that M, is an abbreviation for M.

We now define the semantics of modal logic. The semantics are defined in
terms of a parameterised class of Kripke frames, C, which could stand for K, %4,

K45, etc. or for any other class of Kripke frames so defined.

Definition 3.1.7 (Semantics of modal logic). Let C be a class of Kripke frames,
let ¢ € Ly, and let M, = ((S,R,V),s) € C be a pointed Kripke model. The
interpretation of the formula ¢ in the logic C'on the pointed Kripke model M,

is defined inductively as:
M, Ep iff seVi(p)
M, E - ift M,Fp
M,EpANy it M,Epand M, F
M,EO.e iff foreverytesR,: M, Fo
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In particular we are interested in the modal logics K, K4, K45, KD}5, and
S5 for the respective classes of Kripke frames K, K4, K45, KD45, and S5.

Let M, € C be a pointed Kripke model, let F' € C be a Kripke frame. If
M, E ¢ then we say that ¢ is valid on M,. Let ® C L,,, be a (possibly infinite)
set of formulas. If M, F ¢ for every ¢ € ® then we say that ® is valid on M,
and we write M, F ®. If M, F ® for every s € S then we say that ® is valid on
M and we denote this by M F ®. If M E & for every M with the underlying
Kripke frame F' then we say that @ is valid on F' and we denote this by F' F ®.
If FFE ® for every F' € C then we say that ® is valid on C and we denote this
by C E ®. When (C is clear from context we may simply write F & instead of
CE®. If T C S and there exists s € T" such that M, F ® then we say that ® is
satisfiable in M. If ® is satisfiable in Mg then we say that & is satisfiable in M.
If ® is satisfiable in M with the underlying Kripke frame F' then we say that ®
is satisfiable in F'. If there exists F' € C such that ® is satisfiable in F' then we
say that @ is satisfiable in C. If every finite subset of ® is satisfiable in { M, M,
F, C} then we say that ® is finitely satisfiable in {M, M, F, C}.

We write [¢]a to denote the set of states where ¢ is valid, where [p]y =
{s €S| M,FE p}.

In the following chapters we rely on the cover operator of Janin and Walukiewicz [59],
following the definitions given by Bilkova, Palmigiano and Venema [26]. We use
the cover operator to state axioms for RML and AAML, and to provide the
synthesis procedures for AAML. The cover operator is an abbreviation for a
conjunction of an arbitrary number of modalities that happens to be convenient
for such purposes. The cover operator is defined by the syntactic abbreviation
Vol := 04 V,er YA N, er Oa7> where I' is a finite set of formulas. Semantically,
we have M, F V,I' if and only if: for every ¢t € sR, there exists v € I" such that
M, E ~; and for every v € I" there exists ¢ € sR, such that M, F .
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We give an example of some Kripke models and some modal formulas satisfied

by those Kripke models:

Example 3.1.8. Let M, = ((S,R,V),s) and M. = ((S', R, V"), s) be pointed

Kripke models where:

S = {s,t}

R, = {(s;9),(t,1)}

Ry = {(s,5),(s,1), (t,5), (t, 1)}
Vip) = {s}

and:

S" = {s,t,u}

R, = {(s,),(t,1), (s, u), (u,s), (u,u)}

Ry = {(s,5),(s,0), (t,5), (£,1), (u,u)}
Vip) = {s,u}

The Kripke models M, and M! are shown in Figure 3.1.

Recall that in Example 3.1.2 we described a situation where Alice has flipped
a coin and, being careful that Bob can’t see it, she looks at the coin and sees
that it has landed heads up. The Kripke model M, models this situation, as we
note that: M, F p; M, F O.p; M, F -Opp; and M, F O,~Opp.

In Example 3.1.2 a second situation was described where Alice was not as
careful and Alice considers it possible that Bob saw the coin. The Kripke model
M! models this situation as we note that: M. F p; M. E O.p; and M. E
=[O, 0pp. In this particular model we have that M. E =[Oyp, so although Alice

considers it possible that Bob saw the coin, in reality he didn’t.
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Figure 3.1: Two example Kripke models, modelling the situations described in

Example 3.1.2.
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3.1.2 Bisimulations and bisimilarity

We next recall definitions and results related to bisimilarity of Kripke models.
Bisimilarity is an important concept in modal logics. Notably the modal logic
K corresponds to the bisimulation-invariant fragment of first-order logic [17],
and there is a partial correspondence between bisimilarity and equivalence under

modal validity [49].

Definition 3.1.9 (Bisimulation). Let M = (S,R,V) and M’ = (S, R, V') be
Kripke models. A non-empty relation R C S x S’ is a bisimulation if and only
if for every p € P, a € A and (s,s') € R the following conditions, atoms-p,
forth-a and back-a holds:

atoms-p s € V(p) if and only if ' € V'(p).
forth-a For every t € sR, there exists t’ € s'R! such that (¢,¢') € R.

back-a For every t' € §'R], there exists t € sR, such that (¢,t') € .
If there exists a bisimulation SR such that (s,s’) € R then we say that M,

and M}, are bisimilar and we denote this by M, ~ M.

Bisimulations were first developed by Milner [73] and Park [75] to capture a
notion of process equivalence in the process algebra for concurrent systems, and
have appeared in the context of modal logics since van Benthem [17].

We first note that the relational operator ~ for bisimilarity forms an equiva-

lence relation.

Proposition 3.1.10. The relational operator ~ is an equivalence relation (re-

flezive, transitive and symmetric) on Kripke models.
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Bisimilar Kripke models are equivalent under modal validity.
Proposition 3.1.11. Let M, and M], be pointed Kripke models such that M, ~

M!,. Then for every ¢ € Ly: M, E ¢ if and only if M., E ¢.

This is a well-known result, shown by Blackburn, de Rijke, and Venema [23].
Not all modally equivalent Kripke models are bisimilar. However we can define
a property of Kripke models that guarantees that modal equivalence implies
bisimilarity.
Definition 3.1.12. Let M = (S, R,V) be a Kripke model. We say that M is
modally saturated if and only if for every a € A, s € S and ® C L,,;: if ¢ is
finitely satisfiable in M, then ® is satisfiable in M p .

For modally saturated Kripke models, modal equivalence implies bisimilarity.

Proposition 3.1.13. Let M and M’ be modally saturated Kripke models such
that for every ¢ € Ly: M, E ¢ if and only if M., = ¢. Then M, ~ M.,.

This is shown by Blackburn, de Rijke, and Venema [23].
A notable class of modally saturated Kripke models are the finite and image-

finite Kripke models.

Definition 3.1.14 (Finite Kripke models). Let M = (S,R,V) be a Kripke
model. We say that M is finite if and only if S is finite.

Definition 3.1.15 (Image-finiteness). Let M = (S, R, V') be a Kripke model.
We say that M is image-finite if and only if for every a € A and s € S: sR, is
finite.

Proposition 3.1.16. Every finite Kripke model is image-finite.
Proposition 3.1.17. Every image-finite Kripke model is modally saturated.

Thus for finite or image-finite Kripke models it is also the case that modal

equivalence implies bisimilarity.
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Bisimulations can be computed in polynomial time for finite Kripke models.

Proposition 3.1.18. Let M and M’ be Kripke models such that M ~ M'. There

is a unique, maximal bisimulation between M and M’.

Proposition 3.1.19. Let M and M’ be finite Kripke models defined on a finite
set of propositional atoms such that M ~ M'. The mazimal bisimulation between

M and M’ can be computed in polynomial time.

These results are shown by Goranko and Otto [49, pp. 273-274].

We can define a bisimulation-minimal version of a Kripke model by ‘merging’
bisimilar states as in the bisimulation contraction, resulting in a Kripke model
where no two states are bisimilar. Bisimulation contracted Kripke models are
useful because bisimilarity of states corresponds precisely to equality of states,
so in a bisimulation contracted Kripke model no two distinct states are bisimilar

to one another.

Definition 3.1.20 (Bisimulation contraction). Let M = (S, R, V) be a Kripke
model, let R C S x S be the maximal bisimulation between M and itself, and
let [s] ={t € S| (t,s)}) € R. The bisimulation contraction of M is the quotient
model M’ = (S, R', V') where:
S = {[s]|seS}
[s]R.[t] iff there exists s’ € [s],t’ € [t] such that sR,t

Vilp) = Alslls eV}

We note that bisimilarity of states corresponds precisely to equality of states

in bisimulation contracted Kripke models.

Proposition 3.1.21. Let M = (S, R,V) be a Kripke model and let M’ be the
bisimulation contraction of M. Then for every s,t € S: M[/s} ~ M[’t] iof and only

i 1s] = 1]
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We also note that the bisimulation contraction of a Kripke model is bisimilar

to the original Kripke model.

Proposition 3.1.22. Let M = (S, R,V) be a Kripke model and let M’ be the

bisimulation contraction of M. Then for every s € S: M, ~ M[/S}.
We also consider a depth-limited notion of bisimulation.

Definition 3.1.23 (n-bisimulation). Let M = (S, R,V) and M’ = (5", R, V')
be Kripke models and let n € N. A list of non-empty relations R, C R,,_; C

- C Ry C S x 8 is an n-bisimulation if and only if for every i = 0,...,n,
p€ P,ac Aand (s,s) € R, the following conditions, atoms-i-p, forth-i-a and
back-i-b holds:

atoms-i-p If i = 0 then s € V(p) if and only if s € V'(p). If i > 0 then
(s,8") € R;_1.

forth-i-a For every t € sR, there exists ¢’ € s'R,, such that (¢,t') € R;_;.

back-i-a For every t' € 'R/ there exists t € sR, such that (¢,t') € R;_1.
If there exists an n-bisimulation Ry, ..., R, such that (s,s’) € R, then we

say that M, and M}, are n-bisimilar and we denote this by M, ~, M/,

Similar to the relational operator for bisimilarity, ~, we note that the rela-

tional operator ~,, for n-bisimilarity forms an equivalence relation.

Proposition 3.1.24. The relation ~,, is an equivalence relation on Kripke mod-

els.
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Similar to bisimilarity, there is a partial correspondence between n-bisimilarity

and equivalence under depth-limited modal equivalence.

Definition 3.1.25 (Modal depth). Let ¢ € L,,;. We denote the modal depth of

¢ by d(¢) and define it inductively as:

dip) = 0

d(=p) = d(p)
dle ANY) = maz(d(e),d(V))
d(Tap) = d(p)+1

Proposition 3.1.26. Let n € N and let M, and M}, be pointed Kripke models
such that M, ~, M!,. Then for every ¢ € Ly, such that d(p) < n: M, E ¢ if
and only if M., E ¢.

Proposition 3.1.27. Let n € N and let M and M’ be modally saturated Kripke
models such that for every ¢ € Ly, such that d(p) < n: M, E ¢ if and only if
M., = ¢. Then M, ~, M.

These results follow from similar reasoning to the corresponding results for
bisimilarity.

We note that if two pointed Kripke models are n-bisimilar for all n € N then
they must agree on all modal formulas. However this does not in general imply

that the two pointed Kripke models are bisimilar.
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3.1.3 Axiomatisations

We now introduce the proof theory for modal logics, first providing an axiomati-

sations for the logic K.

Definition 3.1.28 (Axiomatisation K). The axiomatisation K is a substitution

schema consisting of the following axioms and rules:

P All propositional tautologies
K FOudp = %) = (Oap = Oa?))
MP From F ¢ — ¢ and F ¢ infer 1
NecK From F ¢ infer F O,

where ¢, € L,,; and a € A.

If - ¢ is in the least set containing the axioms and closed under the rules of
an axiomatisation then we say that ¢ is a theorem of the axiomatisation. Let
® C L, be a (possibly infinite) set of formulas. If there exists ¢1,...,p, € ®
such that F (o1 A+ A p,) — ¢ then we say that ¢ is deducible from ® and we
write ® - . If & = L then we say that ® is inconsistent, and if ® ¥ 1 then we
say that ® is consistent.

We also provide axiomatisations for the logics K/, K45, KD45, and S5, by

extending the axiomatisation K with additional axioms.

Definition 3.1.29 (Axiomatisations K4, K45, KD45, and S5). We define the

following axioms:

FDap = Outp
FOup = ¢

F O — Oaatp

F O = HaQu

o o~ H U
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Then the axiomatisations K4, K45, KD45, and S5 consist of the axioms

and rules of K along with the following respective additional axioms:
e K4: 4
e K45: 4 and 5
e KD45: D, 4 and 5
e S5 T and 5
We are interested in properties of the proof theories of the logics we consider.

Definition 3.1.30 (Soundness and completeness). If every theorem of an ax-
iomatisation is valid in the corresponding semantics then we say that the ax-
iomatisation is sound with respect to the logic. If every formula valid in a se-
mantics is a theorem of the corresponding axiomatisation then we say that the
axiomatisation is (weakly) complete with respect to the semantics. If every set
of formulas that is consistent according to an axiomatisation is satisfiable in the
corresponding semantics then we say that the axiomatisation is strongly complete

with respect to the semantics.

Proposition 3.1.31. The aziomatisations K, K4, K45, KD45, and S5 are
sound and strongly complete with respect to the semantics of the respective logics

K, K4, K}5, KDJ5, and S5.
This is shown by Chellas [29].

Definition 3.1.32 (Substitution of equivalents). Let L be a logical language
defined on the propositional atoms P. An axiomatisation is closed under substi-

tution of equivalents if and only if for every ¢, ¢, ¢ € L, and p € P: F ¢ < ¢/
implies I p[1/p] <> @[ /p].
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Proposition 3.1.33. The aziomatisations K, K4, K45, KD45, and S5 are

closed under substitution of equivalents.
We are also interested in properties of the logics themselves.

Definition 3.1.34 (Compactness). If every (possibly infinite) set of formulas
that is finitely satisfiable according to the semantics of a logic is satisfiable then

we say that the logic is compact.
Proposition 3.1.35. The logics K, K4, K45, KD45, and S5 are compact.

These are well-known results that follow from the compactness of first-order
logic and the characterisation of the listed modal logics as fragments of first-order

logic. These results are shown by Blackburn, de Rijke, and Venema [23].

Definition 3.1.36 (Model-checking problem). The model-checking problem for a
logic is to determine for a given formula and a given finite pointed Kripke model

whether the formula is valid on the pointed Kripke model.

Proposition 3.1.37. The model-checking problems for the logics K, K4, K/5,
KD/5 and S5 are decidable.

This is a well-known result. The decision procedure is determined by recur-
sively interpreting a modal formula on a finite Kripke model. The procedure

terminates because both the formula and the model are finite.

Definition 3.1.38 (Satisfiability and provability problems). The satisfiability
problem for a logic is to determine for a given formula whether the formula is
satisfiable according to the semantics of the logic. The provability problem for
a proof system such as an axiomatisation is to determine for a given formula

whether the formula is provable according to the proof system.
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We note that for sound and complete proof systems the satisfiability and
provability problems are dual problems (a formula is satisfiable if and only if its

negation is not provable).

Proposition 3.1.39. The satisfiability problems for the logics K, K4, K45, KD45
and S5 are decidable.

This is shown by Chellas [29].

In the following sections and chapters we compare the expressive power of the
logics that we consider to other logics, often to an underlying modal logic.

To compare the expressive power of two modal logics interpreted over the
same class of Kripke models we compare the subclasses of Kripke models that
can be specified as the Kripke models from the class that satisfy a formula of
the logic. If a modal logic can specify all of the subclasses of Kripke models that
another modal logic can specify then we say that the logic is at least as expressive
as the other logic. If two modal logics are at least as expressive as each other
then we say that the two logics are expressively equivalent. If a modal logic is
at least as expressive as but not expressively equivalent to another logic then we
say that the logic is strictly less expressive than the other logic. If two logics are
neither at least as expressive as the other logic then we say that the two logics

are incomparable in expressivity.

3.2 Action model logic

We recall definitions and results from the action model logic of Baltag, Moss and
Solecki [15, 14]. For an introductory text on action model logic we direct the
reader to the book by van Ditmarsch, van der Hoek and Kooi [36]. Many simple
or well-known propositions are given without proof and left as an exercise for the

curious reader.
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3.2.1 Syntax and semantics

We first introduce action models.

Definition 3.2.1 (Action models). Let £ be a logical language. An action model
with preconditions defined on L, M = (S, R, pre) consists of an underlying Kripke
frame F = (S,R) along with a precondition function pre : S — L, which is a
function from actions to formulas.

A pointed action model My = ((S,R, pre),s) consists of an action model M =
(S,R, pre) along with a designated action s € S. A multi-pointed action model
M: = ((S,R,pre), T) consists of an action model M = (S,R, pre) along with a

non-empty set of designated action T C S.

We use similar notation and terminology to Kripke models when discussing
action models. When we ascribe relational properties or frame properties to an
action model we actually ascribe those properties to its underlying Kripke frame.
When the language that an action model is defined on is clear from context we
will simply refer to an action model, without explicit reference to the language.

We note that although Baltag and Moss [14] and other presentations of action
models define action models over a finite domain, we make no such restriction in
the definition. The finite domain is relied upon to represent action models in the
syntax of the action model logic. We allow the domain of action models to be
infinite here because some of our results about action models in later chapters
rely on notions of infinite action models, or generalise easily to infinite action
models. We instead apply the restriction to a finite domain in the definition of
the syntax of action model logic.

As the action model logic reasons about the effects of specific action mod-
els, we need to represent action models in the language of action model logic.

However action models are defined with respect to a logical language which their
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preconditions are defined over. To avoid a circular definition Baltag and Moss [14]

use the notion of an action signature.

Definition 3.2.2 (Action signature). An action signature, ¥ = (S,R, (s1,...,s5))
consists of an underlying Kripke frame F = (S, R) along with a non-repeating list
of non-trivial actions, sq,...,s, € S.

Let L be a logical language where T € L, and let ¢q,...,p, € L be a list
of formulas. Then we can obtain an action model X (¢1,...,¢,) = (S,R,pre)
with preconditions defined on L, where pre(s;) = ¢; for i = 1,...,n and pre(s) =
T otherwise. The trivial actions are so named because their preconditions are

always set to T.

When we ascribe relational or frame properties to an action model or signature
we actually ascribe those properties to its underlying Kripke frame. As we will
often work with action models and signatures rather than Kripke frames we
overload the notation for classes of Kripke frames to also refer to classes of action
models or signatures.

In the language of action model logic we use action signatures instead of
action models. However the syntax allows for applying a list of formulas to an
action signature, so we can construct an action model by combining the action

signature with the list of formulas.

Definition 3.2.3 (Language of action model logic). Let § be a non-empty, count-
able set of action signatures. The language of action model logic with action

signatures S, Lg(S), is inductively defined as:

pu=plop| (@A) | Tap | [XT,00,..., 00

where p € P,a€ A, X = (S,R,(s1,...,80)) €S, T = (s1,...,5,) €S, and the
number of parameters to a given action signature X is determined by the number

of designated actions in the action signature.
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We use all of the standard abbreviations from modal logic, in addition to
the abbreviations [My]p == [ZT,¢1,...,¢n]e where M = Z(p1,...,¢,) and
(Mg)p 2= =[Mq]=p. Where T = {s} we use the abbreviations [M ¢ ::= [M,]¢
and (M) = (Mg).

Definition 3.2.4 (Semantics of action model logic). Let C be a class of Kripke
models and let § be a non-empty, countable set of action signatures. We define
the semantics of action model logic and the notion of action model execution
simultaneously.

Let M = (S,R,V) € C be a Kripke model and M = (S,R,pre) € K be an
action model with preconditions defined on L,,,;(5). We denote the result of
executing the action model M on the Kripke model M as M ® M and define it
as M @M = (5", R', V') where:

S = {(s,s) € SxS|M,Epre(s)}
(s,s)R(t,t) iff sR,t and sR,t

Viip) = {(s,5) €S [s€V(p)}

We denote the result of executing the pointed action model M, on the pointed
Kripke model M, as M, ® M, and define it as M, ® M, = (M ® M, (s,s)). Note
that M, ® M is undefined if M, ¥ pre(s) as then (s,s) ¢ 5"

Let ¢ € Ly (S) and let M, = ((S,R,V),s) € C be a pointed Kripke model.
The interpretation of the formula ¢ in the logic AML¢ on the pointed Kripke
model M, is the same as its interpretation in modal logic, defined in Defini-

tion 3.1.7, with the additional inductive cases:

M, E My iff M, E pre(s) implies M, @ M, F ¢
M, E [M{]p iff foreveryseT: M, F[M]p

We are interested in the following variants of action model logic:
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o AMLyg interpreted over the class of X Kripke frames and the language of
action model logic Ly, (%) with action signatures defined on the class of

finite K Kripke frames.

o AMLgys interpreted over the class of K45 Kripke frames and the language
of action model logic L,,,;(%45) with action signatures defined on the class

of finite %45 Kripke frames.

e AMLgs interpreted over the class of $5 Kripke frames and the language of
action model logic L,,,(S55) with action signatures defined on the class of

finite §5 Kripke frames.

For Kripke models we often use M € C as a shorthand to denote that M is
a Kripke model with an underlying Kripke frame F' where F' € C. For action
models we use a similar shorthand, M € C4,s to denote that M is an action model
with an underlying Kripke frame F' where F' € C.

As we will be working with AMLg,s; and AMLgs; we note that the result
of executing any %45 4,, action model on a K45 Kripke model is another K45
Kripke model, and similarly the result of executing any 5545, on a §5 Kripke
model is another §5 Kripke model.
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Proposition 3.2.5. Let M € K45 and M € K45 45, Then M @ M € K45.
Proposition 3.2.6. Let M € §5 and M € S5 4p;. Then M @ M € S5.
We give some examples of AML.
Example 3.2.7. Let M. = ((S', R, V'), s) be a Kripke model where:
S = {s,t,u}
R, = {(s,5),(t,1), (s, u), (u,s), (u,u)}

Rlly = {(575)7(S7t)v(t73)’(tvt)’(uvu)}
Viip) = {s,u}

and let M, = ((S,R, pre),s) be an action model where:

S = {s}
R,=R, = {(s;s)}
pre(s) = —Opp

Then M; @M, = M,y = ((S, R, V), (s,s)) where:

S = {(s:5),(t,9)}

R, = {((s,5)(s,5)), ((t;5), (t,5))}

Ry = {((s:5),(5,9)), ((s,5), (£,5)), ((t,5), (5,9)), ((t,5), (£,5))}
Vip) = {(s,9)}

The Kripke models M ., and M, and the action model M, are shown in
Figure 3.2. We note that M(S,S) and M are essentially the same as the Kripke
models from Example 3.1.8. We also note that the action model M, has essentially
the same effect as a public announcement of —=[J,p.

The Kripke model M! models the situation where Alice has looked at the

coin, and considers it possible that Bob saw the coin. Supposing that Bob were to
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Figure 3.2: An example of a Kripke model and the result of publicly announcing

—[pp in that Kripke model.
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publicly announce that he didn’t see the coin, then M (5.:5) would model the result
of this public announcement. From Example 3.1.8 we have that M(s’s) FAML,
Oa—Opp. Therefore we have that M. Eayg, (Mg)O.—0pp. So although initially
Alice considers it possible that Bob saw the coin, after Bob publicly announces

that he didn’t, she knows that Bob didn’t see the coin.
Example 3.2.8. Let M, = ((S,R,V),s) be a Kripke model where:
S = {s,t}
R, = {(s;9),(t,1)}
Ry = {(s,5),(s,1), (t,9), (1,)}

Vip) = {s}
and let M, = ((S,R, pre),s) be an action model where:
S = {st}

R, = {(s;5).(s,1), (t;5), (t,1)}
R, = {(s;5),(t, 1)}

pre(s) = T

pre(t) = p

Then M, @ My = M, = ((5", ', V'), (s,s)) where:

S = A(s;9),(t5), (u, )}

Ry = {((s,5),(5,9)), ((£,9), (£,9)), ((5,5), (u, 1)), (1), (s,5)), ((u, 1), (u, 1))}

By = {((s,5),(s,5)),((s,5), (£,5)), ((£,5), (5,9)), ((£,5), (£,5)), ((u, 1), (u, 1)) }
Viip) = {(s;s), (u,1)}

The Kripke models M, and M], and the action model M, are shown in Fig-
ure 3.3. We note that M, and M are essentially the same as (are isomorphic to)

the Kripke models from Example 3.1.8.
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Figure 3.3: An example of a Kripke model and the result of executing an action

model in that Kripke model.
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The Kripke model M, models the situation where Alice has looked at the coin
and is certain that Bob didn’t see the coin. Supposing that Alice were to leave
the room with the coin in it, Alice would consider it possible that Bob looked at
the coin. From Example 3.1.8 we have that M F 41, O,0pp. Therefore we have
that M, Famr, (Mg)0,0p. So although initially Alice knew that Bob didn’t see
the coin, after leaving the room Alice considers it possible that Bob saw at the
coin.

We note that M, and M are essentially the same as (are isomorphic to) the
Kripke models from the previous example, Example 3.2.7. This demonstrates
that in some situations the effects of an action model can be reversed by another

action model.

Example 3.2.9. Let M, = ((S, R,V),s) be a Kripke model where:

S = {s,t,u,v}
R, = {(s,5),(5,1),(t,5), (L, 1), (u,u), (u,0), (v, u), (v,0)}
Ry = {(s,5), (s,u), (u, ), (u, ), (t,1), (,0), (v, 1), (v,0)}
Vip) = {st}
Vig) = {s,u}

and let M, = ((S,R, pre),s) be an action model where:

S = {s}
Ra:Rb = {(575)}

pre(s) = pA-hp
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Then M, @ My = M, = ((5", ', V"), (s,s)) where:

s = {(

R, = {(

Ry, = {((s,s),(s,5)).((t.5). (t,5))}
Viip) = {(
Viig) = {(

The Kripke models M, and M| are shown in Figure 3.4. We note that the
action model M, has essentially the same effect as a public announcement of
p A —pp.

In the resulting model we have that M. E 4y, (yg, so in the original model
we have M, Fayr, (M,)Opg. That is, publicly announcing that p is true and

agent b doesn’t know that p is true results in agent b knowing that ¢ is true.

Figure 3.4: An example of a Kripke model and the result of publicly announcing

Opp in that Kripke model.

________________ A I S A
a,b a,b , a,b
u Q . 0 S (875) O
{¢} ——{p. ¢} {r.a}

S

________________________________________________
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In the resulting model we also have that M. Espyg, —(p A =Opp), so in the
original model we have M, F sz, (M)=(pA—0pp). That is, publicly announcing
that p A =[yp is true results in p A =[J,p becoming false.

Although we do not show it formally here, the effects of this action model

cannot be reversed by another action model.

3.2.2 Bisimulation and bisimilarity

Similar to Kripke models there is a notion of bisimilarity of action models.

Definition 3.2.10 (Bisimulation of action models). Let M = (S,R,pre) and
M" = (SR, pre/) be action models. A non-empty relation R C S x S is a
bisimulation if and only if for every a € A and (s,s’) € R the following conditions,

pre, forth-a and back-b holds:
pre F pre(s) <> pre(s').
forth-a For every t € sR, there exists t’ € s'/R], such that tRt'.

back-a For every t’ € s'R), there exists t € sR, such that tRt'.

If there exists a bisimulation R that is a total relation between S and S’
(where the pre-image of R is S and the image of R is ') then we say that M and
M’ are bisimilar and we denote this by M ~ M’. If there exists a bisimulation R
such that s9s’ then we say that My and M., are bisimilar and we denote this by
M, ~ M.

Proposition 3.2.11. The relation ~ is an equivalence relation on action models.

We note that bisimilar action models have bisimilar results on bisimilar Kripke

models.
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Proposition 3.2.12. Let M and M’ be pointed Kripke models such that M ~ M’
and let M and M’ be pointed action models such that M ~ M’'. Then M @ M ~
M @ M.

In particular, due to Proposition 3.1.11 and Proposition 3.2.12 we have:

Proposition 3.2.13. Let M, and M., be pointed Kripke models such that M, ~
M!, and let Mg and M., be pointed action models such that My ~ ML. Then for
every ¢ € Loz My E [M]p if and only if M., [ML]e.

Proposition 3.2.14. Let M, and M], be pointed Kripke models such that M, ~
M!,. Then for every ¢ € Lyy: M, F ¢ if and only if M., E ¢.

We also have a notion of depth-limited bisimilarity of action models.

Definition 3.2.15 (n-bisimulation). Let M = (S,R, pre) and M’' = (S',R’, pre’)
be Kripke models and let n € N. A list of non-empty relations R, C R,_; C
- C Ry €S x 9 if and only if for every i = 0,...,n, p € P, a € A and

(s,s') € MR, the following conditions, pre-i-p, forth-i-a and back-i-b holds:

pre-i If i =0 then F pre(s) <> pre/(s’). If i > 0 then (s,s') € R;_;.

forth-i-a For every t € sR, there exists t' € s'/R], such that (t,t') € R,_;.

back-i-a For every t' € s'/R], there exists t € sR, such that (t,t") € R;_;.
If there exists an n-bisimulation Ry, . .., MR, such that sR,;s’ then we say that

M, and M., are n-bisimilar and we denote this by M, ~,, M.

Proposition 3.2.16. The relation ~,, is an equivalence relation on action mod-

els.

We note that n-bisimilar action models have n-bisimilar results on n-bisimilar

Kripke models.
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Proposition 3.2.17. Let n € N, let M, and M, be pointed Kripke models such
that M, ~,, M., and let M, and M., be pointed action models such that Mg =, ML .
Then M, @ M, ~,, M!, @ M.,.

Proposition 3.2.18. Let n € N, let M, and M., be pointed Kripke models such
that M, ~, M!, and let M be a pointed action model. Then for every ¢ € Ly
such that d(p) < n: M, F [M,]p if and only if M., E [M,]p.

Proposition 3.2.19. Letn € N, let M, be a pointed Kripke model and let M, M.,
be pointed action models such that Mg ~,, M.,. Then for every ¢ € Ly, such that
d(¢) < n: M, E [M]e if and only if M, E [ML]p

3.2.3 Axiomatisations

We recall the proof theory for action model logic, providing axiomatisations for

the logics AMLy, AMLgkys5, and AMLgs.

Definition 3.2.20 (Axiomatisations AMLgk, AMLgkys, and AMLgs). The ax-
iomatisations AMLy, AMLgkys, and AMLgs are substitution schemas consist-
ing of the respective axioms and rules of K, K45, and S5 along with the following

additional axioms and rules:

AP+ [M]p ¢ (pre(s) = p)

AN F [M{]=p < (pre(s) = —[M,]p)

AC F [M(p A1) < (Mp A M)

AK F [M]Oup > (pre(s) = Oa Avesr, IMe])
AU F [M1]o & Ao M]p

NecA From F ¢ infer = [M{]p

where ¢, 9 € Ly, Mg € Kanr, p € P, and a € A.

We note that the axiomatisations AMLy, AMLk,45, and AMLgs are closed

under substitutions of equivalents. We also note that the axiomatisations AMLg,
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AMLgys, and AMLgs form sets of reduction axioms, admitting a provably cor-
rect translation from the language L,,; of action model logic to the language
L, of modal logic. This works as the axioms AN, AC, AK, and AU may be
applied to “push” the action model operators past negations, conjunctions, and
modalities, until they are applied only to propositional atoms, where the axiom
AP may be applied to replace the formula with a modal formula. The reduction
axioms do not define how to push an action model operator past another action
model operator, so the reduction must be applied to the inner-most action model
operators first, relying on closure under substitution of equivalents to operate on
action model operators nested within other operators in the formula. Assuming
that the axioms are sound we then have that AMLg, AMLg,s, and AMLg; are
expressively equivalent to K, K45, and S5 respectively, so we get other results for

the logic from the corresponding results for K, K45, and S5.

Proposition 3.2.21. The aziomatisations AMLyg, AMLyky,s, and AMLgs are
sound and strongly complete with respect to the semantics of the respective logics

AMLK, AMLK45, and AMLSg.

Proposition 3.2.22. The logics AMLy, AMLk,5, and AMLg5 are expressively

equivalent to the respective logics K, K45, and S5.
Proposition 3.2.23. The logics AMLyk, AMLgys, and AMLgs are compact.

Proposition 3.2.24. The satisfiability problems for the logics AMLg, AMLgys,
and AMLgs are decidable.
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CHAPTER 4

Refinement modal logic

In this chapter we recall the refinement modal logic (RML) of van Ditmarsch and
French [34] and provide semantic results about refinements and refinement modal
logic. RML is an extension of modal logic that quantifies over the refinements
of a Kripke model. In epistemic settings refinements correspond to the results
of a very general notion of epistemic updates. However unlike public announce-
ments or action models, refinements in general are not backed by a model or
operation for epistemic updates that produces the results. In contrast to previ-
ous treatments of RML [34, 35], which considered RML specifically in the setting
of K, our treatment considers RML in different settings, including multi-agent
doxastic and epistemic logics. In the present chapter we provide definitions and
results common to all or most of the settings that we consider. In Section 4.1
we recall the definition of refinements, we provide a partial characterisation of
refinements through the preservation of the validity of positive formulas, we show
a correspondence between the refinements of finite Kripke models and the results
of executing action models, and we show many related results. In Section 4.2 we
recall the semantics of RML and provide semantic results common to the settings
that we consider. In following chapters we consider RML in the settings of X,

K45, KD45, S5, and K4, providing results specific to each setting.
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4.1 Refinements

Refinements are relations over Kripke models that, in epistemic settings, can be
seen as indicating that one Kripke model is the result of an epistemic update
of another. In Section 3.1 we introduced bisimulations, which are relations over
Kripke models that indicate that one Kripke model is modally equivalent to
another. Recall that a bisimulation is a relation between two Kripke models that
must satisfy the conditions atoms, forth, and back for every propositional atom
and every agent. A refinement is a generalisation of a bisimulation that allows
forth to be relaxed for a given set of agents. A refinement is also the reverse of

a simulation, which relaxes back for all agents.

Definition 4.1.1 (Refinements). Let B C A be a set of agents and let M =
(S,R,V) and M' = (S, R, V') be Kripke models. A non-empty relation R C
S x S"is a B-refinement from M to M’ if and only if for every p € P, a € A,
c€ A\ B and (s,s) € R the conditions atoms-p, forth-c and back-a holds:

atoms-p s € V(p) if and only if 5" € V/(p).

forth-c For every t € sR, there exists t' € 'R, such that (¢,t') € R.

back-a For every t' € s'R], there exists t € sR, such that (¢,t') € R.
If there exists a B-refinement R from M to M’ such that (s,s’) € R then
we say that M}, is a B-refinement of M, and we denote this by M/, <p M, or

equivalently M, =g M.

We call an A-refinement simply a refinement and we write M., < M, or
equivalently M, = M!,. We call an {a}-refinement simply an a-refinement and

we write M., <, M, or equivalently M, =, M.
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We note that we use the term “refinement” both to refer to a relation between
two Kripke models, and to refer to a Kripke model that is related to another
Kripke model through such a relation. It should be clear from context which
definition we are using. In informal settings we often use the term “refinement”
to refer to the general concept of B-refinements, rather than to refer only to
A-refinements.

We provide some examples of refinements.

Example 4.1.2. Let M, = ((S,R,V),s) and M. = ((S",R',V'), s) be pointed

Kripke models where:

S = {s,t,u,v}

R, = A{(s;8),(s,1),(t,8), (t,1), (u, w), (u,0), (v, u), (v,0)}
Ry = {(s,8),(s,u), (u,8), (u,u), (1), (t,0), (v,1), (v,0)}
Vip) = {s:t}
Vig) = {s,u}

and:

S = {s,t}
R, = {(s,s),(s,1),(t;5), (t,1)}
Ry = {(s,s), (1)}
Vi) = {st}
Vilg) = {s}
The Kripke models M, and M| are shown in Figure 4.1. We note that M,
and M/ are essentially the same as (are isomorphic to) the Kripke models from

Example 3.2.9. In Example 3.2.9 we showed that M/ is the result of executing

an action model on M.
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Figure 4.1: An example of a Kripke model and refinement.

MS M5|Dap
:I a’b CL7b E : a,b \:
! u () ﬂ s I ! s ﬂ !
! b Al !
: {q} -— > {p7 q} ............. :: .......... > {p7 q} :
E a a I a :
E E > E
: {} (T){p} ............... : ............ : ............ > {p} :
vy U ¢ | : t :
: CL,b avb E : a,b :

________________________________________________

We note that M, =, M. via the b-refinement R = {(s,s), (t,t)}. It is simple
to check that atoms-p, atoms-q, forth-a, back-a and back-b hold for fR.

We also show that M! %, M, by the following argument. Suppose that
M C S xS is a relation from M. to M, such that PR’ satisfies atoms-p and
(s,s) € ®'. As u € sR, then in order for R’ to satisfy back-b there must exist
some x € sR; such that (z,u) € R'. However u ¢ V(p) but s,t € V'(p) so, as
R’ satisfies atoms-p, we must have (s,u) ¢ R and (¢t,u) ¢ R’. Then R does
not satisfy back-b and is not a b-refinement. Therefore there does not exist a

b-refinement from M. to M, and M. ¥, M,.
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Example 4.1.3. Let M, = ((S,R,V),s) and M. = ((5',R',V’),s) be Kripke

models where:

S = {s,t}

R, = {(s,5),(t,1)}

Ry, = {(s,5),(s,),(t,8), (t, 1)}
Vip) = {s}

and:

S = {s,t,u}

R, = {(s,8),(t,1), (s,u), (u,s), (u,u)}

Ry, = {(s,8),(s,1), (t.5), (£, 1), (u,u)}
Viip) = {s,u}

The Kripke models M, and M| are shown in Figure 4.2. We note that M,
and M/ are essentially the same as (are isomorphic to) the Kripke models from
Example 3.2.7 and Example 3.2.9. In Example 3.2.7 we showed that M is the
result of executing an action model on M,, and in Example 3.2.9 we showed that
M, is the result of executing an action model on M.

We note that M, =, M! via the a-refinement R = {(s,s), (t,¢)}. We also
note that M. =, M, via the a-refinement R = {(s, s), (¢t,1), (s,u)}.

This demonstrates that in some situations two non-bisimilar Kripke models
can be mutual refinements of one another. This mirrors Example 3.2.9, where
we demonstrated that in some situations the effects of an action model can be

reversed by another action model.
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Figure 4.2: An example of two Kripke models that are refinements of each other.
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As mentioned previously, the existence of a refinement between two Kripke
models can be seen as indicating that one Kripke model is the result of an epis-
temic update of the other. In the previous examples we saw examples where
executing an action model results in a refinement of the original Kripke model.
For the remainder of this section we will discuss properties of refinements, with a
particular focus on the relationship between refinements and epistemic updates.

We begin with some properties that follow directly from the definition of
refinements. We note that the conditions for a refinement are weaker than the

conditions for a bisimulation.

Proposition 4.1.4. Let B C A be a set of agents. Then every bisimulation is a

B-refinement.

Corollary 4.1.5. Let B C A be a set of agents and let M, and M., be pointed
Kripke models. If M, ~ M!, then M, =5 M.

We note that in the case where forth is required for every agent, the condi-

tions for a refinement are the same as the conditions for a bisimulation.
Proposition 4.1.6. Every ()-refinement is a bisimulation.

Corollary 4.1.7. Let M, and M|, be pointed Kripke models. If M, =y M., then
M, ~ M},

We also note that the conditions for a refinement over a given set of agents

are weaker than the conditions for a refinement over a subset of the set of agents.

Proposition 4.1.8. Let B C C' C A be sets of agents. Then every B-refinement

is a C-refinement.

Corollary 4.1.9. Let B C C C A be sets of agents and let M, and M}, be
pointed Kripke models. If M, =g M., then M, >=c M.,.
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Similar to bisimulations, refinements over sets of agents may be composed to
form new refinements. However as refinements over different sets of agents relax
forth for different sets of agents, then composing such refinements results in a

refinement that relaxes forth for both sets of agents.

Proposition 4.1.10. Let B,C C A, let M = (S,R, V), M' = (S', R, V'), and
M" = (8", R", V") be Kripke models, let R C S xS’ be a B-refinement from M to
M, and let R C S’ xS8” be a C-refinement from M’ to M". Then RoR' C S x S”
is a (B U C)-refinement from M to M".

Proof. We will show that the relation R = Ro R C S x S” is a (BUC)-
refinement from M, to M[,. We note that (s, s”) € SR” if and only if there exists
s" € S such that (s,s') e Rand (¢',s") e R. Letpe P,ac A, ce A\ (BUC),
and (s,s”) € R” where there exists s’ € S” such that (s,s") € R and (¢, s") € R

We show that the conditions atoms-p, forth-c and back-a hold.

atoms-p As (s,s') € R from atoms-p for R we have that s € V(p) if and only
if & € V'(p). As (¢, ") € R from atoms-p for R’ we have that s’ € V'(p) if and
only if s” € V"(p). Therefore s € V (p) if and only if s” € V" (p).

forth-c Lett € sR,. Asc € A\(BUC) then c € A\B and c € A\C, so forth-c
holds for R and R'. As (s,s’) € R from forth-c for R there exists t' € s'R., such
that (t,t') € R. As (¢',5") € R’ from forth-c for R’ there exists t” € s” R such
that (¢/,t") € R'. Therefore there exists t” € s” R such that (¢,t") € R”.

back-a Lett” € s"R!. As (¢,s") € R from back-a for R’ there exists t' € s'R/,

such that (¢/,t") € R'. As (s,s') € R from back-a for R there exists ¢ € sR,

such that (¢,t') € R. Therefore there exists t € sR, such that (¢,t") € R".
Therefore R” is a (BUC)-refinement from M, to M/, and M, > gucy ML, O
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Similar to the relational operator o~ for bisimilarity, we note that the relational

operator > p for refinements is reflexive and transitive.

Proposition 4.1.11. The relational operator =g is a preorder (reflexive and

transitive) on Kripke models.

Proof. Let B C A be a set of agents and let M, be a pointed Kripke model. By
Proposition 3.1.10 we have M, ~ M_ and by Corollary 4.1.5 we have M, = M,.
Therefore the relation =g is reflexive.

Let B C A be a set of agents and let M,, M., and M, be pointed Kripke
models such that M, =g M], and M., =5 M!,. Then there exists B-refinements
M C S xS from M, to M, and R C S’ x S” from M/, to M,. By Proposi-
tion 4.1.10 the relation R” = RoR C 5 x S” is a B-refinement from M, to M,

and therefore M, =5 M/,. O

However as refinements require back for every agent, but do not generally
require forth for every agent, we note that >p is not symmetrical when B is
non-empty. This was demonstrated in Example 4.1.2, where Kripke models are
given such that M, =g M. but M. %5 M,.

The refinements of a Kripke model may be characterised as being formed by
taking a bisimilar Kripke model, such as by duplicating states and their relation-
ships (satisfying atoms, forth, and back) and then removing edges for some
agents (relaxing forth for some agents). We formalise this intuition using the
notion of an expanded refinement. An expanded refinement is a refinement from
one Kripke model to another Kripke model where every state in the latter is

mapped by the refinement at most one state from the former.
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Definition 4.1.12. Let B C A be a set of agents, let M = (S,R,V) and
M = (S, R,V'), and let R C S x S be a B-refinement from M to M'. Then R

is an expanded B-refinement from M to M’ if and only if for every s’ € S’ there

is a unique s € S such that (s, s") € R.
Every refinement is bisimilar to a Kripke model with an expanded refinement.

Lemma 4.1.13. Let B C A be a set of agents, let M, and M, be pointed Kripke
models such that M, =g M., and let R C S x S be a B-refinement from M,

S

to M!,. Then there exists a pointed Kripke model M, such that M. ~ M/, and

M, =g M, via an expanded B-refinement.
Proof. We define M = ((S", R", V"), (s,s')) where:
ST = R
Rl = {((t,t), (u, ) € 8" x 8" | (t,u) € R,, (¢',u') € R}
Vip) = {(t.1)es" [t e V(p)}

We will show that M, =5 M(I;,s’) and M}, ~ M(/;,s/)-

Let R C S x S” be a relation where:
R ={(t, (t,1) | (t,t') € R}

By construction every (¢,t') € s” has the unique ¢ € S such that (¢, (¢,t')) € R'.
We show that R’ is a B-refinement from M, to M(, ;. Let p € P, a € A,
ce A\ B, and (t,(t,t)) € R.

atoms-p By atoms-p for R, ¢ € V(p) if and only if ¢’ € V’(p). By construction
t" € V'(p) if and only if (¢,#) € V"(p).

forth-c Let u € tR,.. By forth-c for R there exists v’ € #'R., such that (u,u’) €
M. By construction (u,u’) € (t,t)R! and (u, (u,u’)) € R'.
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back-a Let (u,u') € (t,t')R!. By construction u € tR, and (u, (u,u’)) € R'.
Therefore R’ is a B-refinement from M, to M ,y and M, =p M, , via an
expanded B-refinement.

Let R” C " x S” be a relation where:
R ={({, (1) | (1) e R}

We show that R” is a bisimulation between M, and M(”s,s')- Let p € P, a € A,
and (¢, (t,t")) € R".

atoms-p By construction ¢’ € V’(p) if and only if (¢,t') € V" (p).

forth-a Let v’ € t'R),. By back-a for R there exists u € tR, such that (u,u’) €
R. By construction (u,u’) € (t,t)R! and (u, (v/,u)) € R".

back-a Let (u,u’) € (t,¥)R!. By construction v’ € t'R/, and (v, (u,u’)) € R".

Therefore :R” is a bisimulation between M, and M ,, and M, ~ M O

(s,8")"
To formalise our intuition about refinements, we show a more general result.
Using the notion of an expanded refinement we show that we can decompose a

refinement over a set of agents into refinements over smaller sets of agents, giving

us the converse of Proposition 4.1.10.

Proposition 4.1.14. Let B,C C A be sets of agents, and let M, = ((S, R,V), s)
and M}, = ((S",R",V"),s") be pointed Kripke models such that M = guc) M.
Then there exists a pointed Kripke model M., such that M, =g M., »=c M,.

Proof. By Lemma 4.1.13 there exists a pointed Kripke model M), such that
M}, ~ M7, and M, =gucy ML, via an expanded (B U C)-refinement. Suppose
that there exists a pointed Kripke model M/, such that M, =g M. »=c MZ,.
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As M7, ~ M/, then by Corollary 4.1.5 we have that M, >c M, and by
Proposition 4.1.11 we have that M, =5 M/, =c M/,

Then without loss of generality we assume that M7, = ((S”,R",V"),s") is
such that M, >=gucy M7, via an expanded (B U C)-refinement % C S x 5",

We define M., = ((S',R',V'),s") where:

S/ — S//
R, = Rj
R, = {(t"u)e s xS |R'),R ) €R}
V/ — VN

where b € A\ C, ¢ € C, and for every t” € S” we denote by R~*(#") the unique
t € S such that (¢,t") € R~ 1.

We note for every ¢ € C that R! C R as for every (t”,u”) € R! by back-c
for R we have that (R™(t"), R~ (u")) € R, and therefore (¢",u”) € R/ by the
definition of R.

We will show that M, =5 M., =c M/,

We show that R is a B-refinement from M, to M.,. Let p € P, a € A,
de A\ B, and (t,t") € .

atoms-p By atoms-p for R, t € V(p) if and only if t” € V”(p). By construction
t" € V"(p) if and only if " € V" (p).

forth-d Let u € tR,. By forth-d for R there exists u” € t"R! such that
(u,u") € R. If d € C then from above we have that R C R/, and if d ¢ C then
R, = R Then t"R} C 'R, so u" € t"R),

back-a Let u” € t"R!. By construction we must have R~(u") € R~ (t")R,.
As (t,t") € R then R71(t") =t so R (v") € RI(H")R, and (R™H(u"),u") € R.
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Therefore R is a B-refinement from M, to M), and M, > M.,.
We define R’ C S’ x S” where:

9{/ — {(t”,t”) ’t/l 6 S//}

We show that SR’ is a C-refinement from M., to M[,. Let p € P, a € A,
de A\ C, and (t",t") € R.

atoms-p By construction ¢ € V'(p) if and only if t” € V" (p).

forth-d Let v’ € t"R),. As d ¢ C then by construction v’ € "R/} and (u/,u’) €
R

back-a Let u” € t"R!. By construction t"R! C t"R, so u” € t"R! and
(u”,u") € R.
Therefore SR’ is a C-refinement from M}, to MY, and M., =¢c MY,.
Therefore M, =5 M., =¢c M., O

Given this result we capture our intuition about refinements with a corollary.

Corollary 4.1.15. Let B C A be a set of agents, and let M, = ((S, R, V), s) and
M7, = (8", R",V"),s") be pointed Kripke models such that M, =g M?,. Then
there exists a pointed Kripke model M., = ((S",R',V"),s") such that M, ~ M,
and for every a € A if a € B then R! C R.,, and if a ¢ B then R! = R/..

Proof. By Proposition 4.1.14 there exists a pointed Kripke model M/, = ((S", R, V"), s')
such that M, =g M/, > M!,. As in the proof of Proposition 4.1.14, M, >y M,
via an expanded (-refinement R C S x S'. As M, =y M/, then by Corol-
lary 4.1.7 we have that M, ~ M. We note that using the construction of
Proposition 4.1.14, we have a model M/, such that for every a € A if a € B then
R! C R/, and if a ¢ B then R! = R,,. O
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Here we see that every refinement of a Kripke model may be formed by taking
a bisimilar Kripke model and removing edges for some agents. As a kind of
converse to this result we show that every Kripke model formed by taking a

bisimilar Kripke model and removing edges for some agents is a refinement.

Proposition 4.1.16. Let B C A be a set of agents, let M, = ((S,R,V),s),
M., = ((S"R,V'),s"), and M2, = ((S",R",V"),s") be pointed Kripke models such
that M, ~ M, and for every a € A if a € B then R C R! and if a ¢ B then
R!=R!. Then M, = M.

Proof. As M, ~ M, by Proposition 4.1.5 we have that M, =5 M!,. So we need
only show that M!, >p M!, and M, =g M/ will follow by the transitivity of =g
shown in Proposition 4.1.11.

Let R C 8" x §” where R = {(¢/,t') | ' € S’}. We show that R is a B-
refinement from M), to M},

Y. Let (¢/,t) € R where t' € 5, and let p € P,
ce A\ B,and a € A.

atoms-p Trivial as M’ and M"” have the same valuation.

forth-c Let v/ € t'R.. As ¢ ¢ B then by construction R = R/, so v € t'R/.

By construction (v, u’) € .

back-a Let «' € t'R!. By construction if a« € B then R C R/ and if a ¢ B
then R = R!. Either way R/ C R/, so u' € t'R/. By construction (u',u") € .
Therefore R is a B-refinement from M/, to M/, and M., =g M.
Therefore M, =g M. O

We note that our definition of a refinement is more general than previous
definitions. van Ditmarsch and French [34] gave a definition corresponding to

our notion of an A-refinement, not requiring forth at all. van Ditmarsch, French
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and Pinchinat [35] subsequently gave a definition corresponding to our notion of
a a-refinement, relaxing forth for a single agent. However we may alternatively
define our notion of a B-refinement as the composition of a-refinements, through

intermediate Kripke models.

Proposition 4.1.17. Let B,C C A be sets of agents, and let M, and M, be
pointed Kripke models. Then M, =pucy My, if and only if there exists a pointed
Kripke model M/, such that M, =g M., =c M},

Proof. Suppose that M, >=guc) ML,. Then by Proposition 4.1.14 there exists a
pointed Kripke model M/, such that M, =g M., =¢c MZ,.

Suppose that there exists a pointed Kripke model M!, such that M, >p
M!, =¢c M7, via a B-refinement R from M, to M/, and a C-refinement R’ from
M!, to M,. Then by Proposition 4.1.10 the relation RRofR’ is a (BUC')-refinement
from M, to M}, and so M, >=uc)y My O

Given this we can see a correspondence between our notion of B-refinements
and the more restricted notion of a-refinements used by van Ditmarsch, French
and Pinchinat [35]. Specifically we note that given a set of two or more agents
B = {by,b,...,b,} we can express the fact that M, =g M/, by saying that there

exists a series of intermediate refinements such that M, >, --- >, M},

Corollary 4.1.18. Let B = {by,bs,...,b,} be a set of two or more agents and let
M, and M be pointed Kripke models. Then M, >=p M., if and only if there exists
pointed Kripke models M}, M2 .,Mf[_ll such that My =y, MY =y, M3 =y,

g2 *
n—1 /
g MY =y MY

Proof. We can show by induction over ¢ = 2,3,...,n that the claim holds for
B; = {b1,bs,...,b;}, in the base case using Proposition 4.1.17 directly where
By = {b1,b3}, and in the inductive case using Proposition 4.1.17 again, where

Bi—‘rl - Bz U {bi+1}- D
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van Ditmarsch and French [34] motivated their work in refinement modal logic
by observing that refinements correspond to a very general notion of epistemic
updates, in accordance with our informal understanding of epistemic updates
as purely informative and monotonically increasing certainty about information.
We now attempt to formalise this general notion of epistemic updates.

Following the general model used by public announcements and action models,
we model an epistemic update as a transition from one pointed Kripke model, M,
to another, M!,. When we describe an epistemic update as purely informative
we mean that this transition preserves the truth of propositional atoms and their
negations. If M, & p then we require that M. F p and if M, F —p then we
require that M., E —p. However it’s less clear what we mean when we say that
epistemic updates increase certainty of information monotonically. Intuitively
we mean that an epistemic update cannot cause an agent to forget or revise
information that they were previously certain of, but this leaves open the question
of what information agents are “certain of”. At a first approximation we might
say that epistemic updates should preserve all knowledge. That is, anything
that an agent knows before an epistemic update, the agent should continue to
know after an epistemic update. When we only consider knowledge of the truth
of propositional atoms then this approximation seems reasonable. Epistemic
updates preserve the truth of propositional atoms, so if an agent knows that a
propositional atom is true, then the agent can be certain that this information
won’t change as the result of an epistemic update, so after an epistemic update the
agent should continue to know that the propositional atom is true. If M, F O,p
then we require that M, = O,p. However the truth of all information should
not always be preserved by epistemic updates. We expect that epistemic updates
should provide agents with additional information, so there should be situations

where an agent knows something after an epistemic update that they didn’t
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know before the epistemic update. For example, if an agent doesn’t know that
a propositional atom is true before an epistemic update, then it’s reasonable for
the agent to know that the propositional atom is true after an epistemic update.
If M, F —O,p this shouldn’t rule out M}, F O,p. So information about a lack
of knowledge should not always be preserved by epistemic updates. Then if an
agent has information that is true before an epistemic update, but the truth of the
information isn’t preserved by an epistemic updates, then it’s reasonable, and in
some cases expected, that after the epistemic update the agent no longer knows
that the information is true. If M, F O,-Oyp and M., E Opp this shouldn’t
prevent M!, E =[0,—0yp. So rather than our first approximation, that epistemic
updates should preserve all knowledge, we see that it’s more reasonable that
epistemic updates only preserve knowledge about information that has its truth
preserved by epistemic updates. We formalise this notion with the definition of

positive formulas.

Definition 4.1.19 (Positive formulas). Let B C A be a set of agents. The
LB}

1 » 1s inductively defined as:

language of B-positive formulas,

pu=plplene)|(@Ve)|Op| O
where p € P,a € Aand c€ A\ B.

We call an A-positive formula simply a positive formula and we call an {a}-
positive formula simply an a-positive formula.

Restricting our attention for a moment to only the A-positive formulas, where
all ¢, modalities are prohibited, we note that this captures syntactically our intu-
ition of which statements should have their truth preserved by epistemic updates
in general. As a base case, propositional atoms and their negations should have
their truth preserved by epistemic updates. Then given two statements that have

their truth preserved by epistemic updates, a conjunction or disjunction of the
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two statements should have its truth preserved by epistemic updates. Finally,
given a statement that has its truth preserved by epistemic updates, knowledge
of that statement should be preserved by epistemic updates.

Considering the more general case of B-positive formulas, where ¢y, modalities
are prohibited only for agents in the set B, we note that this captures syntacti-
cally an intuition about which statements should have their truth preserved by
epistemic updates, when only the agents in B may be provided with additional
information. Roughly, anything an agent not in B doesn’t know before an epis-
temic update, the agent should continue not knowing after an epistemic update.
For example, supposing that a ¢ B then if M, F —[,p, this is equivalent to
M, E {,—p, so we require that M., E {,—p, or equivalently that M/, = —O,p.

Returning to refinements, we now consider the relationship between refine-
ments and positive formulas. van Ditmarsch and French [34] showed that A-
refinements preserve the truth of A-positive formulas. We generalise this result
to our more general notion of refinements, showing that B-refinements preserve

the truth of B-positive formulas.

Proposition 4.1.20. Let B C A be a set of agents and let M, and M!, be pointed
Kripke models such that M, =p M!,. For every p € LEV if M E ¢ then M/, F ¢.

Proof. Let ¢ € Lgf. As M, »p M there exists a B-refinement 8 C S x 5§’
such that (s,s’) € R. We show for every (¢,t') € R that M, F ¢ implies M), F ¢
by induction on the structure of . Let (¢,t') € R.

Suppose that ¢ = p where p € P and suppose that M, E p. As (t,t') € R
then by atoms-p we have that M|, F p.

Suppose that ¢ = —p where p € P and suppose that M, E —p. As (¢,t') € R
then by atoms-p we have that M|, E —p.

Suppose that ¢ = 1) Ay or ¢ = 1V x where ¥, y € ij. These follow directly

from the induction hypothesis.
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Suppose that ¢ = [, where a € A and ¢ € Lﬁf, and suppose that M, E
O.¢. Then M, E 9 for every u € tR,. Let ' € t'Rl,. As (t,t') € R then by
back-a there exists u € tR, such that (u,u’) € R. As (u,u’) € R and M, F ¢
then by the induction hypothesis we have M, = 1. So for every v’ € t'R] we
have M!, E 1. Therefore M), E O,.

Suppose that ¢ = (.1 where ¢ € A\ B and ¢ € Lff, and suppose that
M, E { 1. Then there exists u € tR, such that M, F . As (t,t') € R then by
forth-c there exists v’ € t'R., such that (u,u') € R. As (u,u’) € R and M, E ¢
then by the induction hypothesis we have M, E 1. Therefore M), E { 1.

Therefore if M, E ¢ then M/, E ¢. O

We compare this result for refinements to the analogous result, Proposi-
tion 3.1.11 for bisimulations, which says that bisimulations preserve the truth of
all modal formulas. This result is actually a generalisation of the result for bisimu-
lations, as ()-refinements are bisimulations and every modal formula is equivalent
to an (-positive formula, which is the same as a formula in negation normal
form. Compared to bisimulations, in the general case B-refinements relax the
forth condition for the agents in B, and this is why the truth of ¢, operators for
b € B are not preserved by refinements in general.

Similar to bisimulations we also have the converse in the case of modally

saturated Kripke models.

Proposition 4.1.21. Let B C A be a set of agents and let M and M’ be modally
saturated Kripke models such that for every ¢ € Lﬁfr if My = ¢ then M., E .
Then M, =g M.,.

Proof. Let R C S x S’ be a relation such that (¢,¢') € R if and only if for every
p e Lﬁl* if M, E ¢ then M|, E ¢. We will show that the R is a B-refinement
and therefore M, =5 M!,. Let p€ P,a € A, c€ A\ B and (t,t') € R". We show
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that the conditions atoms-p, forth-c and back-a hold.

atoms-p t € V(p) if and only if M, F p. As p € LB and (t,') € R then
M, E p if and only if M), F p and M/, E p if and only if ¢’ € V'(p). Therefore
t € V(p) if and only if t' € V'(p).

forth-c Let u € tR,, let ¥ = {¢ € LB | M, F ¢} be the set of B-positive
formulas satisfied at M,,, and let A C ¥ be a finite subset of ¥. Then M, F A A
and so M, F 0. ANA. As O, NA € L2 and (t,t') € R then M), F O, \NA. So ¥
is finitely satisfiable on Mj, R and as M’ is modally saturated then Y is satisfiable
on My g, . So there exists u’ € t'R;, such that M,, F X, and so for every ¢ € LBF
if M, E ¢ then M/, E ¢. Therefore (u,u’) € .

back-a Let v’ € t'R!, let © = {p € LD | M!, ¥ ¢} be the set of B-positive
formulas not satisfied at M,, and let A C 3 be a finite subset of ¥. Then M/, E
A—A and so M}, E O, \ A, or equivalently M}, ¥ [0,V A. As 0,V A € £BF
and (t,t') € R then M, ¥ O,V A, or equivalently M, £ O, A-A. So - is
finitely satisfiable on M, and as M is modally saturated then —X is satisfiable
on M, . So there exists u € ¢, such that M, F =%, and so for every ¢ € LBF
if M, E ¢ then M/, E ¢. Therefore (u,u’) € .

Therefore R is a B-refinement and M, >p M.,. O

If we consider the preservation of positive formulas to be a minimal require-
ment for epistemic updates, then taken together Proposition 4.1.20 and Proposi-
tion 4.1.21 form a strong case in favour of refinements as corresponding to a very
general notion of epistemic updates, just as the analogous results for bisimula-
tions form a strong case in favour of bisimulations as corresponding to the notion

of modal equivalence.
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Of course, refinements are not the most general notion of epistemic updates,
as for example, models of belief revision permit agents to forget or revise previous
information [4], likewise models of epistemic updates with awareness can cause
agents to forget information [81], and such updates do not preserve positive
formulas. However refinements do generalise forms of epistemic updates such as
public announcements [76, 47], arrow updates [61] and action models [13, 14].
As action models generalise public announcements and arrow updates, we will
consider the relationship between refinements and the results of action models.

van Ditmarsch and French [34] showed that executing an action model results

in a refinement. We restate this result.

Proposition 4.1.22. Let M, = ((S,R,V),s) be a pointed Kripke model and
let M, = ((S,R, pre),s) be an action model such that M,  pre(s). Then M, =
M, @ M,.

Proof. Let M, @ M, = ((S",R', V'), (s,s)) where:

S = {(t,t) € S xS | M, E pre(t)}
R, = {((t,t),(u,u)) € S"xS"| (t,u) € R,, (t,u) € R,}

Vip) = {(t,t) e |teV(p)}

and let R C S x S’ be a relation such that (¢, (¢,t)) € R for every (¢,t) € S’. We
will show that R is a refinement and therefore M, = M, ®@M,. Letpe P,ac A
and (t, (t,t)) € . We show that the conditions atoms-p and back-a hold.

atoms-p By construction, t € V (p) if and only if (¢,t) € V'(p).

back-a Let (u,u) € (t,t)R.,. Then by construction u € tR, and (u, (u,u)) € fR.
Therefore R is a refinement and M, = M, ® M,. ]
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van Ditmarsch and French [34] also showed that the refinements of a finite
Kripke model are bisimilar to the results of executing an action model. We
show this result again for our more general definition of refinements. Whereas
van Ditmarsch and French [34] showed this result using the common knowledge

operator, our result is without the common knowledge operator.

Proposition 4.1.23. Let M, be a finite Kripke model and let M, be a (possibly
infinite) Kripke model such that M, =g M.,. Then there exists an action model
M, such that M, F pre(s) and M, @ My ~ M],.

Proof. Without loss of generality assume that M, is bisimulation contracted. Let
M C S x5 be a B-refinement from M, to M.

For every t,u € S such that ¢t # u, as M is bisimulation contracted then
M, %M, hence from Proposition 3.1.13 there exists ¢, € L, such that M, F
oru but M, ¥ ¢, For every t € S let ¢, = /\ues\{t} ¢tu- Then for every
t,u € S we have that M, F ¢, if and only if u = ¢.

We construct an action model M, = ((S,R, pre), s’) where:

S = ¢
R, = R,
pre(t) = \/ Pt
(t,tHeR

Let M" = (S",R", V") = M ® M. We note that (¢,t') € S” if and only if
(t,t) € A.

Let R" C 8" x 5" such that (¢, (¢,t)) € R for every (¢,t') € R. We will show
that 9 is a bisimulation. Let p € P, a € A, and (¢, (¢,t')) € S'. We show that

the conditions atoms-p, forth-a and back-a hold.

atoms-p atoms-p follows directly from (¢,t') € R and atoms-p for R.
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forth-a Let v/ € t'R.,. As (t,t') € R from back-a for R there exists u € tR,
such that (u,u’) € R. Therefore (v, (u,u’)) € R

back-a Let (u,u') € (t,t')R!. Then by construction v’ € t'R!, and (v, (u,u)) €
R
Therefore SR’ is a bisimulation. In particular we note as (s,s’) € R then

(s',(s,5")) € R and so M, @ Mg ~ M/,. O

We note however that refinements of infinite Kripke models may not corre-

spond to the result of executing any action model.

Example 4.1.24. Suppose that P = N and A = {a}. Let M, = ((S,R,V),s)
and M, = ((S,R,V),s) be pointed Kripke models where:

S = P(N)
R, = §?
Vin) = {teS|net}
s =0

and where:

S" = {t' € P(N) | n € N such that n is even}
R, = §”
Viin) = {'eS"|net}
s =1
We note that M, = M!,. Let Mg = ((S,R, pre),s) be a pointed action model such
that M, F pre(s) and let M/, = M, ®M,. Suppose that for every t € sR,, t € sR,

we have M, ¥ pre(t). Then by the definition of action model execution we must

have that "R/ = () so M., % M!,. Suppose that there exists t € sR,, t € sR,
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such that M, F pre(t). Let @ be the set of propositional atoms appearing in
pre(t). Then @ is finite and there exists an odd integer m € N such that m ¢ Q.
Let u ={m}Ut. As m ¢ Q then M, F pre(t). Then by the definition of action
model execution there exists u” € s” R/ such that m € V”(u"). By construction
as m is odd there is no v’ € 'R/, such that m € V'(u’) so M}, % M,. Therefore

for every pointed action model M, such that M, & pre(s) we have M, @M, % M.,

Finally we note that, as with bisimulations, there is a unique, maximal refine-
ment from one Kripke model to another, and it can be computed in polynomial

time.

Lemma 4.1.25. Let B C A be a set of agents, let M and M’ be Kripke models
and let R, R C S x S be B-refinements. Then RU R is also a B-refinement.

Proof. This follows directly from the definition of a refinement, noting that the
conditions atoms, forth, and back for individual pairs in a relation are preserved

under unions with other relations. O]

Proposition 4.1.26. Let B C A be a set of agents and let M and M’ be Kripke
models such that M =g M'. Then there is a unique, mazximal B-refinement from

M to M.

Proof. From Lemma 4.1.25 the union of all B-refinements from M to M’ is a

B-refinement, and so it is the unique, maximal B-refinement from M to M'. [

Proposition 4.1.27. Let B C A be a set of agents and let M and M’ be finite
Kripke models defined on a finite set of propositional atoms such that M > M’.

Then the mazximal refinement from M to M’ can be computed in polynomial time.

Proof. We compute the relation Ry C S x S such that (s, s") € Ry if and only
if for every p € P the pair (s, s’) satisfies the condition atoms-p. The relation

My can be computed in O(||S|| x [|S’||) time. Let i € N. Given fR; we compute
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the relation ;11 C R; such that (s,s’) € R;1; if and only if for every a € A and
c € A\ B the pair (s, s') satisfies the conditions forth-c and back-a. The relation
Rit1 can be computed in O([[S]] x [|S"|] x [|R]|] x [[R']|) time. We repeat this
process until we reach a fixed point, called fR,,. The process cannot be repeated
more than ||S]| x ||S7]| times, as ||[Ro|| < [|S]| x [|S7||. Therefore R, can be
computed in polynomial time.

For every p € P, a € A, ¢ € A\ B the relation R, satisfies the conditions
atoms-p, forth-c and back-a. Therefore if R,, is non-empty then it is a B-
refinement.

Let R be the maximal B-refinement from M to M’. As R satisfies atoms-p
for every p € P then R C Ry. Let ¢« € N and suppose that R C R;. We note
that R C R, 1. So R C R, and we have that R, is non-empty and therefore R,
is a B-refinement. As R is the maximal B-refinement then R,, C R. Therefore

R, = R and the above algorithm computes the maximal B-refinement. O

4.2 Syntax and semantics

In this section we introduce the syntax and semantics of the refinement modal
logics. Compared to previous treatments of RML, which considered RML specif-
ically in the setting of X, our treatment considers RML in different settings,
including K, K45, KD45, S5, and X4. The definitions that we give here gen-
eralise to these different settings, and the semantic results that we give here are
common to all or most of the settings that we consider. In the following chap-
ters we consider these settings in more detail, providing results specific to each

setting.
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We begin with a definition of the syntax of RML.

Definition 4.2.1 (Language of refinement modal logic). The language of refine-

ment modal logic, L, is inductively defined as:

pu=p|p| (@A) | Oup | VBy
where p € P, a € A and B C A.

We use all of the standard abbreviations from modal logic, in addition to the
abbreviations dpy 1= =V, YV := V0, and V,p 1= Vi, 0.

The formula Vg may be read as “in every B-refinement ¢ is true” and the
formula 3¢ may be read as “in some B-refinement ¢ is true”.

We define the semantics of RML. As in modal logic, the semantics are defined

in terms of a parameterised class of Kripke frames, C.

Definition 4.2.2 (Semantics of refinement modal logic). Let C be a class of
Kripke frames, let ¢ € L,,,,;, and let M, = ((S,R,V),s) € C be a pointed Kripke
model. The interpretation of the formula ¢ in the logic RMLs on the pointed
Kripke model M, is the same as its interpretation in modal logic, defined in

Definition 3.1.7, with the additional inductive case:
M, EVpyp iff forevery M., € Cif M, =p M), then M, F ¢

We provide some examples of reasoning in RMLg. We use the notation

M, Frur, to denote entailment in the logic RMLc.

Example 4.2.3. We recall the Kripke model M, given in Example 3.1.8, and
the result of a public announcement of [J,p in this Kripke model, M/, given in
Example 3.2.9. The Kripke models M, and M| are shown in Figure 4.3. We note
that M, M. € §5.

83



Figure 4.3: An example of a Kripke model and refinement.

M, M!
:I CL,b Chb E :, a,b \:
T LA U A LA
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| a a T a ;
E E Zb E E
: {} (T){p} ............... : ............ E ............ > {p} :
vy U ¢ : : t U |
: (I,b avb E : a,b :

________________________________________________

In Example 3.2.9 we showed that M! Fryp, Opg and in Example 4.1.2 we
showed that M, >, M!. Therefore we have that M, Egyp, Fp0bq.

In Example 3.1.8 we showed that M, Fruyp, O.p. Let M7, € S5 such that
M, >, M!,. As O,p is a b-positive formula then by Proposition 4.1.20 we have
that M, Epur, Oup. Therefore M, Eryp, Voap-

Example 4.2.4. We recall the Kripke models M, and M given in Example 4.1.3.
The Kripke models M, and M are shown in Figure 4.4.

We note that M! Fruyr, O.—pp and in Example 4.1.3 we showed that
M, =, M!. Let M/, € K such that M. =, M/,. As O,~Op is a a-positive
formula, M. Egyp, O.~Opp, and M. >, M}, then by Proposition 4.1.20
we have MY, Eryr, O~ 0pp. Then M. E V,0,-0pp. As M, =, M. then
M, E 3,V.0,~0pp.

Therefore we have that M, Fryr, Fo0a—0pp.

We note that M, Fgyr, ~O.,—0pp and in Example 4.1.3 we showed that
M! >, M,. Therefore we have that M. Fprur, Jo(0a—0pp A Fo—0a—0D)-
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Figure 4.4: An example of two Kripke models that are refinements of each other.
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Whereas in modal logic the parameterised class of Kripke frames restricts the
Kripke models that modal formulas are interpreted on, in RML the parameterised
class of Kripke frames also restricts the refinements that are considered by the
refinement quantifiers. The motivation for this can be understood in the epistemic
setting, where we consider refinements to correspond to the results of epistemic
updates. In the epistemic logic S5, the frame conditions of §5 correspond to
rules about knowledge, such as the truth of knowledge, and positive and negative
introspection of knowledge. Intuitively we’d expect that epistemic updates should
be able to change knowledge, but not the rules about knowledge itself, so we’d
expect that epistemic updates should take us from $§5 Kripke models to S§5
Kripke models. This is the behaviour we experience in logics such as public
announcement logic or action model logic. In the logic RMLgs, the restriction on
refinement quantifiers ensures that the only refinements that are considered are
S5 refinements, satisfying our intuition about epistemic updates.

Previous treatments of RML didn’t make this additional restriction in the
semantics, as these treatments specifically considered RMLy, where restricting
refinements to X would be redundant [34, 35]. van Ditmarsch, French and Pinchi-
nat [35] suggested the semantics presented here in order to generalise RML to
other modal settings, such as §5 and %X4.

Previous treatments of RML also didn’t use the more general notion of refine-
ments that we use here. van Ditmarsch and French [34] considered a notion of
refinements corresponding to our notion of A-refinements, with the corresponding
formulation of RML introducing V quantifiers which quantify over A-refinements.
van Ditmarsch, French and Pinchinat [35] subsequently considered a notion of
refinements corresponding to our notion of a-refinements, with the corresponding
formulation of RML introducing V, quantifiers which quantify over a-refinements.

We note that our formulation of RML is at least as expressive as previous for-
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mulations, the previous logics being syntactic restrictions of the logic presented
here. We will later show that RML is expressively equivalent to modal logic in
the settings of K, K45, KD45, and S5, so in these settings our formulation is ex-
pressively equivalent to the previous formulations. We prefer to formulate RML
in terms of B-refinements rather than A-refinements or a-refinements because it
gives a more direct indication of the capabilities of the logic, which is important
for a logic that in many settings we consider is expressively equivalent to modal
logic, and because many results for A-refinements and a-refinements generalise
to results about B-refinements.

As an aside we note that van Ditmarsch, French and Pinchinat [35] were able
to reason about A-refinements using a-refinement quantifiers by introducing the
syntactic abbreviation Vap 1=V, V,, -+ Va, ¢ where A = {ay,as,...,a,}. We

can generalise this notion with the following results.

Proposition 4.2.5. Let B,C C A be sets of agents, let o € Ly be a formula

and let M, be a pointed Kripke model. Then M, Fryr, JBuc)e if and only if
Ms ':RMLK E|BE|Cg0.

Proof. From the semantics M, Frur, Isuc)p if and only if there exists M}, € K
such that M, >=ucy M7, and M!, Egrur, ¢. By Proposition 4.1.17 we have

S

MS EB M;/ EC M//

s/l .

M, =(pucy M7, if and only if there exists a pointed Kripke model M, such that
Then there exists M/

s//

€ K such that M, =puc)y M., and
M, Ermr, ¢ if and only if there exists M|, M!, € K such that M, =5 M}, ¢
"

Yoand MY, Eryi, ¢. From the semantics M, Fruyyp, 33ce if and only if

there exists M!,, M/, € K such that M, =5 M. =c M/, and M., Eryp, ¢. O

Corollary 4.2.6. Let B = {by,bs,...,b,} be a set of two or more agents, let
@ € Ly and let M, be a pointed Kripke model. Then M, Eryr, 3y if and only
Zf Ms ':RMLK ElblEIbQ s angO.
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These results are specific to RMLg and are not general to RML¢ for any class
of Kripke frames C. In order to generalise these results to settings other than
K we require a modification of Proposition 4.1.14 that gives us intermediate
refinements that belong to the appropriate class. For many classes of Kripke
models this is a simple matter to do, and we note that for X4, %45, and S5,
if the original Kripke model and its refinement belong to the appropriate class
then the intermediate refinement given in the proof of Proposition 4.1.17 already
gives intermediate refinements from the appropriate class.

We now show some semantic properties of RML that hold regardless of setting.

Proposition 4.2.7. Let C be a class of Kripke frames. Then:

Fruwe V(P — ¥) = (Ve = V5Y) (4.1)
FryLe @ 1mplies Fryr, Yy (4.2)
Frure VBY — ¢ (4.3)
Frure Ve — VBVpp (4.4)
Frure ¢ — Vpe" (4.5)

where B C A, 9,0 € Ly and o™ € LEF.

Proof. (4.1)
We show that ':RMLC VB(QD — w) — (VB(,O — VB@/))

Let M, € C. Suppose that M, F Vg(¢ — v) and M, F Vpp. Then for
every M!, € C such that M, =g M], we have M., F ¢ — ¢ and M., F ¢, so
by modus ponens M/, E 1. Therefore M, F Vi) and M, EVg(p — ) —
(Ve — VB¥).
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(4.2)

We show that ':RMLC (Y2 implies ':RMLC VBQO.

Suppose that £ ¢. Let M, € C. Then for every M/ € (C such that
M, »=p M|, from E ¢ we have M/, F ¢, and so M, F Vp. Therefore F Ve

(4.3)
We show that Fryr, Vep — ¢.

Let M, € C such that M, F Vpy. By Proposition 4.1.11 we have that
M, =5 M, and so M, F . Therefore M, F Vgp — .

(4.4)
We show that ':RMLC VB(,O — vaBSD-

Let M, € C such that M, F Vg, and let M., M/, € C such that M, »p
M!, =5 M!,. By Proposition 4.1.11 we have that M, =5 M, and so

)

M7, E ¢ and M, EVgVpp. Therefore M, E Vpp — VpVpep.

(4.5)

We show that Epu, ¢ — Vet where ot € LBF.

Let M, € C such that M, E ¢*. Then for every M/, € C such that M, >
M!, by Proposition 4.1.20 we have that M/ F ¢* and so M, F Vgo™.
Therefore M, F ¢t — V™.

]

These properties resemble well-known modal axioms and rules, specifically:
(4.1) corresponds to the modal axiom K; (4.2) corresponds to the modal rule
NecK; (4.3) corresponds to the modal rule T; and (4.4) corresponds to the modal
rule 4. This gives the Vg operator all of the appearances of a modal operator,
however we note that in general Vp is not a normal modal operator. The validity

(4.5) corresponds to the property that refinements preserve positive formulas.
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This validity prevents the logic from being closed under uniform substitution in
many settings, meaning that the Vg operator is not a normal modal operator.
We give an example to demonstrate the failure of closure under uniform sub-

stitution in RMLg.

Example 4.2.8. By (4.5) from Proposition 4.2.7 we have that Fgyp, p — Vap.
The formula {,p — V,0,p is a uniform substitution of p — Vp, substituting ¢,p
for p. However we note that Zryr, 0.0 — VaQ,.D, as the following counterexam-
ple demonstrates. Let M, = ((S,R,V),s) and M. = ((S,R',V),s) be pointed

Kripke models where:

S = {s,t}

R, = {(s,5),(s,1),(t,s), (¢, 1)}
Vip) = {t}

R, = {(s,5),(t,1)}

Then M, Eryry Qups M =o My, and M Eryr, Qup-
Therefore M, ¥ pur,e Qb — Valab-

The same counterexample applies to many other settings, including X4, %45,
KD45, and S5. We can easily imagine settings where RML is closed under
uniform substitution, such as in a singleton class of Kripke frames, where the
only refinement of a Kripke model is itself. However settings where RML is closed
uniform substitution are of no interest at all. Supposing that RML¢ is closed
under uniform substitution then for every ¢ € L, by (4.3) and a uniform
substitution of (4.5) from Proposition 4.2.7 we would have Fgruyr, ¢ <> Vg,
making the Vg operator redundant.

We next show that RML is bisimulation invariant, regardless of the setting.
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Proposition 4.2.9. Let C be a class of Kripke frames and let M,, M, € C be
pointed Kripke models such that M, ~ M!,. Then for every ¢ € Lyymi: M, FrurL,

@ if and only if M., Epur, -

Proof. We proceed by induction on the structure of the formula ¢ € L,,,;. Let
M C S x5 be a bisimulation between M, and M/, and let (¢,t') € A.

Suppose that ¢ = p where p € P. Then M, E p if and only if t € V (p). By
atoms-p, t € V(p) if and only if ¢ € V'(p). Finally ¢ € V'(p) if and only if
M}, E p. Therefore M, E p if and only if M, E p.

Suppose that ¢ = =) or ¢ =Y A x where ¢, x € L,,;;. These follow directly
from the induction hypothesis.

Suppose that ¢ = ., where ¢V € L,,;. Suppose that M, F (1. Then
there exists u € tR, such that M, F ¢. As (t,t') € R by forth-a there exists
v € t'R] such that (u,u’) € R. By the induction hypothesis M/, F 1. Therefore
M), E O,¢. The converse follows a similar argument. Therefore M, F (¢ if and
only if M}, E ¢, 1.

Suppose that ¢ = dpy where v € L. Then M, F dpy if and only if
there exists M, € C such that M, =g M, and My, F . As M, ~ M, from
Proposition 4.1.4 and Proposition 4.1.11 we have that M, =g M/, if and only if
M|, =g M],. Therefore M, F 3p if and only if M), E Ip1).

Therefore M, F ¢ if and only if M/, E ¢. O

Similar to modal logic, the converse holds in RML for modally saturated
Kripke models. However this is a trivial result, as refinement modal equivalence
implies modal equivalence, which by Proposition 3.1.13 implies bisimilarity on
modally saturated Kripke models.

In the following chapters we consider RML in a variety of modal settings,
specifically K, K4, K45, KD45, and S5. We now give a few properties that are

common to some or all of these settings.
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We show that refinement quantifiers satisfy the Church-Rosser, McKinsey and
finality properties in the settings of K, K4, K45, KD45, and §5. To do so we

first introduce the notion of minimal and least refinements.

Definition 4.2.10 (Minimal and least refinements). Let C be a class of Kripke
frames, let B C A be a set of agents, and let M, M!, € C be Kripke models
such that M, >p M!,. Then M is a minimal B-refinement of M, in C if and
only if: for every M, € C if M}, =g MY, then M ~ M?,. Also M. is a least
B-refinement of M, in C if and only if: for every M}, € Cif M, =5 M}, we
have M =p M.,.

Minimal and least refinements are of interest to us here as refinement quan-

tifiers collapse trivially in minimal refinements.

Proposition 4.2.11. Let C be a class of Kripke frames, let B C A be a set of
agents, and let M, M!, € C be Kripke models such that M], is a minimal B-
refinement of M, in C. Then M., Eryw. ¢ if and only if M., Egui, Vey if and
only if M., EpmL. Ipp.

Proof. Suppose that M, E ¢. Let M/, € C such that M}, =g M!,. As M) is a
minimal B-refinement in C then M/, ~ M/, and by bisimulation invariance we
have M}, E ¢. Therefore M, & Vpep.

Suppose that M/, E Vge. By (4.3) from Proposition 4.2.7 we have M/, E ¢
and by its dual we have M/, F Jp¢.

Suppose that M/, & 3gp. Then there exists M/, € C such that M., >=p M,
and M!, E ¢. As M/, is a minimal B-refinement in C then M/, ~ M/, and by

bisimulation invariance we have M}, F . O

We show that every Kripke model in X, X4, K45, KD45, and S5 has a
minimal refinement. In all but K045 this minimal refinement is also a least

refinement.
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Proposition 4.2.12. FEvery Kripke model in K, K4, and K45 has a least B-

refinement.

Proof. Let C € {X, X4, K45} and let M, = ((S,R,V),s) € C. We define
M! = ((S,R,V),s) where for every a € A, t € S if a € B then tR!, = () and if
a ¢ B then tR, = tR,. We note that M, € C. By Proposition 4.1.16 we have
that M, =5 M'.

Let MY, € C such that M| >p M, via some B-refinement 9R. We show that

A is a bisimulation between M, and M

S// .

We already have that (s, s”) € R, and
atoms-p, forth-c, and back-a for every p € P, ¢ € A\ B, and a € A, so we
need only show forth-b for b € B. Let (¢,t”) € R, and b € B. By construction
tR;, = 0, so forth-b is satisfied trivially. So R is a bisimulation between M and
M/, and M! ~ M],. Therefore M is a minimal B-refinement of M, in C.

Let M!, € C such that M, > M/, From above there exists a minimal
B-refinement, M/, of M/, in C. We note that if there exists b € B, t" € S
such that t” R}’ # () then M), is not a minimal B-refinement in C, as we can
form a non-bisimilar B-refinement by setting t”’ R}’ = ) for every b € B, t" € S".

! is a minimal B-refinement in C then for every b € B,

By contrapositive as
t"” € 8" we must have t" R} = ().

Suppose that M, =g M, via a B-refinement R from M, to M,. We show
that M is a B-refinement from M) to M. Let (t,t") €e R,pe P, c€ A\ B,

a € a.

atoms-p Follows trivially from atoms-p for R from M, to M,.

forth-c Let u € tR.. As ¢ ¢ B, by construction tR, = tR.. By forth-c for R
from M, to M), there exists v € t"" R, such that (u,u”) € R.
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back-a Suppose that a € B. From above t” R}’ = () so back-a holds trivially.
Suppose that a ¢ B. Let v € t"R!!. By back-a for R from M, to M, there
exists u € tR, such that (u,u"”) € R. By construction tR., =tR, so u € tR..
So R is a B-refinement from M to M}, and M =g M7,. As M is a minimal
" "

B-refinement in C then M, ~ M/}, so by Proposition 4.1.5 we have M, >p M.
As M7

s//

=p M, by transitivity we have M/}, =5 M..
Therefore M! is a least B-refinement of M,. O

Proposition 4.2.13. Every Kripke model in S5 has a minimal B-refinement

that is unique up to bisimulation.

Proof. Let M, = ((S,R,V),s) € §5. We define M. = ((S,R',V), s) where for
every a € A, t € S, if a € B then tR, = {t} and if a ¢ B then tR, = tR,. We
note that M. € §5. By Proposition 4.1.16 we have that M, =5 M..

Let M/,

s//

€ S5 such that M, >p MY, via some B-refinement 8. We show
that 2R is a bisimulation between M, and M,. We already have that (s,s”) € R,
and atoms-p, forth-c, and back-a for every p € P, ¢ € A\ B, and a € A, so
we need only show forth-b for b € B. Let (t,t") € R, b € B, and u € tR;. By
construction tRy = {t} so u =t. As M!S5 by reflexivity we have that t" € t"R}
and by hypothesis we have (¢,t"”) € R, so forth-b holds. So fR is a bisimulation
between M. and M, and M) ~ M],. Therefore M} is a minimal B-refinement
of M, in §5.

Let M!, € S5 such that M, =5 M!,. From above there exists a minimal
B-refinement, M), of M/, in §5. We note that if there exists b € B, t" € 5"
such that t" Ry # {t"} then M), is not a minimal B-refinement in S5, as we
can form a non-bisimilar B-refinement by setting t”R; = {t"'} for every b € B,
/

t" € S". By contrapositive as M) is a minimal B-refinement in S5 then for

every b € B, t" € S" we must have t" R = {t"'}.
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Suppose that M, >=p M, via a B-refinement R from M, to M),. We show
that MR is a B-refinement from M/ to M. Let (t,t") €e R, pe€ P,ce€ A\ B,

a < a.
atoms-p Follows trivially from atoms-p for R from M, to M),.

forth-c Let u € tR.. As ¢ ¢ B, by construction tR., = tR,. By forth-c for R

from M, to M), there exists v € t""R, such that (u,u”) € R.

back-a Suppose that a € B. From above t" R, = {t""}. As M_C (where C
requires reflexivity) by reflexivity we have that ¢ € tR; and by hypothesis we
have (t,t”) € 9. Suppose that a ¢ B. Let " € ¢"R!. By back-a for R
from M, to M there exists u € tR, such that (u,u”) € R. By construction
tR. =tR,sou €tR..

So R is a B-refinement from M| to M, and M| =g M. As M is a minimal
B-refinement in C then M. ~ M,. As M!, »p M), by transitivity we have
M7, =g M.

Therefore M! is a least B-refinement of M,. O
Proposition 4.2.14. Every Kripke model in KD45 has a minimal B-refinement.

Proof. Let M, = ((S,R,V),s) € KD45. We define M. = ((S,R',V),s) where
for every a € A, t € S, if a € B then tR, = {u} for some u € tR,, and if a ¢ B
then tR), = tR,. We note that M! € C. By Proposition 4.1.16 we have that
M, =5 M.

Let MY, € C such that M| >p M, via some B-refinement k. We show that
R is a bisimulation between M! and M/,. We already have that (s,s”) € R, and
atoms-p, forth-c, and back-a for every p € P, c € A\ B, and a € A, so we need
only show forth-b for b € B. Let (t,t") € R, b € B, and u € tR, = {u}. As
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M{KD45 by seriality there exists v” € t"R; and by back-b for SR we there exists
u € tRy = {u} such that (u,u”) € R, so forth-b holds. Therefore M, ~ M,

and M is a minimal B-refinement in C of M,. O

We note that in KD45 not every Kripke model has a least B-refinement.
We show that refinement quantifiers satisfy the McKinsey and finality prop-
erties in the settings of K, X4, K45, KD45, and S5.

Proposition 4.2.15. Let C € {X, K4, K45, KD45,55}. Then:

Frur. Ve3pe — IVBe
Frure (VeIpe AVpapy) = Ip(e A )
where B C A and ¢, € L.

Proof. Let C € {X, K4, K45, KD45,55}, let M, € C such that M, Fruyy,
Vpdpp. By Proposition 4.2.12, Proposition 4.2.13, and Proposition 4.2.14 there
exists M/, € C such that M] is a minimal B-refinement in C of M,. As
M, >p M, then M., Egpyr. 3pp. By Proposition 4.2.11 we have M., Egpyr,. Vee.
As M, »=p M, then M, Eryr,. 368V

Let C € {X, K4, K45, KD45,55}, let M, € C such that M, Fryr, VeIpp A
Vpdpy. By Proposition 4.2.12; Proposition 4.2.13, and Proposition 4.2.14 there
exists M}, € C such that M}, is a minimal B-refinement in C of M,. As M, =g
M, then M!, Egryr. g and M., Eryr, 3. By Proposition 4.2.11 we have
M!, Eryr. ¢ and M., Eryp. . As M, =g M!, then M, Fryr, 3a(eAN). O

The converse of the McKinsey property, the Church-Rosser property, also
holds in the settings of X, X4, K45, and S5.

Proposition 4.2.16. Let C € {X, K4, K45,55}. Then:

FrvLe 38VBY — Vpdpp

where B C A and ¢ € L.
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Proof. Let C € {X, %4, %45,55}, let M, € C such that M, Fryr. I5Vse.
There exists M. € C such that M, =5 M and M! E Vpp. By Proposi-
tion 4.2.12, and Proposition 4.2.13 there exists a least B-refinement, M/, of M,
in $5. As M7, is a least B-refinement of M, and M, >p M. then M., >p M,
Then M, E ¢. Let M, € C such that M, =g M. As M}, is a least B-
refinement of M, and M, >p M| then M!, > M!,. Then M!, = 3pp. Therefore
M, EV53pp. O

The proof that RML has the McKinsey and finality properties in the above
settings relies on the fact that every Kripke model has a minimal refinement in
the corresponding classes of Kripke frames. The proof that RML has the Church-
Rosser property on the other hand relies on the fact that every Kripke model has a
least refinement in the corresponding class of Kripke frames. For K, K4, and %45
the least refinement is the refinement where each state has no B-successors. For
S5 the least refinement is the refinement where each state only has the reflexive
B-successor. However in the setting of K45 the minimal refinements are the
refinements where each state has a single B-successor, and there may be multiple
such refinements that are distinct with respect to bisimulation. This is why not
every KD45 Kripke model has a least refinement, and why RMLkp,s does not
have the McKinsey property.

We provide an example of the failure of the Church-Rosser property in RMLgp,s5.

Example 4.2.17. Consider the pointed Kripke models M,, M. and M, shown
in Figure 4.5.

We note that M, =, M! and M, >, M. We note that M, and M are
minimal a-refinements of M, in XD45. We also note that M. %, M and M #,
M, so neither are least refinements.

We note that M{ Fruypy,,; Oap and My Fryre,,, Tap. As Ogp and

O.—p are a-positive formulas then by (4.5) from Proposition 4.2.7 we have that
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Figure 4.5: An example of a KD45 Kripke model and two minimal refinements.

N
A

L

M Frmiygp,s YaOap and My Erupyp,; YaOamp. Then M, Frupgp,; JaVaOap-
However in D45 due to seriality we have that Frury,,; Oaop — —Oap so as
M, FruLyp,s Yalda—p we have that My Fryr,,,; Va—ap and so we have that
M ¥ ruigp,s 3a0ap. Therefore M, Frypyp,; Jam3a0ap and so M, Frurp,;
Vo3adap-

We finish with some meta-logical results for the modal settings that we will
consider in the following chapters.
We show that RML is not closed under uniform substitution for each of these

settings.

PI’OpOSitiOl’l 4.2.18. The lOgiCS RMLK, RML}Q, RMLK45, RMLKD45, and RML55

are not closed under uniform substitution.

Proof. Example 4.2.8 gives a counter-example for closure under uniform substi-
tution for all of these settings, showing that whilst we have that Fpuyp,. p — Vp
we do not have that Fryp,. Opp — VOp, as the successor state where p is valid

may be removed in a refinement. ]
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As mentioned previously, settings where RML is closed under uniform sub-
stitutions are of no interest, as in such settings we would have Fryz, ¢ < Vo,
making the Vg operator redundant.

Finally we remark on the sublogic relations that exist between refinement
modal logics. A modal logic defined over a given class of Kripke frames will be a
sublogic of modal logics defined over subclasses of the given class of Kripke frames.
This is because the given class of Kripke frames only restricts which Kripke
models the modal logic is interpreted over, but otherwise leaves the meaning
of the modal operators unchanged, so any property that holds for a given class
of Kripke frames must hold for subclasses of the given class of Kripke frames.
However in RML the class of Kripke frames also restricts the refinements that the
refinement quantifiers consider, so between different settings of RML the meaning
of the refinement quantifier changes. This means that a property that holds for
RML in a given class of Kripke frames does not necessarily hold for RML in a

subclass of the given class of Kripke frames.

Proposition 4.2.19. The logic RMLg is not a sublogic of RMLy;, RMLgys,
RMLKD45, or RMLS5.

Proof. In RMLg we have that £ O (=p A O.p) = Fa(0nOul N =0p). That is,
refinements in RMLg need not be transitive. If we start from a Kripke model
M, € X, such that M, F O,(—p A O,p), we can find a refinement M, € XK
such that M. E 3(0,0.p N =O.p) simply by removing the transitive a-edges
from M!. This is permissible as the frame conditions for X do not require that
Kripke models be transitive. However the logics RMLy;, RMLy;s, RMLkpys,
or RMLgs do require that Kripke models be transitive. In these settings we

have that F (0,0.p — O.p) and by (4.2) from Proposition 4.2.7 we have that
EV(0a0up = Oup)- O
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We note that we can show that no distinct pair of the above logics are sublogics
of one another. This can be shown simply by focussing on the differences in frame
conditions between the different logics.

In the following chapters we consider RML in a variety of specific settings in
greater detail. In Chapter 5 we consider RMLy in the setting of K, in Chapter 6
we consider RMLg ;s and RMLkp,s in the settings of K45 and X045, in Chapter 7
we consider RMLgs in the setting of §5, and in Chapter 8 we consider RMLgy in
the setting of &4. In the settings of K, K45, KD45 and, S5 we provide sound
and complete axiomatisations for RML, we show that RML is decidable, and that
RML is expressively equivalent to modal logic. In the setting of X4 we show that
RML is decidable, and that its expressivity lies strictly between that of modal

logic and the modal pu-calculus.
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CHAPTER 5

Refinement modal logic: K

In this chapter we consider results specific to the logic RM Ly in the setting of K.
The main result of this chapter is a sound and complete axiomatisation of RMLg.
The axiomatisation forms a set of reduction axioms, admitting a provably correct
translation from L,,,; to the underlying modal language L,,;. We use this provably
correct translation to show the completeness of the axiomatisation, to show that
RMLy is expressively equivalent to K, and to show that RMLg is compact and
decidable. Whereas in the previous chapter we provided definitions and results
common to all or most of the settings that we consider, the results in this chapter
are specific to RMLg and do not trivially generalise to other settings. However
in Chapter 6 and Chapter 7 we provide sound and complete axiomatisations, and
the same accompanying results for RMLg,5, RMLkp;5 and RMLgs, results which
build upon the techniques developed in this chapter.

In the following sections we provide a sound and complete axiomatisation for
RMLg. In Section 5.1 we provide the axiomatisation for RMLg. In Section 5.2
we show that the axiomatisation is sound. In Section 5.3 we show that the
axiomatisation is complete via a provably correct translation from L,,,; to L.
This provably correct translation uses a disjunctive normal form for modal logic
defined using cover operators, followed by applications of the reduction axioms in
RMLgk. Asaresult of this provably correct translation we have as corollaries that

RMLy is expressively equivalent to K, and that RML is compact and decidable.
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5.1 Axiomatisation

In this section we present the axiomatisation RMLgk for the logic RMLg. The ax-
iomatisation relies heavily on the cover operator, which we recall is defined by the
syntactic abbreviation V,I" ::= 0, V. cp v A A cr 0q7- The cover operator also
forms the basis of our axiomatisations of RMLyys, RMLgp,s, and RMLgs, which
will be presented in the following chapters. We now present our axiomatisation

for RMLg and discuss its features, particularly the use of the cover operator.

Definition 5.1.1 (Axiomatisation RMLg). The axiomatisation RMLk is a
substitution schema consisting of the axioms and rules of K along with the fol-

lowing additional axioms and rules:

R FVp(p = ¢) = (Ve = Vpy)
RP FHVgr&n
RK +3zV,. I, /\wera 0,37y where a € B
RComm + 35V, I, < V. {37y |~y €.} wherea ¢ B
RDist F3p A.co Vel'e < Ace I8V
NecR From F ¢ infer - Vgp

where p, 9 € Ly, m € Ly, a € A, B,C C A, and for every a € A: I'y C L,y is

a finite set of formulas.

We note that the axioms R and RP, and the rule NecR are validities estab-
lished for all variants of RML in the previous chapter, in Proposition 4.2.7. We
also note that although reflexivity and transitivity are important properties of
the relational operator =g for refinements, the validities from Proposition 4.2.7
corresponding to these properties do not feature in this axiomatisation, as we
will see that they are not necessary in order to show the completeness of the

axiomatisation.
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The axioms of RMLg have the appearance of reduction axioms, as they al-
low refinement quantifiers to be “pushed” past propositional connectives and
modalities, reducing the complexity of the formulas that refinement quantifiers
are applied to, or in the case of the axiom RP, or some applications of RK and
RComm, allow refinement quantifiers to be removed completely. In Section 5.3
we will provide a provably correct translation using these reduction axioms, push-
ing refinement quantifiers past propositional connectives and modalities, until the
refinement quantifiers can be removed completely by an application of RP, RK
or RComm. This is similar to the approach used to show the completeness
of the axiomatisations for AML and PAL. However unlike the axiomatisations
for AML and PAL, it’s not immediately obvious that the reduction axioms of
RMLyx are applicable to all £, formulas. In particular, the reduction axioms
can only push refinement quantifiers past negations in propositional formulas,
using the axiom RP, and can only push refinement quantifiers past conjunctions
in specific situations involving cover operators, using the axioms RK, RComm,
and RDist. In Section 5.3 we address these limitation with the introduction of a
normal form that restricts negations to propositional formulas and conjunctions
to the specific situations handled by RK, RComm, and RDist.

The cover operator features prominently in the axioms, RK, RComm, and
RDist. These axioms describe the interaction between existential refinement
quantifiers and conjunctions of modalities, where the cover operator is used as a
convenient notation for a conjunction of modalities. We must have reduction ax-
ioms specifically for conjunctions of modalities because of the difficulty in pushing
existential refinement quantifiers past conjunctions, or dually, pushing universal
refinement quantifiers past disjunctions. For example, a reduction axiom such as
F3p(pAY) + (s ATp1p) would not be sound. This can be seen if we consider
a Kripke model M, such that M, F {,T. Then we have M, F 3,0, T, with the
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witnessing a-refinement being M, itself, and we have M, F 3,00,L, with the wit-
nessing a-refinement being M, with its a-successors removed, but as ¢, T A ,L
is a contradiction then we have that M, ¥ 3,(0, T A OyL). Clearly there is an
interaction between the modalities inside each of the refinement quantifiers, so
these two formulas cannot be so easily separated. Instead we give the axioms
RK, RComm, and RDist which consider conjunctions of modalities rather than
single modalities, and use the cover operators as an abbreviation for a conjunc-
tion of an arbitrary number of modalities. As the cover operator is defined by a
syntactic abbreviation, these axioms could be restated in terms of the more con-
ventional [J, and ¢, modalities. However the axioms RK and RComm would
not be sound for arbitrary conjunctions of [J, and ¢, modalities. For example,
we showed above an example where ¥ 3,(0,¢ A Oa¥) < (0.0 A Ipay). In
fact if we rewrite (), A, into cover operator form as V,{¢@ A1, 1} we see from
RK that - 3,(0,0 A Out) > O,3a(e A1) A O,Fatb. Hence the cover operator
also serves as a convenient notation to restrict conjunctions of modalities to cases
where such axioms are sound. In Section 5.2 we will see that the semantics of
the cover operator are convenient for showing the soundness of these axioms. In
Section 5.3 we see that the cover operator allows a convenient disjunctive normal
form for modal formulas, which we use in our provably correct translation from

erl to L’ml .
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Finally we give an example derivation using the axiomatisation RMLg.

Example 5.1.2. We show that F 3,(0.p A =[pp) <> O, —p using the axiomati-
sation RMLg.

FOpp <> (O V T) A Opp) P

oy (OpVT)AVY{—p, T} Defn. of V,
FOpp ¢ (0= p V T) A Vi{=m=p, =T} P

E Oy < (O Vamp V T) A Vp{=Vo=mp, =V, ~T}) RP

F Oy ((0,3apVT)AVe{3a—p, 3T} Defn. of 3,

= Opp < (FaValp} V 3uVal) A Ve{3=p,3.T}) RK

= 0pp ¢ (FaValp} V 3uVal) A3 Vie{-p, T}) RComm

F Oy ¢ ((3aVa{p} A V{0, T}V (Z VD AT V{-p, T})) P

= Opp ¢ (Ba(Valp} A Vie{=p, T} V3oVl A Vi{-p, T})) RDist

Oy < (Fa(Oap A Oup A Op=p) V 3o(0al A Op—p)) Defn. of V, and V,
F Oy 4 (Fa(ap A Qap A Op—p) V Fo(0ap A =00 A Op—D)) Modal reasoning
= Opp < Ja(ap A Opp) P

F Oy—p < o(0ap A —0pp) Defn. of ¢,

5.2 Soundness

In this section we show that the axiomatisation RMLy is sound with respect
to the semantics of the logic RMLg. The axioms R and RP, and the rule
NecR are already known to be sound as they were established for all variants of
RML, in Proposition 4.2.7. What remains to be shown is that the axioms RK,
RComm, and RDist are sound. Each of these axioms share the general form
of equivalences, where the left side of the equivalence describes the existence of a
single refinement that satisfies a given formula, whilst the right side describes the
existence of multiple refinements that satisfy subformulas of the given formula.

Accordingly the proof of soundness for each of these axioms share the same
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general technique. For the left-to-right direction of the equivalence, we show that
if we have the refinement described on the left of the equivalence, then this same
refinement satisfies all that we need for the right of the equivalence. Conversely,
for the right-to-left direction of the equivalence, we show that if we have all of
the refinements described on the right of the equivalence, then these refinements
can be combined into a single refinement that satisfies the left of the equivalence.
The left-to-right direction is simple to show, whereas the right-to-left direction
is more involved.

We begin by showing that the axiom RK is sound. Recall that the axiom
RK takes the form of - I3V, I, < /\veFa 0,3y where B C A, a € B, and

'y € L, is a finite set of formulas.

Lemma 5.2.1. The axiom RK from the aziomatisation RMLyk is sound with

respect to the semantics of the logic RMLy.

Proof. (=) We show that F 35V,I's = A . 0,357 where a € B. Let M, =
((S,R,V),s) € K be a pointed Kripke model such that M, E 35V,I',. There
exists M., = ((S",R',V'),s') € K such that M, > M., and M, E V,I',. For
every v € T, there exists t/ € s'R such that Mt’,W F ~. From back-a there
exists t, € sR, such that M, =p Mt”w' Then M, F 3p7y and so M, F §,3p7.
Therefore M, F A\ cr, 0a3B7-

(<) We show that & A__p 0,37 — IpValy where a € B. Let M, =
((S,R,V),s) € K be a pointed Kripke model such that M, F A . 0,3p7. For
every v € I, there exists ¢, € sR, and M, = ((S7, R7,V7),s”) € K such that
M, =p M 2 and M), E ~v. Without loss of generality we assume that each of the
S7 are pair-wise disjoint. We use these refinements to construct a single larger

refinement to satisfy the left-hand-side of the RK equivalence.
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Figure 5.1: A schematic of the construction used to show soundness of RK.
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Let M., = ((S',R',V'),s") be a pointed Kripke model where:

S = {stusu s

vel's
R, = {(s.s") |veTJURU (] R
7€l
Ry, = {(s;t)|tesR}UR,U|J R]
7€l
Vip) = {IseVpiuvvpu ] V()
~yely,

where s is a fresh state not appearing in S or S for any v € I',, and b € A\ {a}.

A schematic of the Kripke model M and an overview of our construc-
tion is shown in Figure 5.1. Here we can see that each of the B-refinements
at successors, MY, ..., M., are combined into the larger Kripke model M.

From this schematic representation we can clearly see that M, >p M and
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M!, E V{7, ...7m}. We note that there are a-successors of M, that do not
satisfy any Jp7; and do not correspond to any B-refinement M. This is per-
missible as a € B, so forth-a is not required in order for M, =g M, to hold.

To show that M, = 35V,I', we will show that M, >p M], and M, E V,I,.

We first show that M, =g M],.

For every v € 'y, let SR7 C S x S§7 be a B-refinement from Ml,’7 to MY,. We
define R C S x S’ where:

N={(s,Nyu{tt)[teStu | R®
Y€l

We show that R is a B-refinement from M, to M.

Let pe P,be A, ¢c € A\ B. We show by cases that the relationships in R

satisfy the conditions atoms-p, forth-c, and back-b.
Case (s,s') € R:

atoms-p By construction s € V (p) if and only if s € V'(p).
forth-c Let t € sR,. Asc € A\ B and a € B then ¢ # a. By construction
s'R, = s'R,. Then t € s'R,, and by construction (¢,t) € R.

back-b Suppose that b = a. By construction s'R, = {s” | v € T',}.
Let 87 € s'R, where v € I';. Then by hypothesis t. € sR, and
(tv’ s7) € RY C K.
Suppose that b # a. Let t € s'R;. By construction s'R; = sR,. Then

t € sR, and by construction (¢,t) € fR.
Case (t,t) € R where t € S:

atoms-p By construction ¢ € V (p) if and only if t € V'(p).

forth-c Let u € tR.. By construction tR, = tR,. Then u € tR, and by

construction (u,u) € fR.
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back-b Let v € tR;. By construction tR;, = tR,. Then u € tR, and by

construction (u,u) € fR.
Case (t,t7) € R? C R where v € I',:

atoms-p By atoms-p for 87 we have ¢t € V(p) if and only if t7 € V7(p).
By construction ¢¥ € V7(p) if and only if 7 € V'(p).

forth-c Let u € tR,.. By forth-c for ‘R there exists u” € t7R} such that
(u,u”) € M. By construction "R/, = t"R). Then u” € "R, and by

construction (u,u?) € fR.

back-b Let u” € t"Rj. By construction "R = t"R]. Then u” € t"R]. By
back-b for " there exists u € t R, such that (u,u?) € RY C RA.

Therefore R is a B-refinement and as (s, s’) € R we have that M, =g M],.

We finally show that M., E V,I[',.

Let v € T',. We note that M}, ~ M., as by construction the valuations
and successors of states of M7 are left unchanged in M’'. As M), E ~ then by
Proposition 4.2.9 we have that M., F 7.

For every v € I', we have that s € s'R), and M., F v. For every 57 € s'R,,
we have that M., E ~. Therefore M., = V,I',.

Therefore M, F 35V, I,. O]

In the previous section we justified the use of the cover operator in the axioma-
tisation partially by the opinion that it is convenient for the soundness proofs.
In particular we note that in the right-to-left direction of the axioms RK and
RComm there is a one-to-one correspondence between formulas in the cover
operator on the left of the equivalence and the refinements described on the right
of the equivalence. As we have just seen in the proof of soundness of RK, the

refinements described on the right of the equivalence are then directly used in
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the construction of a single refinement that satisfies the left of the equivalence,
and the one-to-one correspondence between refinements and formulas is used to
show that the cover operator on the left of the equivalence is satisfied by the
constructed refinement.

We next show that the axiom RComm is sound. Recall that the axiom
RComm takes the form of - gV, Iy <> V {3y | 7 € T} where B C A,
a¢ B,and I'y C L, is a finite set of formulas. The axiom RComm is similar
to the axiom RK, and the proof strategy is also similar. Whereas for RK we
have that a € B, and therefore a B-refinement need not satisfy forth-a, for
RComm we have that a ¢ B and so forth-a is required. Accordingly for RK
our constructed model need not satisfy forth-a in order to be a B-refinement, so
we do not require that every a-successor of the original model have a refinement
satisfying some . However for RComm our constructed model does require
forth-a in order to be a B-refinement, so we require every a-successor of the
original model to have a refinement satisfying some ~. The difference between
RComm and RK accounts for this additional requirement, ensuring that we

can construct an appropriate B-refinement.

Lemma 5.2.2. The axiom RComm from the axiomatisation RMLgk is sound

with respect to the semantics of the logic RMLk.

Proof. (=) We show that F 3gV,I'y = V {3py |y €} Let M, = ((S,R,V),s) €
K be a pointed Kripke model such that M, F 35V, ,I',. There exists M =
(8", R, V'), s") € K such that M, »p M, and M., E V,I',. For every v € I',
there exists ¢/ € s'R;, such that Ml,f,7 F 7. From back-a there exists ¢, € sR,
such that ]\/[t7 ~B Mt’%' Then Mt7 F dpvy and so M, F ,3p7. Forevery t € sR,
from forth-a there exists t' € 'R, such that M, g M|,.. As M, E V,I', then
My, & v for some v € I'y. Then M, F \/_ . Ipvy and so My F O,V cr, I57-
Therefore M, = V{37 | v € L.}
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(<) We show that E V, {3y |y € Tu} = IgVila. Let M, = ((S,R,V),s) €
K be a pointed Kripke model such that M, £ V. {3py | v € T',}. For ev-
ery v € I'y there exists £, € sR, and MJ, = ((S7,R",V7),s7) € K such
that ]\/[t7 =p M), and M), E ~. For every t € sR, there exists v € I, and
M! = ((S*,R",V"),s") € K such that M, =5 M! and M! F ~. Without
loss of generality we assume that each of the S7 and S! are pair-wise disjoint.
We use these refinements to construct a single larger refinement to satisfy the
left-hand-side of the RComm equivalence.

Let M., = ((S',R',V'),s") be a pointed Kripke model where:

S = {Syusulsu Y S

v€ly tesk,
R, = {(s.8) |veTu{(s,s") [tesrRIUR,U ] RIU ] R
Y€l tesR,
Ry, = {(s,t)|tesR}URU|JRU | R
v€la tesR,
Vip) = {'|seviuvipuJVveu [ Vi
Y€l tesR,

where s’ is a fresh state not appearing in S, S” for any v € ', or S* for any
tesR,, andbe A\ {a}.

A schematic of the Kripke model M/, and an overview of our construction is
shown in Figure 5.2. As in the construction used for RK we can see that each
of the B-refinements at successors, M}, ..., M}, are combined into the larger
Kripke model M!,. However in contrast to the construction used for RK we note
that here every a-successor of M, satisfies g7y for some v € I';, and corresponds
to some B-refinement MY,. This is required as a ¢ B and so forth-a is required
in order for M/, to be a B-refinement of M. From this schematic representation
we can clearly see that M, =5 M, and M., E V. {71,.... 7}

To show that M, F 35V,I', we will show that M, =g M!, and M F V,I,.

We first show that M, =g M.,.
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Figure 5.2: A schematic of the construction used to show soundness of RComm.
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For every v € T', let Y C S x S7 be a B-refinement from MtW to M, and
for every t € sR, let R C S x S* be a B-refinement from M, to M!,. We define
MR C S xS where:

R={(s,sNu{tt)[testulwu R

Y€l tesR,
We show that 2R is a B-refinement from M, to M/,.
Let pe P,be A, c € A\ B. We show by cases that the relationships in R

satisfy the conditions atoms-p, forth-c, and back-b.
Case (s,5') € R

atoms-p By construction s € V (p) if and only if s € V'(p).

forth-c Suppose that ¢ = a. Let t € sR,. By construction s' € 'R/, and
(t,s") € R CA.
Suppose that ¢ # a. Let t € sR,.. By construction 'R, = s'R,. Then
t € s'R., and by construction (t,t) € fR.

back-b Suppose that b = a. Let s7 € §'R) where v € I',. Then by
hypothesis t, € sR, and (t,,57) € R C R. Let s' € s'R;, where
t € sR,. Then by hypothesis ¢t € sR, and (t,s") € R* CR.

Suppose that b # a. Let t € §'Rj;. By construction t € sR, and
(t,t) € R.

Case (t,t) € R where t € S:

atoms-p By construction ¢ € V (p) if and only if t € V'(p).

forth-c Let u € tR,. By construction tR, = tR.. Then u € tR. and by

construction (u,u) € R.

back-b Let u € tR;. By construction tR; = tR,. Then u € tR, C S and

by construction (u,u) € fR.
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Case (u,u”) € R C R where v € I';:

atoms-p By atoms-p for R? we have u € V (p) if and only if u” € V7(p).
By construction u” € V7(p) if and only if u” € V'(p).

forth-c Let v € uR,. By forth-c for JR” there exists v” € u”R] such that
(v,v7) € M. By construction u"R, = u'R,..
Then v € wYR, and (v,v7) € R.

back-b Let v € u"Rj. By construction «”R; = u"R]. Then v" € u'R].
By back-b for R” there exists v € uR, such that (v,v7) € R C A.

Case (u,u’) € R C R where t € sR,:

atoms-p By atoms-p for R* we have u € V(p) if and only if u* € V*(p).
By construction u! € V*(p) if and only if u* € V'(p).

forth-c Let v € uR,. By forth-c for ! there exists v* € u' R, such that
(v,0") € M. By construction u'R., = u'R.. Then v' € u'R., and
(v,07) € A.

back-b Let v € u'Rj. By construction v’ R} = u'Rf. Then v' € u'R. By
back-b for R there exists v € uR, such that (v,v") € R C R.

Therefore R is a B-refinement and as (s, s’) € & we have that M, > M/,.
Finally M/, E V,I', follows from the same reasoning as in the proof of sound-

ness of RK in Lemma 5.2.1. Therefore M, F 35V, I',. H

114



We next show that the axiom RDist is sound. Recall that the axiom RDist
takes the form of - 3p A .o Vel'c < A.co I8Vel'e where B, C' C A and for every

ceC: I'. C L,,; is a finite set of formulas.

Lemma 5.2.3. The aziom RDist from the axiomatisation RMLgk is sound with

respect to the semantics of the logic RMLk.

Proof. (=) Let M, € X be a pointed Kripke model such that M, F dp A\ . V...
There exists M), € X such that M, =g M) and M F A_..V.I. For
every ¢ € C we have that M, F V.. and so M, F 3pV.I.. Therefore
M, E N.cc IVl

(<) Let M, = ((S,R,V),s) € KX be a pointed Kripke model such that
M, E N\.cc 38V.cI .. For every ¢ € C there exists M{. € K such that M =g M
and MS FE V.I'.. Without loss of generality we assume that each of the S¢ are
pair-wise disjoint. We use these refinements to construct a single larger refinement
to satisfy the left-hand-side of the RDist equivalence.

Let M., = ((S',R',V'),s") be a pointed Kripke model where:

S = {syusuls

ceC
R, = {(s,1|t°€s*RYUR,U| J Rl forceC
deC
R, = {(s,t)[tesR}UR,U|JR;forb¢cC
ceC
Vip) = {|seVpluVp)ul Vi)
ceC

where s’ is a fresh state not appearing in S or S¢ for any ¢ € I'y; ¢ € C'; and,
be A\ C.

A schematic of the Kripke model M, and an overview of our construction
is shown in Figure 5.3. Here we can see that M}, is formed by taking the c-

successors for each respective B-refinement M. and combining them into a single
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Figure 5.3: A schematic of the construction used to show soundness of RDist.
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model. From this schematic representation we can clearly see that and M/, F
Va{y1, -} It is less clear that M, =p M, but it is straight-forward to
show this by combining the refinements $R°.

To show that M, F 3p A\ o VeI we will show that M, =5 M, and M F
Acec VeLe.

We first show that M, >p M,.

For every ¢ € C let R® C S x 5S¢ be a B-refinement from M, to MS. We
define R C S x S’ where:

R ={(s,sNU{(t,t) [t eSIu|Jm
ceC

We show that R is a B-refinement from M, to M],.

Let pe P,be A, d e A\ B. We show by cases that the relationships in R

satisfy the conditions atoms-p, forth-d, and back-b.
Case (s,s') € R:

atoms-p By construction s € V(p) if and only if ' € V'(p).

forth-d Suppose that d € C. Let t € sR,. By hypothesis (s,s?) € R%
By forth-d for R? there exists t¢ € s?R4 such that (¢,t%) € ReL
By construction s'R/, = S?R4. Then t? € s'R/, and by construction
(t,t7) € R.
Suppose that d ¢ C. Let t € sR,. By construction s'R/, = sR,;. Then
t € s'Rl, and by construction (¢,t) € .

back-b Suppose that b € C. By construction s'Rjs*Rb. Let t* € s’RY. By
hypothesis (s, s’) € R°. By back-b for R’ there exists ¢t € sR, such
that (¢,t%) € R® C R.
Suppose that b ¢ C. Let ¢t € s'R;. By construction ¢t € sR, and
(t,t) € A.
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Case (t,t) € R where t € S:

atoms-p By construction ¢ € V(p) if and only if ¢t € V'(p).
forth-d Let u € tR,. By construction tR), = tR,;. Then u € tR), and by

construction (u,u) € fR.

back-b Let v € tR;. By construction tR; = tR,. Then u € tR, and by

construction (u,u) € fR.
Case (t,t°) € R® C R where c € C:

atoms-p By atoms-p for R® we have t € V (p) if and only if t© € V¢(p).
By construction ¢ € V¢(p) if and only if t¢ € V'(p).

forth-d Let v € tR,; By forth-d for R there exists v € t°Rj such
that (u,u®) € R By construction t°Rjt°R;. Then u® € t°R!, and
(u,u’) € R.

back-b Let u® € t°R;. By construction t°R; = t°R;. Then u® € t°R;. By
back-b for JR¢ there exists u € tR, such that (u,u®) € R C fR.

Therefore R is a B-refinement and as (s, s’) € S8 we have that M, > M/,.
Finally M}, E A\ o VI follows from similar reasoning to the proof of sound-

ness of RK in Lemma 5.2.1. Therefore M, F 3p A\ - V... O]
Finally, given these lemmas we note that the axiomatisation RMLyg is sound.

Lemma 5.2.4. The axiomatisation RMLgk is sound with respect to the seman-

tics of the logic RMLg.

Proof. The soundness of the axioms and rules of K with respect to the semantics
of the logic RMLy follow from the same reasoning that they are sound in the
logic K. The soundness of R, RP and NecR follow from Proposition 4.2.7. The

soundness of RK, RComm and RDist were shown in the previous lemmas. [
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5.3 Completeness

In this section we show that the axiomatisation RMLy is complete with respect
to the semantics of the logic RMLy. We show that RMLg is complete by demon-
strating a provably correct translation from formulas of £, to the underlying
modal language L,,;. As the interpretation of £,, formulas is the same between
RMLg and K, and K has a sound and complete axiomatisation K that forms
part of the axiomatisation RMLg, this allows us to construct proofs of valid £,
formulas by first translating to £,,; and then relying on the completeness of K.
As a consequence of this provably correct translation we also have that RMLy is
expressively equivalent to K, and that RMLg is compact and decidable (via the
compactness and decidability of K).

In order to show that the reduction axioms of RMLg are applicable to all £,,,;
formulas we will use a disjunctive normal form for modal logic taken from work by
Janin and Walukiewicz [59] in the modal u-calculus. The disjunctive normal form
uses the cover operator, and restricts negations and conjunctions to situations
where the reduction axioms are applicable. Much of our work in this section
is simply restating results by Janin and Walukiewicz [59] about the disjunctive
normal form. We provide these details because the presentation of the disjunctive
normal form of Janin and Walukiewicz [59] differs from our presentation, and
also includes aspects specific to the modal p-calculus that are not relevant for
our purposes. In Chapter 6 we introduce a similar normal form in order to show
the completeness of the axiomatisations for RMLg;s and RMLgp,s.

We first recall the negation normal form, as an intermediate step before the

disjunctive normal form.
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Definition 5.3.1 (Negation normal form). A formula in negation normal form

is inductively defined as:

pu=plpl@Ae)|(pVe) O] Oup
where p € P and a € A.

Lemma 5.3.2. Every modal formula is equivalent to a formula in negation nor-

mal form in the logic K.

Proof. Similar to negation normal forms in propositional logic, we can recur-
sively push the negations inwards until negations are only applied to propositional

atoms, using the following equivalences:

F-—p < @
Fo(pAY) & —pV -y

Folap < Qu9
n

We next recall the disjunctive normal of Janin and Walukiewicz [59]. We note
that the original work by Janin and Walukiewicz [59] used a different syntax
for the cover operator, and additionally featured the modal p-calculus fixed-
point operators. Our syntax follows that of Bilkova, Palmigiano and Venema [26]

primarily to be consistent with the established literature in RML [34, 35].

Definition 5.3.3 (Disjunctive normal form). A formula in disjunctive normal
form is inductively defined as:
g0:2:7T/\ /\Vbe ‘ QO\/QD
beB
where 7 € L,;, B C A, and for every b € B, I', C L, is a finite set of formulas

in disjunctive normal form.
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Lemma 5.3.4. Fvery modal formula is equivalent to a formula in disjunctive

normal form in the logic K.

Proof. Let ¢ € L,,; be amodal formula. Without loss of generality, by Lemma 5.3.2
we may assume that ¢ is in negation normal form. We prove by induction on
the modal depth of ¢ and the structure of ¢ that it is equivalent to a formula in
disjunctive normal form.

Suppose that ¢ = p or ¢ = —p where p € P. Then ¢ is already in disjunctive
normal form.

Suppose that ¢ = 1V x where ¥, x € L,; in negation normal form. By the
induction hypothesis there exists ¢, ¥’ € L, in disjunctive normal form such
that E ¢ <> ¢ and E x <> x/. Then ¢’ vV X/ is in disjunctive normal form and
F (VX)) < @V

Suppose that ¢ = [, where v € L,; in negation normal form. By the
induction hypothesis there exists 1 € L, in disjunctive normal form such that
E <> 9. Then V. {¢'} V V.0 is in disjunctive normal form and F O,p <>
(Va{e'} V Va0).

Suppose that ¢ = ¢, ¢ where ¥ € L,; in negation normal form. By the
induction hypothesis there exists ¢’ € L, in disjunctive normal form such that F
¥ <> /. Then V. {¢’, T} is in disjunctive normal form and F {,p <> V. {¢', T}.

Suppose that ¢ = 1) A x where ¢, x € L,,; in negation normal form. By the
induction hypothesis there exists ¢/, x’ € L, in disjunctive normal form such
that F ¢ <> ¢ and F x <> ¥’. As ¢’ and x’ are in disjunctive normal form then
Y =0gV---Vo, and X' = v V-V, where m,n € N. We distribute the

disjunctions over the conjunction using the following equivalence:

FWAX) < (@ AX) < Vo<icm (0 A ;)

0<j<n

Here we note that the subformulas ¢; A 7; may not be in the appropriate form,

and so we use some equivalences to find appropriate substitutes. Let 7,5 € N
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such that 0 < ¢ < m and 0 < j < n and suppose that §;, = 7 A /\beB V',
and v; = 7 A Ao Vel'e. We rewrite the conjunction d; A y; using the following

equivalence:

E (8 Ay,) < (TAT)A (/\ VbeA/\VCFC)

beB ceC

This may leave us with more than one cover operator for some agents, but we

can combine these cover operators using the following equivalence:

F (VL AVLE) o Va{yn \/ AV [veTtu{y A\ v+ €T}

el ver

Here we note that y A\ 7" and 7' Ay may not be in disjunctive normal

vyel
form, and so we will use to the induction hypothesis to find a substitute. For
every v € I', v/ € TV as v A 7/ has a modal depth less than ¢ then by the
induction hypothesis there exists an €, € L,,; in disjunctive normal form such

that F e, <> (YAY). Substituting e, . for ¥ A" after applying all of the above

equivalences leaves us with a formula in disjunctive normal form. ]

We note that we have shown a semantic equivalence between L, formulas
and formulas in disjunctive normal form. As K is a sound and complete axioma-
tisation for K then this is also a provable equivalence in K, and as the axioms
and rules of K are included in the axiomatisation RMLg this is also a provable
equivalence in RMLg.

We also note that, much like the disjunctive normal form for propositional
logic, converting a modal formula to the disjunctive normal form introduced here
can result in an exponential increase in the size compared to the original formula.

Given the disjunctive normal form, we will show that the reduction axioms of
RMLgk may be applied to formulas in disjunctive normal form in order to give a
provably correct translation. Before we give our provably correct translation we

give two lemmas. First we note that every K theorem is an RMLg theorem.
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Lemma 5.3.5. Let ¢ € L, be a modal formula. If Fx ¢ then FrvLx ¢-

Proof. Suppose that Fx ¢. Then there exists a proof of Fk ¢ using the axioms
and rules of K. As RMLxk includes all of the axioms and rules of K then the
proof of Fk ¢ using the axioms and rules of K is also a proof of Frmry, ¢ using

the axioms and rules of RMLg. Therefore Fryvr, - [l

Secondly we show that RMLg is closed under substitution of equivalents.

Lemma 5.3.6. Let @, 1, x € Ly be formulas and let p € P be a propositional
atom. If 1) < x then b o[\p] < o[x\p].

Proof. We proceed by induction on the structure of .

Case ¢ = p:
Then p[)\p] = ¥ and p[x\p] = x and by hypothesis - 1) <> x so by P we
have = p[i\p] <> p[x\p].

Case ¢ = ¢ where ¢ € P and q # p:

Then ¢[¢)\p] = ¢ and ¢[x\p] = ¢ so by P we have - q[¢)\p] > q[x\p].

Case ¢ = ~a:
By the induction hypothesis - af\p] < a[x\p]. Then by P we have
= =af\p] < —alx\pl-

Case p=a N f:
By the induction hypothesis - a[¢)\p] > a[x\p] and F B[v\p] < Bx\p]-
Then by P we have = (a[{\p] A B[¢\p]) <> (a[x\p] A BX\p])-

Case ¢ = [,
By the induction hypothesis F af\p] <+ alx\p]. By NecK we have I
Oa(a]\p] = a[x\p]) and by K we have - O,a[¢\p] — O.afx\p]. Likewise
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by NecK we have - O, (a[x\p] = a[\p]) and by K we have - O,a[x\p] —
Oac[t\p]. Then by P we have = O,a[t)\p] < Oacr[x\p].

Case ¢ = Vpa:
By the induction hypothesis - af\p] < a[x\p]. By NecR we have
Vp(al\p] = a[x\p]) and by R we have F Va[\p] — Vea[x\p]. Likewise
by NecR we have - Vg(a[x\p| = a[\p]) and by R we have - Vga[x\p] —
Vpa[\p]. Then by P we have F Vpa[i\p] < Vealx\p|.

O
We now show some useful theorems in RMLx.
Lemma 5.3.7. The following are theorems of RMLyx :

FVE(p A ) < (Ve AVpY) (5.1)
F3p(e V) & By V 3pY) (5.2)
F3p(e AY) = (3pp A Ipy)) (5.3)
F(Vep ApY) — Ip(p AY) (5.4)
H(m A 3py) <> Ip(m A1) (5.5)

Fap(m A\ Vele) <

ceC

A N\ A oFsrn N Ve{3svIveTD) (5.6)

ceCNB ~el. ceC\B
where 0, € Ly, 7 € Ly, a € A, B,C C A, and for everya € A: 'y C Ly is

a finite set of formulas.

Proof. (5.1) We show that - Vg(p A1) <> (Vee AVpY).
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For the left-to-right direction:

FpAY) = P
=Va((e AY) = ) NecR
FVe((p AY) = ¢) = (Ve(lp AY) = Vep) R
FVe(eAY) — Ve MP
F(pAY) = P
=Va((e AY) = ) NecR
FVB((p AY) =) = (Ve AY) = V) R
FVB(p AY) = Vet MP
FVs(p AY) = (Ve AVEY) p

For the right-to-left direction:

o= (= (e AY)) p
V(e = (¥ = (9 A1) NecR
VB = (¥ = (9 AY))) =

(Ve = Ve(¥ = (9 A1) R
FVgp = V(Y — (0 AY)) MP
VBV = (9 A1) = (VY = V(e AY)) R
FVee — (Ve = V(p A)) P
= (Vep AVEY) = V(e AY)) P

(5.2) We show that - 3g(p V ¢) <> (Ipp V Ip1).
Given (5.1) above we have:
F VB(_WO A _|1/1) < (VB_%O N vB_'w) (51)
= ﬁ\V/B(ﬁQO A _'w) e _'(\V/B_|g0 A \V/B_'@D) P
F=Vp=(p V) < (2Vp=p V Vp—y)) P
}_HB(QO\/'(b) < <E|Bg0\/E|Bw) Defn. of E|B
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(5.3) We show that - 3g(p A ) — (e A IpY).

F o = (2p Vv )

= Vg(mp = (e V 1))

FVB(mp = (o V) = (Ve—p = Va(op V 1))
FVp—p = Vp(—p V)

F =3 — —Ip—(—p V )

F3p—(—¢ V) = Ipp

F3g(e AY) — gy

F o= (mp V)

FVE(m = (mp V)

FVB(—Y = (mp V1)) = (Ve = V(= V =)
F Vg1 — Ve(—p V )

F—3pY — —Ip— (- V )

F3p—(—¢ V) — gy

F3g(eAY) — Ipt

F3p(e AY) = (Fpp A dpY)

(5.4) We show that - (7 A Jptb) <> Jp(m A ).
For the left-to-right direction:
= HB(WA¢) — (337‘&' A\ E'Bw) (53)

FVp—m < - RP

F Vg7 P

Fdpmem Defn. of dp

F3p(m AY) — (m A dpy) P
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For the right-to-left direction:

F (Vpm A dpy) <> (Ve A =Vp—)) Defn. of 3
F (Ve Adpy) < 2(Vpm = Vp—p) P
FVg(r — ) = (Vpm — V) R
= =(Vpm = Vpp) = =Vp(mr — ) P
F(Vpm A =Vp—p) — —Vp(r — ) P

F (Vpm A dpy) — Ip—(m — ) Defn. of 3
F (Vpm A dpy) — Jp(m A ) Defn. of 3p
FVgm < m RP

F(r A3pyY) — Fp(r AY) P

(5.6) We show that:

F3p(m A\ VeIe) <>
ceC

A N N 0udsvA N\ Ved3sv |y eTL})

ceCNB ~el. ceC\B

By (5.4) we have:

FIs(m A\ Vele) ¢ (m ATp(/\ VoIo))
ceC ceC

By RDist we have:

Fas(r A\ Vo) ¢ (A J\ FpV.I)
ceC ceC

By RK we have:

F3p(r A\ VeLo) <
ceC

G AN AN o= P AN A vl o

ceCNB ~el. ceC\B

127



Finally by RComm we have:

Fap(m A\ VeLe) <

ceC
A A A 03svA N\ Vel3sr v ET})
ceCNB ~el'. ceC\B

]

We can now clearly recognise that the equivalences (5.2) and (5.6) are reduc-
tion axioms that can be used to push refinement quantifiers past propositional
connectives and modalities in formulas in disjunctive normal form. These equiv-
alences form the basis of our provably correct translation from L,.,,; to L,,;.

Now that we have shown the equivalences of Lemma 5.3.7, and that RMLg
is closed under substitution of equivalents we can give an alternative version of

the proof in Example 5.1.2.

Example 5.3.8. We show that - 3,(0.p A "0pp) <> Op—p using the axiomati-
sation RMLyk. Let ¢ = O,p A =[pp. Then:

Fo < (Vodp} AVi{=p, T} V (VDA V{-p,T})) (5.7
Fdap ¢ Ja((Val{p} A Ve{=p, T}H V (VD AV {=p, T})) (5.8
Foo < (Fa(Vu{p} AV {—p, TH V (VD AV {=p, T})) (5.9
F3ap ¢ ((00Fap A OpFap A Oy FaT) V(T A QpFap A 043 T)) 5

(
(
Fap < (0P A Oy A O, T) V(T A Oy AQ,T))
Fap < (Oyp A O T)
F3ap < Qpp
(5.7) follow from the definition of the cover operator; (5.8) follows from the
closure of RM Lk under substitution of equivalents; (5.9) follows from (5.2) from

Lemma 5.3.7; (5.10) follows from (5.6) from Lemma 5.3.7; (5.11) follows from

RP; and (5.13) follows from propositional and modal reasoning.
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We now show that the reduction axioms of RMLy admit a provably correct
translation from L,.,,; to L,,;. The example above demonstrates the general strat-
egy behind our provably correct translation: convert to disjunctive normal form,
then use the provable equivalences from Lemma 5.3.7 to push refinement quan-
tifiers past modalities and connectives until RP may be applied to remove the

refinement quantifiers altogether.

Lemma 5.3.9. Fvery refinement modal formula is provably equivalent to a modal

formula using the axiomatisation RMLg.

Proof. Let ¢ € L., be a refinement modal formula. Assume without loss of
generality that all Vg operators are expressed instead as dg operators. We show
by induction on the number of 35 operators in ¢ (Ip operators for any B C A)
that ¢ is provably equivalent to a modal formula.

Suppose that ¢ has no dg operators. Then ¢ is already a modal formula.

Suppose that ¢ has n+1 dp operators. Let dg1 be a subformula of ¢ such that
1 € L,y is a modal formula. By Lemma 5.3.4 there exists ¢’ € L,,; in disjunctive
normal form such that Fg 1 <> ¢’ under the semantics of the logic K. By the
completeness of the logic K, we have that Fk 1 <+ ¢’ using the axiomatisation
K. By Lemma 5.3.5 we have that Fryr, ¢ < ¢’ using the axiomatisation
RMLg. By substitution of equivalents we have Frmr, Ip¢ <> I’ We show
by induction on the structure of ¢’ that Izt is provably equivalent to a modal
formula.

Suppose that ¢ = a VvV 5. By Lemma 5.3.7 we have that Frmr, Js(a Vv
B) +» (Ipa vV ApB). By the induction hypothesis there exists o/, 5 € L,,; such
that FrvLx Jpa < o and Frvog, I8 <> [ Therefore by substitution of
equivalents we have that Fryr, Is(aV 8) <> (o/ V '), where o/ V ' € Lyy.

Suppose that ¢' = 7 A Ao Vel'e. By Lemma 5.3.7 we have the equivalence
(5.6). By the induction hypothesis for every ¢ € C, v € T, there exists v € L,
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such that FrvL, 37y > 7. Therefore by substitution of equivalents we may
replace each occurrence of Iy with the corresponding ' to yield an equivalent
modal formula.

Therefore dz1)’ is provably equivalent to a modal formula ¢”. By substitution
of equivalents, substituting ¢” for g1 in ¢ yields a provably equivalent formula
¢’ with n dp operators. By the induction hypothesis ¢’ is provably equivalent to

a modal formula and therefore ¢ is provably equivalent to a modal formula. [J

We note that the provably correct translation we have presented here can
result in a non-elementary increase in the size compared to the original formula.
This is because the provably correct translation relies on converting subformulas
to disjunctive normal form, which can result in an exponential increase in size
compared to the original subformula. When the formula contains nested quanti-
fiers the provably correct translation requires repeated conversions to disjunctive
normal form, with an exponential increase in size each time. For example, in the
formula d—dgy, where ¢ € L, the subformula ¢ must first be converted to
disjunctive normal form, resulting in an exponential increase in size compared to
v, the reduction axioms of RMLg are applied to convert dgp to an equivalent
modal formula ¢, then —¢’ must be converted to disjunctive normal form, re-
sulting in another exponential increase in size, before the reduction axioms are
applied again to finish the provably correct translation. In this example there
may be a doubly exponential increase in size. However in general the increase
in size may be an iterated exponentiation of degree proportional to the highest

nested quantifier depth in the original formula.
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Given the provably correct translation we have that RMLg is sound and

complete.

Theorem 5.3.10. The axiomatisation RMLgk is sound and strongly complete
with respect to the semantics of the logic RMLk.

Proof. Soundness is shown in Lemma 5.2.4.

Let ® C L,,,; be a set of formulas consistent according to the axiomatisation
RMLg. By Lemma 5.3.9, for every ¢ € ® there exists ¢' € L, such that
FrMmLg ¢ <> ¢ Let @ = {¢' | ¢ € ®}. Then 9’ is consistent according to
the axiomatisation RMLk. As RMLxk contains all of the axioms and rules of
K then @ is also consistent according to the axiomatisation K. By the strong
completeness of K it follows that @’ is satisfiable with respect to the semantics
of the logic K. Suppose that M, € X is a Kripke model such that M, Fx @'
Then M, Fryp, @ Let ¢ € ®. Then M, Fruyr, ¢, and as Frvig ¢ <> ¢ by
the soundness of the axiomatisation RMLg it follows that Fruyy, ¢ <> ¢ and

M, Egmr, . Therefore M, Erpp, ®. Therefore @ is satisfiable. O

The provably correct translation also obviously implies that RM Ly is expres-

sively equivalent to K.
Corollary 5.3.11. The logic RML is expressively equivalent to the logic K.

Finally, as RMLy is expressively equivalent to K, and K is compact and

decidable, we also have that RML is compact and decidable.
Corollary 5.3.12. The logic RMLy is compact.
Corollary 5.3.13. The model-checking problem for the logic RMLy is decidable.

Corollary 5.3.14. The satisfiability problem for the logic RMLy is decidable.
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As we noted above, the provably correct translation from L,,; to L,; may
result in a non-elementary increase in size compared to the original formula.
Therefore any algorithm that relies on the provably correct translation will have a
non-elementary complexity. Bozzelli, et al. [25] have shown that the satisfiability
problem for the single-agent variant of RMLg is AEXP,-complete, and Achilleos
and Lampis [1] showed that the model-checking problem for the single-agent vari-
ant of RMLy is PSPACE-complete, which are both a considerable improvement
over the naive, non-elementary satisfiability and model-checking procedures given
by using the provably correct translation. Bozzelli, et al. [25] have also shown
that RMLy is at least doubly exponentially more succinct than K, which is in-
teresting because, at least in the single-agent variant, the satisfiability problem
for RMLy is only singly exponentially harder than the satisfiability problem for
K. We leave the consideration of better complexity bounds for the multi-agent

variant of RMLy to future work.
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CHAPTER 6

Refinement modal logic: K45 and KD45

In this chapter we consider results specific to the logics RMLgys and RMLkpys,
in the settings of K45 and KD45 respectively. As in the previous chapter we
present sound and complete axiomatisations, provably correct translations from
Ly to Ly, and expressive equivalence, compactness and decidability results. As
noted previously, the logic RMLk is not a sublogic of RMLg,s or RMLgpys, S0
our previous results in RMLy do not all apply in these settings. In particular, the
axioms RK, and RComm from RMLxk are not sound in RMLg,s or RMLgpys,
so we must find replacement axioms.

In the following sections we provide sound and complete axiomatisations for
RMLyys and RMLgpys. In Section 6.1 we provide the axiomatisations for RMLg s
and RMLgp,s, which feature syntactic restrictions of the axioms RK, RComm,
and RDist. In Section 6.2 we show that the axiomatisations are sound. In
contrast to RMLg, in RMLgys and RMLkpys we must show that the Kripke
models that are constructed are K45 or XD45 Kripke models. This additional
requirement accounts for the differences in the axioms compared to RMLg. In
Section 6.3 we show that the axiomatisations are complete via provably correct
translations from L,,; to L,,;. In contrast to RMLjy where conversion to a dis-
junctive normal form was sufficient for the reduction axioms to be applicable, in
RMLyy5 and RMLgp,s we must use a more restricted normal form to account

for the additional syntactic restrictions in the axiomatisations.
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6.1 Axiomatisation

In this section we present the axiomatisation RMLg4s for the logic RMLgy5, and
the axiomatisation RMLkpas for the logic RMLgpys. These axiomatisations
are modifications of the axiomatisation RMLyk for RMLg. As in RMLyk the
cover operator features prominently in these axiomatisations. We discuss and
justify the use of the cover operator in Chapter 5, where we introduced the
axiomatisation RMLg. The cover operator serves as a convenient notation for
a conjunction of modalities that also restricts conjunctions of modalities to cases
where the axioms are sound. However we find that this restriction on notation is
not sufficient to ensure that the axioms RK, and RComm are sound in RMLgys5
and RMLgpys.

We know a priori that some of the rules and axioms of RMLgk must not be
sound in RMLgs and RMLgp,s. If the axiomatisation RMLgk was sound for
RMLyy5 or RMLkp,s then RMLjg would be a sublogic of these logics, but we pre-
viously noted in Proposition 4.2.19 that this is not the case. It is a simple matter
to show that the axioms and rules of K are sound for RMLgy5 and RMLgp,s, and
the axioms and rules R, RP, and NecR are sound for RMLg,s and RMLgp,s as
they were shown to be sound for all variants of RML in Proposition 4.2.7. Hence
some or all of RK, RComm, and RDist must not be sound for RMLg,; and
RMLkpys.

As we noted in Chapter 4, the logic RMLk is not a sublogic of RMLg,s or
RMLgpys essentially because each logic quantifies over refinements with different
frame conditions. We gave a specific example, noting that in RMLg refinements
need not be transitive, so we have Fryr,. Ou(70 A Oup) = Fa(00Oul N —OuP)s

but in RMLgys and RMLkpys all refinements must be transitive, so we have

FVa(0,0ap = Qup) and hence F =(O,(—p A Oup) = Fa(0aQul A 0D))-
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We show how the first validity could be derived using RMLg.

Fa(0a0ap A 70ap) > FaVa{ =P A Qop, 7P} Defn. of V
F2(00Oal A =0ap) > V{0 A Vao{p, T}, —p} Defn. of V
F2(0a0aP A 70ap) > (0aTa(=P A Va{p, TH A Qeamp)  RK
F 3a(0aOap A 70ap) < (OaTa(=p A Va{p, T} A Oqp) RP
Fa(0a0ap A 70ap) ¢ (Oa(mP A FValp, T} A Oap) Lemma 5.3.7
F2(0a0aP A =0ap) < (00D A 00 A 03 T) A Q) RK
Fa(0a0aP A 70aP) > (Oa(7P A OGP A Q0 T) A Qqp) RP
Fa(0aQal N 70aP) < QP A Oup) Modal reasoning
= 0a(=0 A Oup) = 3a(0aOual A 20uD) P

However in RMLg,s and RMLkp,s we have transitivity and Euclideaness, repre-
sented by the modal axioms 4 and 5, and given these axioms we can show that

F=3.(0,0.0 N —0,.p). We provide an informal proof.

FOamp — Oa0ap 4

F =00 = —“0ap P

F 0aQal = QuP Defn. of ¢,

F Oup = Oalup 5

F Oap = Oaal A QaP P

FOup = 00aP Modal reasoning

F 0ual < Qup P

F (000l A 20ap) > (O A 20.p) P

F=(Qap A —04p) P

F =(0a®ap A =0aP) MP
Va(0aQal A —04P) NecR

F=30(0a®al A ~0uD) Defn. of 3,

The formula $,(—p A O,p) is satisfiable in RMLgy5 and RMLgp,s, as it is satisfi-

able in K/5 and KD45, and the semantics of these respective logics agree on all
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modal formulas. So for sound axiomatisations of RMLg,s and RMLkp,s we must
have that ¥ =, (—pAO,p) and therefore = =(O, (pA QL) = Fa(OgOual N —0LD))-
Therefore the derivation of - ¢, (=pAO,p) = Fa(OnO.p N O,p) in RMLk above
is not sound reasoning for RMLyy5 or RMLkp,s. We previously noted that the
axioms and rules of axioms and rules of K and the axioms and rules R, RP, and
NecR are sound for RMLgys and RMLgpys, so the flaw in the derivation must
be the use of the axiom RK, so this axiom is not sound in RMLgy5 or RMLgpys.

Above we saw that F =(0,0.pA0.p), and hence F =3,(0, 0P AO,p). This
becomes obvious once we convert {,0,p A =,p to the equivalent {,p A =, p.
If we apply the RK axiom to the formula in this syntactic form we see that it

behaves as desired for RMLg,s and RMLgp,s. We provide an informal proof.

Fa(0aQul A 0up) < Fa(O0 A ~0up) Modal reasoning
Ja(000ap A =0ap) <> 3uVa{p A —p, —p} Defn. of V
Ja(0aQal N =04p) < (O03ap A —p) A OuFa—p) RK
Fu(0a0ap N 20ap) < (Oulp A —D) A QD) RP
F2(0a0al A 70up) < Q0P A —p) Modal reasoning
Fa(0aQal N 704D) <> Op L p
F 32(0aQ0al A —Qap) ¢+ L Modal reasoning
- _Ela(<>a<>ap A _'<>ap) MP

A similar problem arises with the axiom RK in the setting of RMLgy5 and
RMLgpys, due to Euclideaness instead of transitivity. In RMLg refinements need
not be Euclidean, so we have Fpuypr, Oup — 3a(Qop A "0a0up), but in RMLgys
and RMLgp,s all refinements must be Euclidean, so we have F V({,p = 0a{up)
and hence F =(¢,p — Fa(Op A "0.0,p)). The contradiction becomes obvious
once we convert ¢,p A =0,0,p to the equivalent O, p A —O,p, and again RK

behaves as desired if applied to the formula in this syntactic form.
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The problem with our initial attempt at applying the axiom RK occurred
because we had a set of formulas, {—p A ¢,p, 7p} that was contradictory when
taken together in a cover operator, as in V,{—p A O,p, —p}, but considered
individually each formula is satisfiable in a refinement of a successor, as in
OuTa(mPAOP) ANO,Ta—p. The solution we have seen here is to rewrite the formula
Vo{—p A O,p, —p} into the equivalent V, {p A —p, —=p} where we now have a con-
tradiction if we consider the formulas individually, as in ¢, 3.(p A =p) A $,3ap-
Rewriting the formula in this way explicitly represents the interaction due to
transitivity and Euclideaness between the formulas in the cover operator. In the
rewritten formula there is no interaction due to transitivity and Euclideaness
between the formulas in the cover operator, because the formulas in the cover
operator do not feature a-modalities at the top level. Therefore any interaction
that was implied in the original formula becomes explicit in the rewritten for-
mula. This makes the contradiction between the formulas due to transitivity and
Euclideaness more obvious, and means that considering the formulas individually
as is done the RK axiom does not result in the contradiction disappearing.

This suggests a method for repairing the axiomatisation RMLg to be sound
in RMLgy5 and RMLkpys. Essentially we use the same axioms RK, RComm
and RDist from RMLg, but we restrict the formulas that they are applied to,
so that modalities may not directly contain modalities belonging to the same
agent. This restriction ensures that the interaction between formulas in the
cover operator due to transitivity and Euclideaness are explicitly represented.

We formalise this notion with B-restricted modal formulas.

Definition 6.1.1 (B-restricted modal formulas). Let B C A be a set of agents.

A B-restricted modal formula is inductively defined as:

pu=plop|(@Ap)| O

where p € P, b€ B and ¢ € L.

137



A B-restricted modal formula is essentially a modal formula that contains only
B-modalities at the top level, but which may contain other modalities provided
that they appear in the scope of B-modalities. For example, {,p A J.q and
OaOpp A Oueq are {a}-restricted modal formulas as all non-a-modalities appear
in the scope of a-modalities, while ¢, p A Opg and 0,00 A O.0aq are not {a}-
restricted modal formulas as there are non-a-modalities that appear outside of
the scope of a-modalities.

We now present our axiomatisations for RMLg,s and RMLgp,s.

Definition 6.1.2 (Axiomatisation RMLgys). The axiomatisation RMLgys is
a substitution schema consisting of the axioms and rules of K45 along with the

following additional axioms and rules:

R FVg(p— ) — (Ve — V)
RP FVgp+p
RK45 35V, I, /\weFa 0,37y where a € B
RComm + 35V, I, < V. {37y |~y €.} wherea ¢ B
RDist 35 A, Vole ¢ Auee F5Vele
NecR From F ¢ infer - Vgp

where ¢, € Ly, m € Ly, a € A, B,C C A, and for every a € A: T', is a finite
set of (A \ {a})-restricted modal formulas.

We note that the axiomatisation RMLgkys is essentially the same as the
axiomatisation RMLg, except that we place additional syntactic restrictions on

the sets of formulas I', appearing in the axioms RK45, RComm, and RDist.
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The axiomatisation RMLgkpys is defined similarly.

Definition 6.1.3 (Axiomatisation RMLkpys). The axiomatisation RMLkpgs
is a substitution schema consisting of the axioms and rules of KD45 along with

the following additional axioms and rules:

R FVg(p— 1) — (Ve — V)
RP HVgp+p
RKD45 + 33V, I, < /\weFa 0,37y where a € B
RComm + 35V, I, < V {37y |~y €.} wherea ¢ B
RDist 35 A, Vele ¢ Auee IVl e
NecR From F ¢ infer - Vgp

where ¢, 9 € Ly, m € Ly, a € A, B,C C A, and for every a € A: T, is a

non-empty, finite set of (A \ {a})-restricted modal formulas.

We emphasise that the only difference between RMLgk45 and RMLgkpys is
that in RMLkp4s we require that the cover operators in the axioms RKD45,
RComm, and RDist be applied to non-empty sets of formulas. This accounts
for the only difference between K45 and KD45: we require seriality in KD45,
but not in X45. We note that strictly speaking, RComm and RDist are sound
in RMLgp,s when the cover operators are applied to empty sets of formulas, but

this is derivable from the other axioms using the fact that - -V, in KD45.
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Finally we give some example derivations using the axiomatisations RMLgkys

and RMLKD45.

Example 6.1.4. We show that - 3,(0.p A "0pp) <> Op—p using the axiomati-
sation RMLyys.

F Oy < (O V'T) A Qpp) P

F Oy (0pVT)AV{—p, T} Defn. of V,
=0y < ((Qemmp V T) A Vi{=mmp, == TH) P

=00 < ((0aVamp V T) A Vi{Vammp, 2V, =T} RP

F Oy ((0u3apVT)AVe{3a—p, 3T} Defn. of 4,
F Oy p < ((3aVa{p} vV 3uVad) A Vi {3,—p,3.T}) RK45

F Oy < ((3aVaip} VI Vi0) AV {—p, T} RComm

F Oy < ((FoVa{p} A3aVe{=p, TH V (FVD AV {-p, T}) P

F 00 < (Fa(Va{p} AV {=p, T}H V 3a(VaD A Vi {-p, T})) RDist
FOpp <> (Fa(Oap A Oap A Opp) V Fa(0aL A Oyp)) Defn. of V,
= 0y 0 ¢ (Fa(0ap A Qo A Op7p) V Fa(Tap A =060 A Oy p) Modal reasoning
F Oy > Fa(Dap A Opp) P

= Oy <> Ja(Oap A —~0ip) Defn. of ¢,

We note that this is essentially the same as the derivation in Example 5.1.2 using

the axiomatisation RMLk.
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We show a similar derivation using RMLgkpss. We note that due to the
presence of the D axiom in RMLkpys the equivalence that we derive is slightly

different to the equivalence shown in the previous derivation.

Example 6.1.5. We show that = 3,(0up A =ep) <> (0.0 A Op—p) using the

axiomatisation RMLgkpas.

= (Qap A Os7p) < (Ol A Vi{=p, T}) Defn. of V,

F(Oap A Opp) < (Oamp A Vio{=mmp, 70 T}) P

= (O A Opp) € (O Vamp A Vp{=Vamp, =Vo=T}) RP

F(Oup A Opp) € (003l A Vi{Tamp, 3 T}) Defn. of 3,

F (O A Opp) ¢ (3Va{p} A Vi{3amp, 3T} RKD45

F(Oap A Opp) < (FaValp} A JVe{—p, T}) RComm

= (Oap A Oyp) > Fa(Va{p} A Vi{-p, T}) RDist

= (Oup A Opp) < Fa(ap A G0l A Opp) Defn. of V, and V,

F (G A Op=p) > Fa(ap A Opp) Modal reasoning and D
= (Qap A Oyp) < Fo(Dap A —0p) Defn. of ¢,

We note that this derivation differs from the derivation using RMLgkys in Ex-
ample 6.1.4 in the use of the axiom D to show that (O.p A O,p) <> Oap-

6.2 Soundness

In this section we show that the axiomatisations RMLk4s and RMLkpas are
sound with respect to the semantics of the logics RMLg,s and RMLgp,s respec-
tively. Asin RMLg, the axioms R and RP, and the rule NecR are already known
to be sound as they were established for all variants of RML in Proposition 4.2.7.
What remains to be shown is that the axioms RK45, RKD45, RComm, and
RDist are sound. These axioms are similar to the corresponding axioms from

RMLg, and accordingly our proofs of soundness build upon the techniques used
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to show the soundness of RMLgk. As with RMLg, the left-to-right direction of
these equivalences is simple to show, whereas the right-to-left direction is more
involved, relying on a construction that combines the refinements described on
the right of the equivalence into a single refinement that satisfies the left of the
equivalence. In the constructions used for the soundness proofs of RMLyk the
refinements described on the right of the equivalence are combined in such a
way that preserves bisimilarity of the original refinements, and hence preserves
the satisfaction of all modal formulas. However unlike RMLg, in the setting of
RMLyys and RMLkpys we require that all refinements satisfy the K45 or KD45
frame conditions respectively. The constructions used in our soundness proofs
for RMLgk4s and RMLkpys differ slightly in that they have additional edges
in order to ensure the transitive and Euclidean properties. The requirement to
have these additional edges means that the refinements described on the right
of the equivalence cannot in general be combined in such a way that preserves
bisimilarity of the original refinements. However with a modification of the con-
struction we can ensure a restricted form of bisimilarity, called B-bisimilarity,
which preserves the satisfaction of all B-restricted modal formulas. As the ax-
ioms RK45, RKD45, RComm, and RDist may only be applied to B-restricted
modal formulas this allows us to show the soundness of these axioms.

We note that the axiomatisations RMLgk4s and RMLgkpgs are very similar,
the only difference being that the axioms of RMLgkpgs require that the cover
operators in the axioms RKD45, RComm, and RDist be applied to non-empty
sets of formulas, accounting for the additional requirement of seriality in XD45.
As such we will only prove the soundness of the axioms of RMLgkys in full
detail, noting that the same proof techniques work for RMLkpyss with some
minor considerations for the differences.

We begin by defining B-bisimilarity.
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Definition 6.2.1 (B-bisimilarity). Let B C A be a set of agents and let M, =
((S,R,V),s) and M., = ((S',R',V'),s") be pointed Kripke models. Then M,
and M/, are B-bisimilar and we write M, ~p M, if and only if for every p € P
and b € B the following conditions, atoms-p, forth-b and back-b holds:

atoms-p s € V(p) if and only if 5" € V/(p).

forth-b For every t € sR, there exists t' € s'Rj such that M, ~ M],.

back-b For every t' € 'R} there exists t € sR, such that M, ~ M.

We note that the above definition is not recursive; B-bisimilarity is defined
in terms of regular bisimilarity. Intuitively two Kripke models are B-bisimilar if
their B-successors are bisimilar.

We show that B-bisimilar Kripke models satisfy the same B-restricted modal

formulas.

Lemma 6.2.2. Let B C A be a set of agents and let M, and M}, be pointed
Kripke models such that M, ~g M!,. Then for every B-restricted modal formula
0 € Lyy: M, E ¢ if and only if M., E ¢.

Proof. Let ¢ € L,; be a B-restricted modal formula. Assume without loss of
generality that all (0, operators are expressed instead as (), operators. We show

that M, F ¢ if and only if M, E ¢ by induction on the structure of ¢.

Case ¢ = p where p € P:
Then M, E pif and only if s € V(p). As M, ~p M/, then s € V(p) if and
only if s € V'(p). Therefore s’ € V'(p) if and only if M/, F p.

Case p = ) for B-restricted modal formula ¢ € £,,;:

Follows directly from the induction hypothesis.
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Case p = ¢ A x for B-restricted modal formulas 9, x € L,;:
Follows directly from the induction hypothesis.

Case p = Q¢ for be B and ¢ € L,;;: Then M, E (1) it and only if there
exists t € sR, such that M, F . As M, ~p M/, then there exists t € sR,
such that M, F ¢ if and only if there exists ¢’ € 'R such that M), E ¢ (as

we can find a bisimilar ¢’ for every ¢ and vice-versa). Therefore there exists

t" € § Ry such that M), F v if and only if M F Op.
O]

We use this lemma to show the soundness of RK45, RKD45, RComm, and
RDist.

We next show that the axiom RK45 from RMLgkys is sound. Recall that
the axiom RK45 takes the form of + 35V, I, < /\vera 0,37y where B C A,

a€ B,and I', C L, is a finite set of (A \ {a})-restricted modal formulas.

Lemma 6.2.3. The aziom RK45 from the axiomatisation RMLkys is sound

with respect to the semantics of the logic RMLyys.

Proof. (=) Let M, € K45 be a pointed Kripke model such that M, E 35V,I,.
We show that M, E A ~er, Q3B using essentially the same reasoning as in the
proof of soundness of RK in Lemma 5.2.1. The only additional consideration
required for RMLg5 is that the refinement must be a %45 Kripke model, but
this is given by the semantics of 35 in RMLg 5.

(<) Let M, = ((S,R,V),s) € K45 be a pointed Kripke model such that
M, E /\wera O0u3p7y. For every v € T, there exists t, € sR, and MJ, =
((S7", R, V7),s7) € K45 such that M, =g M, and M], E ~. Without loss
of generality we assume that each of the S7 are pair-wise disjoint. We use these

refinements to construct a single larger refinement to satisfy the left-hand-side of

the RKD45 equivalence.
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Let M., = ((S', R', V'), ') be a pointed Kripke model where:

S = {tu{s |yelusu ) s

IS ¥
R, = {(s',s}) |y €Ty U{(s),8,) | 7.7 €T} UR, U | ) R]
vel'y
Ry, = {(s,t)[tesR}U{(s,.t") |y€Tot" € s"RI}UR,U | | R}
Y€l
Vip) = {s'[seVpu | J{s s eVpiuvpu | Vi)
vl v€l,

where s" and s, for every v € I, are fresh states not appearing in S or S” for
any v €[y, and b € A\ {a}.

We note that by construction M’ € X45.

We call each state s’ a “proxy state” for the corresponding state s7. In
general we cannot have the s7 states be direct a-successors of s’ whilst also having
M., ~ M],. This is because our construction would require additional a-edges
from the s” states in order to satisfy the transitive and Euclidean properties
of X45. We introduce proxy states to act a proxy for the non-a-successors of
the corresponding refinement state, so that M 1 (A\{a)) M],. As each v is a
(A\ {a})-restricted modal formula, and (A \ {a})-bisimilar Kripke models agree
on (A\ {a})-restricted modal formulas, this is enough to ensure that M ;% E 7.

A schematic of the Kripke model M/, and an overview of our construction
is shown in Figure 6.1. The construction is similar in essence to the construc-
tion used for the soundness proof of soundness of RK in Lemma 5.2.1. Here we
can see that each of the B-refinements at successors, M}, ..., M, are com-
bined into the larger Kripke model M],. We can see the use of the proxy states
M ;ﬂ, ..., M{_, which have all of the (A\ {a})-successors of the respective refine-
ments MY, ..., MY,. We note that the proxy states are (A\{a})-bisimilar to the
respective refinements, and therefore satisfy the respective (A \ {a})-restricted

formulas 71, ...,7,. We note that the proxy states have additional transitive and
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Figure 6.1: A schematic of the construction used to show soundness of RK45.
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Euclidean edges in order to ensure that M’ € %45, and these additional edges
are why the proxy states are not fully bisimilar to the respective refinements.
From this schematic representation we can clearly see that M/, &V, {71,..., 7.}
It is less clear that M, >p M., but we will show this next. We note that there
are a-successors of M, that do not satisfy any 357; and do not correspond to any
B-refinement MJ,. This is permissible as a € B, so forth-a is not required in
order for M, >p M!, to hold.

To show that M, = 35V,I', we will show that M, >p M], and M, E V,I,.

We first show that M, =g M],.

For every v € I', let R C S x S7 be a B-refinement from Mt7 to M},. We
define R C S x S’ where:

R ={(s,8)}U{(t,.s,) [ yeTJU{(tt)|teStu R

We show that R is a B-refinement from M, to M.
Let pe P,be A, ¢ € A\ B. We show by cases that the relationships in R

satisfy the conditions atoms-p, forth-c, and back-b.

Case (s,5') € R:

atoms-p By construction s € V(p) if and only if s’ € V'(p).

forth-c Let t € sR.. Asc€ A\ B and a € B then ¢ # a. By construction
$'R. = sR.. Then t € §R, and by construction (¢,t) € fR.

back-b Suppose that b = a. Let s/, € s'R] where v € I',. By hypothesis
t,€sR, and (t,,s)) € RY CR.
Suppose that b # a. Let t € s'R;. By construction s'R; = sR,. Then

t € sR, and by construction (¢,t) € fR.
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Case (t.,s.) € R where v € I[';:

atoms-p By hypothesis (t,,57) € R7. By atoms-p for R we have ¢, €
V(p) if and only if s € V7(p). By construction s? € V7(p) if and
only if s/ € V'(p).

forth-c Let u €t R.. Asc€ A\ B and a € B then ¢ # a. By hypothesis
(t,,s7) € RV By forth-c for R there exists u” € s7R] such that
(u,u”) € RM7. By construction s\ R, = s7R]. Then u” € s/ R, and
(u,u”) € A.

back-b Suppose that b = a. By construction s/ R, = {sl, | v € T\,.
Let s/, € s R, where 7' € I',. By hypothesis ¢.,t., € sR, and by
the Euclideaness of M we have that ¢, € ¢ R,. By construction

/

(t,y/, S’}’/) € R
Suppose that b # a. Let t7 € s/ R;. By hypothesis (¢,,s7) € R7. By
back-b for R there exists u € t, R, such that (u,t7) € R C K.

Case (t,t) € R where t € S:

atoms-p By construction ¢ € V(p) if and only if t € V'(p).

forth-c Let uw € tR,. By construction tR, = tR.. Then u € tR, and by

construction (u,u) € R.

back-b Let v € tR;. By construction tR; = tR,. Then u € tR, and by

construction (u,u) € fR.
Case (t,17) € R? C R where v € I,

atoms-p By atoms-p for SR7 we have ¢t € V(p) if and only if t7 € V7(p).
By construction ¢¥ € V7(p) if and only if t* € V'(p).
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forth-c Let u € tR,. By forth-c for SR” there exists «” € t7R} such that
(u,u”) € MY. By construction tR., = t"RY. Then u” € t"R. and
(u,uY) € R.

back-b Let u” € t"R}. By construction t"Rj = t"R). Then u” € t"R]. By
back-b for R" there exists u € tR, such that (u,u”) € RY C A.

Therefore R is a B-refinement and as (s, s’) € R we have that M, =5 M/,.

Let v € T',. We note for every ¢ € S7 that M, ~ M}, as by construction the
valuations and successor states of states from M7 are left unchanged in M’. So
we have that ]\/[;,7 ~ (o} M. As vis a (A\ {a})-restricted modal formula and
M}, E ~ then by Lemma 6.2.2 we have that M;,W F 7. Then M|, E V,I', follows
from the same reasoning as in the proof of soundness of RK in Lemma 5.2.1.

Therefore M, F 35V,I',. O

We use similar reasoning to show that the axiom RKD45 from RMLkpaus
is sound. Recall that the axiom RKD45 takes the form of -+ 45V, I, <
/\vera 0,3y where B C A, a € B, and I', C L, is a non-empty, finite set of
(A\ {a})-restricted modal formulas. We emphasise again that the only difference
between RK45 and RKD45 is that RKD45 requires that I', be a non-empty
set. This accounts for the additional requirement in RMLgkp,s that refinements

must be serial.

Lemma 6.2.4. The aziom RKD45 from the axiomatisation RMLykpas is sound

with respect to the semantics of the logic RMLgpys.

Proof. The proof of Lemma 6.2.3 applies with minor considerations in the setting
of RMLgpys. For the left-to-right direction the semantics of RMLgp,s require
that M, M!, € KD45 instead of K45, but otherwise the reasoning is the same.
For the right-to-left direction the semantics of RMLkp,s require that M, € KD45
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and for every v € T', that M}, € KD45. We must additionally show here that
the constructed model M/, € KD45, but this is trivial given that I', is non-empty
(ensuring seriality at M) and for every v € 'y we have M/, € KD45 (ensuring

seriality elsewhere). O

We next show that the axiom RComm from RMLy4s5 is sound. Recall that
the axiom RComm takes the form of - 35V, ,I['y <+ V {37y | v € T's} where
BC A a¢ B,and ', C L, is a finite set of (A\ {a})-restricted modal formulas.
Also recall the differences between the soundness proofs for RK and RComm in
RMLy. Whereas for RK we had that a € B and therefore a B-refinement need
not satisfy forth-a, for RComm we had that a ¢ B and so forth-a is required.
This accounted for the additional refinements M/, used in the construction for
RComm in RMLg. Similar accommodations must be made for the soundness

proof for RComm in RMLgys as compared to the soundness proof for RK45.

Lemma 6.2.5. The aziom RComm from the axiomatisation RMLgkys s sound

with respect to the semantics of the logic RMLyys.

Proof. (=) Let M, € K45 be a pointed Kripke model such that M, E 35V,I,.
We show that M, E V., {37y | v € I',} using essentially the same reasoning
reasoning as in the proof of soundness of RComm in Lemma 5.2.2. The only
additional consideration required for RMLgys is that the refinement must be a
K45 Kripke model, but this is given by the semantics of 35 in RMLg 5.

(<) Let M, = ((S,R,V),s) € K45 be a pointed Kripke model such that
M, FE V {3py | v € I'a}. For every v € ', there exists t. € sR, and M, =
(87, R, V7),s7) € K45 such that Mt7 =p M, and M}, E ~. For every t € sR,
there exists v € I', and M!, = ((S*,R",V?"),s") € %45 such that M, =5 M/,
and M!, E ~. Without loss of generality we assume that each of the S7 and

St are pair-wise disjoint. We use these refinements to construct a single larger
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refinement to satisfy the left-hand-side of the RComm equivalence.

Let M., = ((S',R',V'),s") be a pointed Kripke model where:

S = {sYu{s |yelufs[tesRIusSu ) su ] S
v€lq tesR,

R, = {(s’,s;)\’yEFa}U{(s'7$2)\tesRa}U{(s’ si)|z,ye T, UsR,}U

7 2y
R,ulJRIU | R,
vel's tesR,
R, = {(s,t)|tesR}U {(sg,ﬂ) |y e, t"es"R/ U

{(s;,u') [t € sRyu' € 'R} UR,U | Rju | Ry

Vip) = {s'|sevpyu {17 eVvipiu [ {si s eVip}u
Y€l tesR,
Vipu [JVieu | Vi)

where s, s7 for every v € ', and s; for every ¢t € sR, are fresh states not
appearing in S, S7 for any v € I', or S* for any ¢t € sR,, and b € A\ {a}.

A schematic of the Kripke model M/, and an overview of our construction
is shown in Figure 6.2. The construction is similar in essence to the construc-
tion used for the soundness proof of soundness of RComm in Lemma 5.2.2,
however it incorporates the proxy states and additional transitive and Euclidean
edges introduced in the construction used for the soundness proof of RK45 in
Lemma 6.2.3. As in the construction used for RK45 we can see that each of the
B-refinements at successors, M2, ..., M}, are combined into the larger Kripke
model M!,. However in contrast to the construction used for RK45 we note that
here every a-successor of M, satisfies g7y for some v € I',, and corresponds to
some B-refinement M,. This is required as a € B and so forth-a is required in
order for M/, to be a B-refinement of M. From this schematic representation
we can clearly see that M., F V,{71,...,7}. It is less clear that M, =p M,

but we will show this next.
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Figure 6.2: A schematic of the construction used to show soundness of RComm.
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To show that M, E 35V,I', we will show that M, >p M], and M, E V,I,.

We first show that M, =g M],.

For every v € T', let R7 C S x S7 be a B-refinement from Mt7 to M, and
for every ¢t € sR, let " C S x S* be a B-refinement from M, to M!,. We define
MR C S xS where:

R = {(s8)U{E,s) [velap Ut s) [t € sR, U
{t, )1t €SUU, er, R UUeor, R
We show that 2R is a B-refinement from M, to M/,.

Let pe P,be A, c € A\ B. We show by cases that the relationships in R

satisfy the conditions atoms-p, forth-c, and back-b.
Case (s,s') € R:

atoms-p By construction s € V (p) if and only if s € V'(p).

forth-c Suppose that ¢ = a. Let t € sR,. By construction s; € sR, and
(t,s,) € R CAR.
Suppose that ¢ # a. Let t € sR.. By construction s'R, = sR,. Then
t € s'R, and by construction (¢,t) € fA.

back-b Suppose that b = a. Let s/, € s'R], where v € I';. By hypothesis
t, € sR, and (t,,s)) € R C R Let s; € s'R;, where t € sR,. By
hypothesis ¢ € sR, and (t,s]) € R? CR.
Suppose that b # a. Let t € s'R;. By construction s'R; = sR,. Then
t € sR, and by construction (¢,t) € fR.

Case (t.,s.) € R where v € [';:

atoms-p By hypothesis (t,,57) € R7. By atoms-p for R we have ¢, €
V(p) if and only if s7 € V7(p). By construction s¥ € V7(p) if and
only if s/ € V'(p).
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forth-c Suppose that ¢ = a. Let u € ¢ R,. By hypothesis {, € sR,
and by the Euclideaness of M we have that u € sR,. By hypothesis
(u,s;,) € R*. By construction s;, € s\ R, and (u,s,) € R* CR.
Suppose that ¢ # a. Let u € ¢, R.. By hypothesis (t,,5s7) € 7. By
forth-c for R there exists u” € 7R} such that (u,u”) € R?. By
construction s\ R, = s7R]. Then u” € s\ R, and (u,u”) € R.

back-b Suppose that b = a. Let s, € s’ R, where 7' € I',. By hypothesis
ty:t, € sR,, and by the Euclideaness of M we have that ¢, € {, R,.
By construction (t.,,s7,) € R. Let s; € s R, where t € sR,. By
hypothesis ¢, € sR,, and by the Euclideaness of M we have that
t, €t R,. By construction (t,s;) € R.
Suppose that b # a. Let t7 € s R,. By construction (t,,s7) € R7.
By back-b for R there exists u € ¢, R, such that (u,t”) € R7. By

construction (u,t?) € fR.
Case (t,s}) € R where t € tR,:

atoms-p By hypothesis (¢, s') € R'. By atoms-p for R* we have t € V (p)
if and only if s* € V*(p). By construction s* € V*(p) if and only if
s, € V'(p).

forth-c Suppose that ¢ = a. Let v € tR,. By hypothesis ¢t € sR, and
by the Euclideaness of M we have that v € sR,. By hypothesis
(u,s),) € R". By construction s, € s;R!, and (u,s]) € R* C .
Suppose that ¢ # a. Let u € tR,. By hypothesis (¢,s') € R'. By
forth-c for R’ there exists v’ € s'R! such that (u,u’) € R'. By
construction s; R, = s'Rt. Then u' € s, R, and (u,u’) € R.

back-b Suppose that b = a. Let s/ € s, where v € I',. By hypothesis
t,t, € sR,, and by the Euclideaness of M we have that ¢, € tR,.
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By construction (t,s) € R. Let s, € s;R, where u € sR,. By
hypothesis t,u € sR,, and by the Euclideaness of M we have that
u € tR,. By construction (u,s!) € R. Suppose that b # a. Let
u' € s;R). By construction (¢,s') € R®'. By back-b for R’ there

exists u € tR, such that (u,u’) € R, By construction (u,u’) € R.
Case (t,t) € R where t € S:

atoms-p By construction ¢ € V (p) if and only if t € V'(p).

forth-c Let u € tR,. By construction tR, = tR.. Then u € tR, and by

construction (u,u) € R.
back-b Let v € tR;. By construction tR; = tR,. Then u € tR, and by
construction (u,u) € fR.
Case (u,u”) € R7 C R where v € [';:
atoms-p By atoms-p for R? we have u € V (p) if and only if u” € V7(p).
By construction v € V7(p) if and only if u” € V'(p).

forth-c Let v € uR,. By forth-c for fR” there exists v7 € «”R] such that
(v,v7) € MY C R. By construction u'R., = u"R). Then v? € u"R,

and (v,v7) € A.

back-b Let v” € u"Rj. By construction v € w'R;. By back-b for R”

there exists v € uR,, such that (v,v?) € R7. Then (v,07) € R.
Case (u,u’) € R C R where t € sR,:

atoms-p By atoms-p for R we have u € V (p) if and only if u* € V*(p).
By construction u! € V*(p) if and only if u* € V'(p).
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forth-c Let v € uR,. By forth-c for R’ there exists v* € u’ R, such that
(v,0") € R C R. By construction u' R, = u'Rt. Then v' € v'R,, and
(v,0") € R.

back-b Let v' € u'Rj. By construction v* € u'R}. By back-b for R there
exists v € uR, such that (v,v") € ®'. Then (v,v") € R.

Therefore R is a B-refinement and as (s, s’) € R we have that M, =5 M/,.

Let v € T',. We note for every t7 € S7 that M/, ~ M}, as by construction
the valuations and successor states of states from M7 are left unchanged in M’.
So we have that ]\/[;,7 ~ (e} M. As vy is a (A\ {a})-restricted modal formula
and M, E ~ then by Lemma 6.2.2 we have that M ;,W F ~. Likewise for every
t € sR, we have that Ms; F VveFa 7. Then M, & V,I', follows from the same
reasoning as in the proof of soundness of RK in Lemma 5.2.1.

Therefore M, F 3V,[,. O

Again we use similar reasoning to show that the axiom RComm from RMLk
is sound. Recall that the axiom RComm takes the form of - 5V, I, <
Vo{3gy | v € Tu} where B C A, a ¢ B, and T, C L, is a non-empty, fi-
nite set of (A \ {a})-restricted modal formulas. Similar to RK45 and RKD45,
the difference between RComm in RMLk4s and RComm in RMLgkpys is
the requirement that I', be a non-empty set of formulas, which accounts for the

additional requirement in RMLgp,s that refinements must be serial.

Lemma 6.2.6. The ariom RComm from the axiomatisation RMLgpas 1

sound with respect to the semantics of the logic RMLgpys.

Proof. The proof of Lemma 6.2.5 applies with minor considerations in the setting
of RMLgpys. For the left-to-right direction the semantics of RMLgkp,s require
that M, M!, € KD45 instead of K45, but otherwise the reasoning is the same.
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For the right-to-left direction the semantics of RMLkp,s require that M, € KD45,
for every v € T, that M, € KD45, and for every ¢t € sR, that M!, € KD45.
We must additionally show here that the constructed model M., € KD45, but
this is trivial given that I'; is non-empty (ensuring seriality at M), for every
v € I'y we have M, € KD45, and for every t € sR, that M!, € KD45 (ensuring

seriality elsewhere). O

We next show that the axiom RDist is sound. Recall that the axiom RDist
takes the form of - dp /\cec VI, & /\Cec dpV.I'. where B,C' C A and for every

ceC: ', C Ly is a finite set of (A \ {a})-restricted modal formulas.

Lemma 6.2.7. The aziom RDist from the axiomatisation RMLyys is sound

with respect to the semantics of the logic RMLyys.

Proof. (=) Let M, € K45 be a pointed Kripke model such that M, F Ig(A ..o Vele).
We show that M, F A .o
the proof of soundness of RDist from RMLgk in Lemma 5.2.3. The only addi-

dpV.I'. using the essentially the same reasoning as in

tional consideration required for RMLgys is that the refinement must be a K45
Kripke model, but this is given by the semantics of dp in RMLgys.
(<) Let M, = ((S,R,V),s) € K45 be a pointed Kripke model such that
M, E N.cc 38V For every c € C there exists Mg € K45 such that M, »p
& and Mg F V... We show that M, F (Ao Vcl.) using the same
reasoning as in the proof of soundness of RDist from RMLgk in Lemma 5.2.3. We
note that since each of the refinements M. are X45 models then the construction

used in Lemma 5.2.3 will produce a K45 model as required. O

Yet again we use similar reasoning to show that the axiom RDist from
RMLkpys is sound. Recall that the axiom RDist takes the form of - Jp /\cec VI, &
Aecc 3BVle where B,C C A and for every ¢ € C: T'. C Ly, is a non-empty,
finite set of (A \ {a})-restricted modal formulas.
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Lemma 6.2.8. The aziom RDist from the axiomatisation RMLgys is sound

with respect to the semantics of the logic RMLyys.

Proof. The proof of Lemma 6.2.7 applies with minor considerations in the setting

of RMLgpys, simply replacing occurrences of K45 with KD45. O]
Finally we note that the axiomatisations RMLk45 and RMLgkpg4s are sound.

Lemma 6.2.9. The axiomatisation RMLkus is sound with respect to the se-

mantics of the logic RMLyys.

Proof. The soundness of the axioms and rules of K45 with respect to the se-
mantics of the logic RMLg,5 follow from the same reasoning that they are sound
in the logic K45. The soundness of R, RP and NecR follow from Proposi-
tion 4.2.7. The soundness of RK45, RComm and RDist were shown in the

previous lemmas. O

Lemma 6.2.10. The axiomatisation RMLkpys is sound with respect to the

semantics of the logic RMLkpys.

Proof. The soundness of the axioms and rules of KD45 with respect to the
semantics of the logic RMLkp,s follow from the same reasoning that they are
sound in the logic KD45. The soundness of R, RP and NecR follow from
Proposition 4.2.7. The soundness of RKD45, RComm and RDist were shown

in the previous lemmas. O
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6.3 Completeness

In this section we show that the axiomatisations RMLyk4s and RMLypgs are
complete with respect to the semantics of the logics RMLk;s and RMLkpas
respectively. As with RMLg, we show that RMLgkys and RMLkpys are com-
plete by demonstrating a provably correct translation from formulas of L, to
the underlying modal language L,,;. As a consequence of this provably correct
translation we also have that RMLg,s and RMLkp,s are expressively equivalent
to K45 and RMLgpys respectively, and that RMLg,s and RMLkpys are compact
and decidable, via the compactness and decidability of K45 and KD/5.

Similar to RMLg we rely on a normal form for modal logics for our provably
correct translation, which we call alternating disjunctive normal form. Alternat-
ing disjunctive normal form is a modification of the disjunctive normal form used
for RMLg, that prohibits the direct nesting of modalities from the same agent.
Unlike the B-restricted modal formulas introduced earlier, this restriction applies
throughout the formula, rather than only at the top-level of modalities. This en-
sures that when we repeatedly apply the axioms RK45, RKD45, RComm, and
RDist in our provably correct translation to push refinement quantifiers inwards,
they are only applied to formulas where A-cover operators are applied to sets of
(A\ {a})-restricted formulas.

We first define our normal form, called alternating disjunctive normal form.

Definition 6.3.1 (Alternating disjunctive normal form). Let B C A be a set of
agents. A formula in B-alternating disjunctive normal form is inductively defined

as:

QOZZZW/\/\VCFC|<,0\/QO
ceC

where m € Ly, C C B, and for every ¢ € C, I'. is a finite set of formulas in

(A \ {c})-alternating disjunctive normal form.
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We show that every modal formula is equivalent to a formula in alternating

disjunctive normal form, under the semantics of K45 and KD/5.

Lemma 6.3.2. Let B C A be a set of agents. Every B-restricted modal formula
15 equivalent to a formula in B-alternating cover disjunctive normal form under

the semantics of logics K45 and KDJ45.

Proof. Let ¢ € L,;; be a B-restricted modal formula. Without loss of generality,
by Lemma 5.3.4 we may assume that ¢ is in disjunctive normal form. We note
that the translation used in the proof of Lemma 5.3.4 does not introduce modal-
ities from agents at the top level of the formula, not already appearing at the top
level of the formula, so translating a B-restricted modal formula into disjunctive
normal form will result in a B-restricted modal formula. We prove by induction
on the modal depth of ¢ and the structure of ¢ that it is equivalent to a formula
in B-alternating disjunctive normal form.

Suppose that d(¢) = 0. Then ¢ is already in B-alternating disjunctive normal
form.

Suppose that d(¢) > 0 and ¢ = ¢ V x for ¥, x € L,; in disjunctive normal
form. By the induction hypothesis there exists ¥',x' € L,,; in B-alternating
disjunctive normal form such that F ¢ <> ¢’ and E x <> x’. Then ¢/ V  is in
B-alternating disjunctive normal form and F (¢ V x) <> (¢ V X/).

Suppose that d(¢) > 0 and ¢ = 7 A A\ . V.I'e. By the induction hypothesis
for every ¢ € C, v € I', there exists 7/ € L,; in alternating disjunctive normal
form such that E v < 4. For every ¢ € C, let I, = {¢ | v € T'.}. Let
¢ =7 A Neee Vel'.. Then F ¢ < ¢'. Here we note that for every c € C, v € I,
may contain V. modalities at the top level, and so we use some equivalences to
correct this. We pull the disjunctions within each cover operator up one level

using the following equivalence:

FV({vxul) < Ve({yiul) v V.{x; UD) vV V({y,x}UT)
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Once the disjunctions within the cover operators are removed, we pull the nested

cover operators of the same agent up one level using the following equivalence:
FV.{YyAVI}IUT) < V.({¢} UT) AV I

Once these equivalences have been applied as many times as possible, the result-
ing formula will have no cover modalities nested directly with a cover operator of
the same agent. We can then translate the resulting formula into B-alternating
disjunctive normal form using the same method for disjunctive normal form,
noting that the equivalences used in the proof of Lemma 5.3.4 will preserve the

alternating structure of the formula. ]

We note that we have shown a semantic equivalence between L,,; formulas and
formulas in alternating disjunctive normal form. As K45 is a sound and complete
axiomatisation for K/ then this is also a provable equivalence in K45, and as
the axioms and rules of K45 are included in the axiomatisation RMLgk4s this is
also a provable equivalence in RMLgy45. Likewise this is a provable equivalence
in RMLkpys.

We also note that, much like the disjunctive normal form introduced in the
previous chapter, converting a modal formula to the alternating disjunctive nor-
mal form introduced here can result in an exponential increase in the size com-
pared to the original formula.

Given the disjunctive normal form, we will show that the reduction axioms
of RMLxk4s and RMLgkpyss may be applied to formulas in disjunctive normal
form in order to give a provably correct translation. We first show some useful

theorems in RMLgk4s and RMLkpas.
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Lemma 6.3.3. The following are theorems of RMLyys:

FVs(0 AY) < (Ve AVpih) (6.1)
F3p(e V) < (3pe V IpY) (6.2)
F3p(e A ) = (3 AdpY) (6.3)
(Ve AdpY) = Ip(p A ) (6.4)
H(m A 3pY) < Ip(m A1) (6.5)
Fap(m A\ Vele) <
ceC
(m A /C\ A 0387 A /\\ V{37 |7 €T} (6.6)
¢€CNB veT, ceC\B

where @, € Ly, m € Ly, a € A, B,C C A, and for every a € A: T, is a finite
set of (A\ {a})-restricted modal formulas.

Proof. These theorems can be shown using essentially the same proofs given for
Lemma 5.3.7 for similar theorems in RMLyg. The only consideration that must
be made for RMLkys is for theorem (6.6) where we must use RK45 instead of
RK, and we note that each set I', must be a set of (A \ {a})-restricted modal
formulas in order for RK45, RComm, and RDist to be applicable, but that
requirement is satisfied by hypothesis. ]

We can now clearly recognise that equivalences (6.2) and (6.6) are reduction
axioms that can be used to push refinement quantifiers past propositional con-
nectives and modalities in formulas in alternating disjunctive normal form. We
compare this result to Lemma 5.3.7 where we had similar reduction axioms for
the disjunctive normal form.

We have similar theorems for RMLkpas.
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Lemma 6.3.4. The following are theorems of RMLykpas:

FVB(p AY) < (Ve AVp1) (6.7)
F3p(e V) < (3pe V IpY) (6.8)
F3p(e AY) = (3pp A Ipy)) (6.9)
(Ve Apy) = Il A ) (6.10)
H(m A 3pY) <> Jp(m A1) (6.11)
F-35V,0 (6.12)
F3p(r A\ VoLo) <
ceC
A N N\ oFsvn N\ Ve(3srveTe}) (6.13)
c€ECNB ~eT. c€C\B

where @, € Loy, m € Ly, a € A, B,C C A, and for every a € A: Ty is a
finite, non-empty set of (A \ {a})-restricted modal formulas.

Proof. As above, with the exception of (6.12) these theorems can be shown us-
ing essentially the same proofs given for Lemma 5.3.7 for similar theorems in
RMLg. The only consideration that must be made for RMLgpys is for theo-
rem (6.13) where we must use RKD45 instead of RK, and we note that each set
[, must be a non-empty set of (A \ {a})-restricted modal formulas in order for
RK45, RComm, and RDist to be applicable, but that requirement is satisfied

by hypothesis.
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We show that + —35V,0.

T P

FO. T NecK
F=0,L Defn. of ¢,
FO.L —¢0,L D

F=0,L P

F-V,0 Defn. of V,

FVE-V,0 NecR
F—-35V,.0 Defn. of 35

[

As above we can recognise that equivalences (6.8) and (6.13) are reduction
axioms that can be used to push refinement quantifiers past propositional con-
nectives and modalities in formulas in alternating disjunctive normal form. We
note that the equivalence (6.13) only applies to formulas where the cover opera-
tors are applied to non-empty sets of formulas, a condition that the alternating
disjunctive normal form does not guarantee. However we can get around this
limitation by using Theorem 6.12, noting due to the seriality of D45 that cover
operators applied to empty sets of formulas are always false, and so a conjunction
including such a cover operator is also false.

Before we give our provably correct translations we give two lemmas each for
RMLk45 and RMLkpas.

First we note that every K45 theorem is an RMLgky4s theorem and every

KD45 theorem is an RMLykp4s theorem.
Lemma 6.3.5. Let ¢ € L,,; be a modal formula. If Fxas ¢ then FrML,,: ©-

Lemma 6.3.6. Let ¢ € L,,; be a modal formula. If Fxpas ¢ then FRMLkpas -

164



These lemmas follow from the same reasoning used to show the analogous
result for RMLgk in Lemma 5.3.5.
Secondly we show that RMLgk45 and RMLgkpgs are closed under substitution

of equivalents.

Lemma 6.3.7. Let p, 1, x € Ly be formulas and let p € P be a propositional

atom. [f I_RlVILK45 w < X then I_Rl\/ILK45 SOW\P] « SD[X\p]

Lemma 6.3.8. Let ¢, 1, x € Ly be formulas and let p € P be a propositional

atom. [f I_Rl\/ILKD45 w < X then I_Rl\/ILKD45 SOW\Z?] A @[X\p]'

Similarly these lemmas follow from the same reasoning used to show that
RMLg is closed under substitution of equivalents in Lemma 5.3.6.
We now show that the reduction axioms of RMLgk;s and RMLkp,s admit

provably correct translations from L, to L.

Lemma 6.3.9. Every refinement modal formula is provably equivalent to a modal

formula using the axiomatisation RMLgkys.

Proof. We show this using similar reasoning to the analogous Lemma 5.3.9 for
RMLgk. We convert subformulas to alternating disjunctive normal form instead
of disjunctive normal form, which ensures that V, operators are only applied
to sets of (A \ {a})-restricted modal formulas, allowing the equivalences from

Lemma 6.3.3 to be applied inductively. O

Lemma 6.3.10. Fvery refinement modal formula is provably equivalent to a

modal formula using the ariomatisation RMLkpas.

Proof. We use modified reasoning from the proof of Lemma 6.3.9 for RMLgkys.
As in Lemma 6.3.9 we convert subformulas to alternating disjunctive normal form
instead of disjunctive normal form, which ensures that V, operators are only ap-

plied to sets of (A \ {a})-restricted modal formulas. However the corresponding
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equivalences from Lemma 6.3.4 also require that V, operators only be applied
to non-empty sets of formulas. We satisfy this requirement by using equiva-
lence (6.12) to replace V, operators applied to empty sets of formulas with the
propositional formula L, so a subformula of the form = A V, Iy A /\Cec\ {a} V..
becomes (1A L) A A.congay Vel'e, or simply L. This allows the equivalences from
Lemma 6.3.4 to be applied inductively. [

We note that, much like the provably correct translation for RMLg, the prov-
ably correct translations we have presented here can result in a non-elementary
increase in the size compared to the original formula.

Given the provably correct translation we have that RMLgky4s and RMLkpas

are sound and complete.

Theorem 6.3.11. The axiomatisation RMLgkys is sound and strongly complete

with respect to the semantics of the logic RMLyys.

Proof. Soundness is shown in Lemma 6.2.9. Strong completeness follows from
the same reasoning as in Lemma 5.3.10 for RMLg, using the provably correct

translation from Lemma 6.3.9. O]

Theorem 6.3.12. The aziomatisation RMLgkys s sound and strongly complete

with respect to the semantics of the logic RMLgpys.

Proof. Soundness is shown in Lemma 6.2.10. Strong completeness follows from
the same reasoning as in Lemma 5.3.10 for RMLg, using the provably correct

translation from Lemma 6.3.10. O]
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The provably correct translations also imply that RMLg,s is expressively

equivalent to K45 and RMLkpys is expressively equivalent to KD4.
Corollary 6.3.13. The logic RMLgys is expressively equivalent to the logic K45.

Corollary 6.3.14. The logic RMLkp,s is expressively equivalent to the logic
KDJ5.

Finally from expressive equivalence we have that RMLys and RMLkp,5 are
compact and decidable.

Finally, as RMLg,s and RMLkpys are expressively equivalent to K45 and K4
respectively, and K45 and KD45 are compact and decidable, we also have that
RMLg,s and RMLgkp,s are compact and decidable.

Corollary 6.3.15. The logics RMLgys and RMLyp,s are compact.

Corollary 6.3.16. The model-checking problems for the logics RMLk,s and
RMLkpys are decidable.

Corollary 6.3.17. The satisfiability problems for the logics RMLk,5 and RMLykpys

are decidable.

As we noted above, the provably correct translation from L.,; to L,; may
result in a non-elementary increase in size compared to the original formula.
Therefore any algorithm that relies on the provably correct translation will have
a non-elementary complexity. Unlike RMLg, complexity bounds for the model-
checking and satisfiability problems have not been considered for RMLg,; and
RMLgpys, neither has the succinctness of RMLgys and RMLkp,s been considered.
We leave the consideration of better complexity bounds and succinctness results

for RMLgy5 and RMLkpys to future work.
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CHAPTER 7

Refinement modal logic: §5

In this chapter we consider results specific to the logic RMLgs in the setting of S5.
As in previous chapters we present a sound and complete axiomatisation, a prov-
ably correct translation from L., to L,,;, and expressive equivalence, compact-
ness and decidability results. As noted previously, the logics RMLg, RMLgy5, and
KD/5 are not sublogics of RMLgs, so our previous results in RMLg, RMLg,5, and
KD45 do not all apply in this setting. In particular the axioms RK, RComm,
and RDist, and the corresponding axioms from RMLg,s and RMLkp,s are not
sound in RMLgs, so once again we must find replacement axioms.

In the following sections we provide a sound and complete axiomatisation for
RMLgs. In Section 7.1 we provide the axiomatisation for RMLgs, which feature
modified versions of the axioms RK, RComm, and RDist. In Section 7.2 we
show that the axiomatisation is sound. In contrast to RMLyg, RMLgys, and
RMLkpys, we must show that the Kripke models that are constructed are S5
Kripke models. This additional requirement accounts for the differences in the
axioms compared to RMLg, RMLgys, and RMLgp,s. In Section 7.3 we show
that the axiomatisation is complete via a provably correct translation from L,
to Lyy. In contrast to RMLg, RMLgys, and RMLgp,s, where disjunctive normal
forms were sufficient for the reduction axioms to be applicable, in RMLgs we must
use an even more restricted form to account for the relatively complex syntactic

restrictions in the axiomatisation.
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7.1 Axiomatisation

In this section we present the axiomatisation RMLgg for the logic RMLgs. Sim-
ilar to the axiomatisations RMLk4s and RMLgkp4s, presented in the previ-
ous chapter, the axiomatisation RMLgs is a modification of the axiomatisation
RMLg. As in RMLgk the cover operator features prominently in this axiomati-
sation. We discuss and justify the use of the cover operator in Chapter 5, where
we introduced the axiomatisation RMLg. The cover operator serves as a con-
venient notation for a conjunction of modalities that also restricts conjunctions
of modalities to cases where the axioms are sound. However as in RMLgk45 and
RMLkp4s we find that this restriction on notation is not sufficient to ensure
that the axioms RK, RComm, and RDist are sound in RMLyg;.

Similar to RMLgys and RMLkp,s we know a priori that some of the rules and
axioms of RMLgk must not be sound in RMLgs, as we noted in Proposition 4.2.19
that RMLy is not a sublogic of RMLgs. It is a simple matter to show that the
axioms and rules of S5 are sound for RMLg;, and the axioms and rules R, RP,
and NecR are sound for RMLg; as they were shown to be sound for all variants
of RML in Proposition 4.2.7. Hence some or all of RK, RComm, and RDist
must not be sound for RMLgs.

In Chapter 6 we demonstrated that the RMLgk axiom RK is not sound in
the logics RMLgys5 and RMLkpys essentially because of the requirement that
refinements be transitive and Euclidean. In particular we showed that using the
axiom RK we can derive that = O, (—p A Oup) = Fa(0nOul A —O,p), but given
the modal axiom 4, corresponding to transitivity, we can derive the negation.
Likewise using the RMLg axiom RK we can derive that = {,p — J,(0.p A
—[1,0,p), but given the modal axiom 5, corresponding to Euclideaness, we can
derive the negation. These examples also show that the axiom RK is not sound

in the logic RMLgs.
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In Chapter 6 we modified the axioms RK, RComm, and RDist to be sound
in the logics RMLgys and RMLgpys by placing a syntactic restriction on the
axioms, prohibiting the direct nesting of modalities belonging to the same agent.
This syntactic restriction is not sufficient to ensure that the axioms are sound in
RMULgs. In particular, in RMLg,s and RMLkp,s refinements need not be reflexive,
so we have E (=p A O,p) = Ja(—p AOap), but in RMLgs all refinements must be
reflexive, so we have F V,=(—pAO,p) and hence F =((=pAO,p) — Jo(—pADap))-
We can show how this first validity could be derived using the axiomatisations

RMLK45 or RMLKD45.

Fu(mp ATup) > 3u(-p AVo{p}) Defn. of V,

J.(=p AOup) <> (-p A FVe{p}) Lemma 6.3.4

Ju(-p AOap) < (=P A Q,3ap)  RK45 / RKD45
F3a(—p AOap) <> (= A Oup) RP

F (=p A Qup) = 3a(—=p A Oap) P

However in RMLgs we have reflexivity, represented by the modal axiom T,
and given this axiom we can very easily show that - =3,(—p A Oup). We provide

an informal proof.

FOwp —p T
F(=pAQap) <> (pA-pALap) P

= =(=p A Oap) P

Vo= (=p A Oup) NecR

F =3, (=p A Oup) Defn. of 3,

The formula —p A {,p is satisfiable in RMLg; as it is satisfiable in S5, and the
semantics of these logics agree on all modal formulas. So for a sound axiomatisa-
tion of RMLgs we must have that ¥ —(—p A {,p) and therefore = —((=p A O,p) —
Jo(=p A Oap)). Therefore the derivation of = (=p A O,p) — Ja(—p A Oap) in
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RMLgkys and RMLkpys above is not sound reasoning for RMLg;. We previ-
ously noted that the axioms and rules of axioms and rules of S5 and the axioms
and rules R, RP, and NecR are sound for RMLgs, so the flaw in the derivation
must be the use of the axioms RK45 and RKD45, so these axioms are not
sound in RMLgs.

Above we saw that - =(-pAO.p), and hence - —=3,(—=pA,p). This becomes
obvious once we convert —p A [J,p to the equivalent p A =p A Ogp. A similar
observation was made in Chapter 6 where we converted a formula to a different
syntactic form where certain consequences of transitivity and Euclideaness are
explicitly represented in the formula, making contradictions due to transitivity
and Euclideaness more obvious, and resulting in the RK axiom behaving as
desired in RMLg,s and RMLgkp,s. This idea formed the basis for the modified
versions of RK used in the axiomatisations RMLkys and RMLgkpgs. Perhaps
converting formulas to a different syntactic form, where certain consequences
of reflexivity are explicitly represented in the formula, would result in the RK
axiom behaving as desired in RMLgs.

Recall that in Chapter 6 we gave an example of a derivation showing that
the axiom RK is unsound in RMLgys and RMLgpys. The problem occurred
because we had a set of formulas, {—p A ¢,p, ~p} that was contradictory when
taken together in a cover operator, as in V,{-p A O,p, “p}, but when consid-
ered individually each formula is satisfiable in a refinement of a successor, as in
Opda(=p A Oup) A O,3a—p. The solution was to rewrite the formula V,{-p A
O.p, —p} into the equivalent V,{p A —p, —=p} where we now have a contradiction
if we consider each formula individually, as in {,3,(p A =p) A ,To—p. Rewriting
the formula in this way explicitly represents the interaction due to transitivity
and Euclideaness between the formulas in the cover operator. In the rewritten

formula there is no interaction due to transitivity and Euclideaness between the
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formulas in the cover operator, because the formulas in the cover operator do not
feature a-modalities at the top level. Therefore any interaction that was implied
in the original formula becomes explicit in the rewritten formula. This makes the
contradiction between the formulas due to transitivity and Euclideaness more ob-
vious, and means that considering the formulas individually as is done the RK
axiom does not result in the contradiction disappearing.

This approach of removing any interaction between the formulas in a cover op-
erator does not work in the presence of reflexivity. For example in V,{O,0.p, 000}
although there are no directly nested modalities belonging to the same agent, such
modalities are implied through reflexivity, as = [(0,(0,p — O.p and F O,0,—p —
O,—p.- There is no way of rewriting this formula into a single cover operator
where the formulas in the cover operator do not interact through transitivity and
Euclideaness. Any equivalent formula must imply that ¢ ,0,0.p, meaning that
the cover operator must contain a formula that implies that [J,J,p, and through
reflexivity this formula would still imply the directly nested modality (J,p. So we
use a different strategy. Rather than removing any interaction between the formu-
las in a cover operator, we aim to make the interaction between the formulas ex-
plicit. For example, [1,[J,p is equivalent to pAQl.pACyep, and similarly (J,(J,—p
is equivalent to —p A O,—p A 00 —p, so we can rewrite V,{0,0.p, s, —p} as
Voip A Qup A D0ap, —p A Oa—p A D0a—p}. We can clearly see how the a-
modalities in the a-cover operator interact due to transitivity and Euclideaness,
so we can rewrite the formula to V ,{pA—pAQ.pATOup, pPA—PADe—pADOa—p},
where the interaction between the formulas is now explicit and the contradiction
is more obvious. In this form if we consider the formulas individually as in the
RK axiom the contradiction will not disappear.

Here we define explicit formulas, a syntactic form defined in terms of the cover

operator that has been specifically designed so that a set of formulas that are
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contradictory when taken together in a cover operator features at least one for-
mula that is contradictory when considered individually. Whereas the syntactic
form used in Chapter 6 ensures that there is no interaction between formulas in a
cover operator, this syntactic form instead ensures that any interaction between

the formulas is explicitly represented in the formula.
Definition 7.1.1 (Explicit formulas). Let:
e 7 € L, be a propositional formula
e )y € P(L,y) be a finite set of modal formulas
e (' C A be a non-empty, finite set of agents

e For every c € C' let A, C P(L,,;) be a non-empty, finite set of finite sets of

modal formulas
e A={0<d|ceCreA,deN}
® = /\(56)\0 A /\deA\Ao —0
e For every c € C, A € Ao let vy = Ny 6 A Ascan 79
e Forevery ce Clet I'. = {7\ | A € A}
such that:
1. For every c € C' let \y € A,

2. Foreveryce C, A€ A,, 0.0 € A : .0 € Aif and only if for every X € A,

we have § € ).

Then an explicit formula ¢ € L,,; is of the form:

pu=TAYA /\ V.I.
ceC
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It is difficult to fully justify the definition of explicit formulas at this stage, as
some aspects of explicit formulas are motivated by details of the soundness proofs
in the following section. However we can make some remarks. The set of formulas
Ao and the corresponding formula 7y represents what is true in the real world.
Condition (1) ensures that each agent considers the real world possible, explicitly
representing certain consequences of reflexivity. Condition (2) ensures that each
agent has the same knowledge in each world they consider possible, explicitly
representing certain consequences of transitivity and Euclideaness. Each formula
v explicitly denotes whether each subformula from A is true or false partly so
that condition (2) can handle modalities in disjunctions correctly. In Section 7.2
we will show properties of explicit formulas that are used to show the soundness
of variants of RK, RComm, and RDist in RMLg;. We will also see that each
formula v, explicitly denotes whether each subformula from A is true or false so
that when we construct a single refinement from a set of refinements that each
satisfy some formula 7, we can show by induction over subformulas that the
satisfaction of v, is preserved by the construction. In Section 7.3 we will show
that every modal formula is equivalent to an explicit formula under the semantics
of S5, and use this property to demonstrate a provably correct translation from
Ly t0 Ly, similar to RMLyg, RMLgys, and RMLkpys in previous chapters.

We now present our axiomatisation for RMLgs.
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Definition 7.1.2 (Axiomatisation RMULgs). The axiomatisation RMLgs is a
substitution schema consisting of the axioms and rules of S5 along with the

following additional axioms and rules:

R FVg(p = v) — (Vep — V1)
RP HVgp+<p
RS5 + 3p(y A Vlly) < (I A /\vera O,3p7y) where a € B
RComm F 3(y A V.I.) < (37 AVe{3sy |7y €T,}) where a ¢ B
RDist = 3p(70 A Apea Val'a) < Auea I8(00 A Val'a)
NecR From F ¢ infer - Vpgp

where p,9) € Ly, a € A, BC A, 79 A N\,ea Vala is an explicit formula and for

every a € A, vo A V,I', is an explicit formula.
Finally we give an example derivation using the axiomatisation RMLgs.

Example 7.1.3. We show that = 3,(0up A “hp) < (p A Op—p) using the

axiomatisation RMLgs.

E(p A Qyp) <> (DA Qap A Oyp) T

F(pAOyp) < (A Qup A Vio{—p,p}) Defn. of V,

= (A Oyp) ¢ (5P A Qg A Vip{===p, ==p}) p

= (p A Qyp) < (FVemp A Qg Vamp A Vip{=VYo==p, =Vop}) RP

F(p A Oy p) < (Fap A OgFap A Vi{3a—p, Jap}) Defn. of 3,

(A Oyp) < (DA 3alp A Va{p}) A Vi{3amp, Jup}) RS5

= @A Oyp) < (Falp A Val{p}) A 3u(p A Vi{=p, p})) RComm

= (p A Opp) < 3a(p A Vaip} A Vi{-p, p}) RDist
F(pAO,p) < Jap AQap A Oup A Opp) Defn. of V, and V,
= A Qp=p) < 3a(0ap A Op—p) Modal reasoning and T
= (p A Qy=p) < 3a(0ap A Opp) P

= (p A Qyp) > Fo(Cap A 0p) Defn. of ¢,
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7.2 Soundness

In this section we show that the axiomatisation RMLgg is sound with respect to
the semantics of the logic RMLgs. As in RMLg, the axioms R and RP, and the
rule NecR are already known to be sound as they were established for all variants
of RML in Proposition 4.2.7. What remains to be shown is that the axioms RS5,
RComm, and RDist are sound. These axioms are similar to the correspond-
ing axioms from RMLg, and accordingly our proofs of soundness build upon the
techniques used to show the soundness of RMLk. Asin RMLg, the left-to-right
direction of these equivalences is simple to show, whereas the right-to-left direc-
tion is more involved, relying on a construction that combines the refinements
described on the right of the equivalence into a single refinement that satisfies
the left of the equivalence. In the constructions used for the soundness proofs of
RMLg the refinements described on the right of the equivalence are combined
in such a way that preserves bisimilarity of the original refinements, and hence
preserves the satisfaction of all modal formulas. In the setting of RMLg,s and
RMLgp,s we noted that a construction that preserves bisimilarity was not gen-
erally possible due to the requirement that all refinements satisfy the %45 or
KD45 frame conditions. Hence the constructions used for the soundness proofs
of RMLxk45 and RMLkpys relied on a restricted form of bisimilarity, called B-
bisimilarity, which preserves the satisfaction of all B-restricted modal formulas,
the syntactic form that was required for the axioms RK45, RKD45, RComm,
and RDist. The constructions relied on having bisimilar copies of the refine-
ments described on the right of the equivalence. Proxy states were introduced
which were B-bisimilar to the refinements described on the right of the equiva-
lence by ensuring that the B-successors of the proxy states were the same as the
B-successors of the bisimilar copies of the corresponding refinements. The bisimi-

lar copies were bisimilar because no new outward edges were added to states from
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the bisimilar copies. In the setting RMLgs a similar construction is not possible
because of the requirement that all refinements satisfy the $5 frame conditions,
specifically the requirement that refinements be symmetric. Due to the require-
ment of symmetry it is not possible to add an inward edge to a state without
also having an outward edge, so the approach used in RMLgys and RMLkp,s to
create bisimilar copies will not work in RMLgs, and therefore the approach used
to create B-bisimilar proxy states also will not work in RMLgs. This difficulty in
achieving B-bisimilarity also explains our abandonment of B-restricted formulas
in the axiomatisation RMLgs and our choice to use explicit formulas instead.
Since we have no simple replacement for bisimilarity or B-bisimilarity a more
complex syntactic form is required in order to guarantee that formulas of this
syntactic form are preserved by the construction used in our soundness proofs.
We begin by showing some properties of explicit formulas that we use in the

soundness proofs.

Lemma 7.2.1. Let ¢ = Y%A Ao Vel'e be an explicit formula such that for every
ceC,veTl. F~v;and let A be as defined in Definition 7.1.1.
Then for every c € C, v € I'.:

1. Foreveryd € A:b~v—=4d orky— =6

2. For every (0.0 € A: F~0. — 6 if and only if for every v € T'. we have
)

Proof. Let c € C', v € I'.. By the definition of explicit formulas v = 7, for some
A € Ac, where 7y = Nycy 0" A Ngreayn 70"

Let 0 € A.

Suppose that 6 € A\. Then = Ay, 0" — d so vy — 4.

Suppose that §  A. Then = Az ca\, 70" — =0 so by — —d.

Let (0.0 € A.
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Suppose that = vy — 0:0. As ¥ 7, then ¥ v, — —[0.0. From above (0.0 ¢ A
implies that - v, — —[J.0, so by contrapositive we have that (1.6 € A. By the
definition of explicit formulas (0.0 € A if and only if for every A € A. we have
0 € X. From above 6 € X implies that - vy, — 6.

Suppose that for every 7/ € I'. we have - 7' — §. As ~y is consistent then
¥ vy — —=d. From above § ¢ X implies that F v, — —d, so by contrapositive we
have that 6 € X for every X € A.. By the definition of explicit formulas (1.0 € A
if and only if for every X' € A. we have § € X'. From above [(J.0 € A implies that
F oy — O0. O

We use this lemma to show the soundness of RS5, RComm, and RDist.
We next show that the axiom RS5 is sound. Recall that the axiom RS5
takes the form of = J5(y0 A Val') <> (3570 A A er, 0oTpy) where BC A, a € B

and v A VI, is an explicit formula.

Lemma 7.2.2. The axiom RS5 is sound with respect to the semantics of the

logic RMLgs.

Proof. (=) Let M, € S5 be a pointed Kripke model such that M, F Jp(y0 A
V.I'.). We show that M, F Iy A /\fyel“a O,3p7Y using essentially the same
reasoning used in the proof of soundness of RK in Lemma 5.2.1. The only
additional consideration required for RMLgs5 is that the refinement must be a S5
Kripke model, but this is given by the semantics of 3 in RMLgs.

(<) Let M, = ((S,R,V),s) € 55 be a pointed Kripke model such that
M, F 37 A N\jer, OaTdpy. For every v € I, there exists t, € sR, and M, =
(87, R, V7),s7) € §5 such that M, =g M, and M, E ~v. By Lemma 4.1.13,
without loss of generality we assume for every v € 'y that M} is such that
Mtw =p M, via an expanded B-refinement 87 C S x S7. As M, F I~ and

Y € Iy, without loss of generality we assume that ¢, = s. Without loss of
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generality we assume that each of the S7 are pair-wise disjoint. We use these
refinements to construct a single larger refinement to satisfy the left-hand-side of
the RS5 equivalence.

Let MS’,70 = ((8", R, V"), ., ) be a pointed Kripke model where:

g = J{sus

v€ly
&z{%%WWEMUU@
v€lq
Ry = |J {5 (s, 0), (87, 5) | £ € 'R} U R))
')/EFa
Vip) = J{s, 19 €VIp)}uVi(p)
v€lq

where s/ for every v € I, are fresh states not appearing in S7 for any v € I,
and b € A\ {a}.

We note that by construction M’ € §5.

A schematic of the Kripke model M/, and an overview of our construction is
shown in Figure 7.1. The construction is similar in essence to the construction
used for the soundness proof of soundness of RK45 in Lemma 6.2.3. Here we
can see that each of the B-refinements at successors, M}, ..., M are com-
bined into the larger Kripke model M],. We can see the use of the proxy states
M! ..., M. | which have all of the (A\ {a})-successors of the respective refine-

S’Yl S’Yn

ments MY, ..., M. Unlike the construction used for RK45 the proxy states
are not (A \ {a})-bisimilar to the respective refinements states. This is because
in order to ensure that MLS5 the (A\ {a})-edges from proxy states to refinement
states must be symmetrical. From this schematic representation we can clearly
see that M., E V,{v,...,7}. It is less clear that M, =g M., or that ]\/[;,%_ E v,
but we show these next. We note that there are a-successors of M, that do
not satisfy any 3pv; and do not correspond to any B-refinement M. This is

permissible as a € B, so forth-a is not required in order for M, =5 M, to hold.
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Figure 7.1: A schematic of the construction used to show soundness of RS5.
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To show that M., F v A V,I', we will show that M, =5 M,
Y0

Y0

and M;,WO E
Yo A\ Val'a.

We first show that M, >=p M;,WO.

We define R C S x S’ where:

R={(t,s)|yelJu R
vE€l
We show that R is a B-refinement from M, to M/, .
70

Let pe P,be A, ¢ € A\ B. We show by cases that the relationships in R

satisfy the conditions atoms-p, forth-c, and back-b.

Case (t.,s.) € R where v € [';:

atoms-p By atoms-p for R7, t. € V(p) if and only if s¥ € V7(p). By

construction s7 € V7(p) if and only if s/ € V'(p).

forth-c Asa € B and c € A\ B then ¢ # a. Let u € t R,.. By hypothesis
(t,,s7) € 7. By forth-c for R there exists u” € s7R) C s_ R, such
that (u,u?) € R7 CA.

back-b Suppose that b = a. Let s, € s’ R, where 7' € I',. By hypothesis

3 /

t, €t R, By construction (t,,s,) € R.
Suppose that b # a. Consider s, € s\ R,. By the reflexivity of M
we have that t, € ¢ R,. By construction (t,,s!) € 9. Consider
t" € s'R) C s\ R. By hypothesis (t,,s7) € R7. By back-b for R”
there exists u € t, R, such that (u,t7) € R¥ C K.

Case (t,t7) € RY C R where v € [',:

atoms-p By atoms-p for R, t € V(p) if and only if 7 € V7(p). By
construction t? € V7(p) if and only if t¥ € V'(p).
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forth-c Let u € tR,.. By forth-c for R there exists u” € t"R) C t"R,,
such that (u,u?) € RY C R.

back-b Let s/ € t7R;. By construction this is only the case if b # a. By
construction s” € t"R,. By hypothesis (¢ ,57) € R7. By back-b
for M7 there exists u € t. R, such that (u,s”) € 3. By hypothesis
(t,,s7) € | and as R is an expanded B-refinement there exists a
unique v € S such that (u,t7) € R and so u = t. Therefore t, € tR,
and (t,,s7) € ®?. By construction (t,,s) € R.
Let u” € t"R] C t"R;. By back-b for " there exists u € tR, such
that (u,u?) € R C R,

Therefore R is a B-refinement from M, to M, ;,70.

We next show that M;%o F o A Val,.

We will show for every v € T', that M é,w F ~. Unlike in the constructions
used for RK and RKD45, the construction used here does not preserve the
bisimilarity of states from each of the refinements M”, so we need a different
approach to show that ]\4;,W F .

Let A={§<d|ceC,AeA,de N}, as defined in the definition of explicit
formulas in Definition 7.1.1. We show by induction on the structure of formulas

in A, for every 6 € A, v € T', that:
1. M;% F 4 if and only if M} E 0
2. For every t7 € S7: M/, E ¢ if and only if M}, E 4.

Let 6 € A, vy €T, and 7 € §7. We show by cases that the above properties
hold.

1. We show that M;, F ¢ if and only if Mg, F é:
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Case 6 = p where p € P:
By the semantics M, ;,7 = p if and only if s/ € V'(p). By construction
sl € V'(p) if and only if s™ € V7(p). Then s7 € V7(p) if and only if
M Ep.

Case 0 = ~¢ where p € A:
Follows directly from the induction hypothesis.

Case 0 = p A ¢» where ¢, 1) € A:
Follows directly from the induction hypothesis.

Case § = [, where p € A:
Suppose ]\4;,7 E Oap. For every v/ € I', we have M;;/ F p. As
v N VoI, is an explicit formula then either -+ — p or F 4" — —.
By hypothesis MZVI, F ~/ and by the induction hypothesis M;’, F ¢ and
so we must have - v — ¢. As 9 A V,I'y is an explicit formula and
for every 7' € T'y, we have -+ — ¢ then - v — [J,¢. By hypothesis
M, & ~. Therefore MY, E Oup.
Suppose M}, E Oup. As 7 A VoI, is an explicit formula then either
F v — Oup or B v — =up. By hypothesis M}, E v and from
above M), F (,¢ and so we must have = v — Oy, As v A VI,
is an explicit formula and + v — [,p then for every v € T'; we
have -+ — . By hypothesis for every v/ € I', we have M;/, E Ay
and so M;’, F . By the induction hypothesis M s’;/ F ¢. Therefore
M ;,V F Oagp.

Case § = [0,p where ¢ € A and b # a:
Suppose ]\/[;,7 F Oy, For every t7 € s7R) C s\ R, we have M/, F .
By the induction hypothesis for every t7 € s"R] we have M}, F ¢.
Therefore M, E Oyep.
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Suppose M, E Oyp. For every ¢ € s"R] we have M}, E ¢. By
the induction hypothesis for every ¢ € s7R) C s R we have M, F
. Also by the induction hypothesis as M}, E ¢ we have M ;% E .
Therefore M ;,7 F Opy-

2. We show that M, F ¢ if and only if M} F o:

Case ) = p where p € P:
By the semantics M, F p if and only if 7 € V'(p). By construction
t7 € V'(p) if and only if t7 € V7(p). Then ¢t € V7(p) if and only if
M}, E p.

Case 0 = ¢ where p € A:

Follows directly from the induction hypothesis.

Case 0 = p A where ¢, € A:
Follows directly from the induction hypothesis.

Case 6 = [J,p where p € A:

Suppose M/, E Oup. For every v € t"R) C t'R! we have M,, F ¢.
By the induction hypothesis for every u? € t'R) we have M/, E .
Therefore M}, F Ogp.

Suppose M}, E Oup. For every uw? € t"R) we have M), F ¢. By
the induction hypothesis for every u” € t"R) we have M/, F ¢. By
construction 'R, = {s_} Ut"R] or "R, = t"R]. Suppose that s/ ¢
t'R;,. Then My, F Oap. Suppose that s’ € t7R,. Then s7 € "R}
so from above M}, E ¢ and by the induction hypothesis M ;% F .
Therefore M/, F Ouep.

Case 6 = [y where ¢ € A and b # a:
Suppose M/, F Opp. For every u” € "R} C t"R; we have M, E ¢.
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By the induction hypothesis for every u? € t"R] we have M/, F ¢.
Therefore M}, = .

Suppose M}, E Opp. For every u? € t7R) we have M), F ¢. By the
induction hypothesis for every u” € t"R] C t"R} we have M/, F ¢.
Suppose that s’7 € t"R;. By construction s” € t"R; and so from above

M, E ¢. By the induction hypothesis M ;,7 F . Therefore M/, E Oyy.

Therefore for every v € I', we have Ms/; E ~. Then ]\4;,7 F v A VI,
0
follows from similar reasoning to that used in the proof of soundness of RK in

Lemma 5.2.1. Therefore M, F 3g(v9 A Valy). O

We next show that the axiom RComm is sound. Recall that the axiom
RComm takes the form of - 35(7gAV,.[,) < (37 AVe{Iey | v € ['}) where
B C A, a¢ B and vy A V,I, is an explicit formula. Also recall the differences
between the soundness proofs for RK and RComm in RMLgk. Whereas for
RK we had that a € B and therefore a B-refinement need not satisty forth-a,
for RComm we had that a ¢ B and so forth-a is required. This accounted for
the additional refinements M!, used in the construction for RComm in RMLk.
Similar accommodations must be made for the soundness proof for RComm in

RMLgs as compared to the soundness proof for RS.

Lemma 7.2.3. The axiom RComm is sound with respect to the semantics of

the logic RMLygs.

Proof. (=) Let M, € S5 be a pointed Kripke model such that M, F Jp(y0 A
V.I'a). We show that M, F 370 A V{37 | v € .} using essentially the same
reasoning to that used in the proof of soundness of RComm in Lemma 5.2.2.
The only additional consideration required for RMLgs5 is that the refinement must

be a S5 Kripke model, but this is given by the semantics of dg in RMLgs.
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(<) Let M, = ((S,R,V),s) € 85 be a pointed Kripke model such that
M, F 3y A Va{3py | v € T}, For every v € I', there exists t, € sR,
and M), = ((S7,R",V7),s7) € S5 such that M, =5 M, and M, E ~. For
every t € sR, there exists v € T, and M!, = ((S*, R", V"), s") € 55 such that
M, = M!, and M!, E ~. For notational consistency, for every u € sR, we define
t, = u. By Lemma 4.1.13, without loss of generality we assume for every v € I',
that M, is such that M, =5 M, via an expanded B-refinement R C S x S7.
Likewise without loss of generality we assume for every ¢ € sR, that M/, is such
that M, =p M!, via an expanded B-refinement R* C S x S*. As M, E Jpv
and o € I'y, without loss of generality we assume that ¢, = s. Without loss of
generality we assume that each of the S7 and S! are pair-wise disjoint. We use
these refinements to construct a single larger refinement to satisfy the left-hand-

side of the RComm equivalence.

Let M., = ((S',R',V'),s. ) be a pointed Kripke model where:
Y0

7“0

s = U dsiyusy

zelUtR,
R, = {(s},s,) | v,y T, UsR,} U U R®
zel' UtR,
Ry = U ({(shsh) (), (8. ,) | 7 € s R}
zelaUsR,
Vi) = U (shls" eVi@}Iuvee)
rel'aUsR,

where s, for every x € ', U sR, are fresh states not appearing in SY for any
yel,UsR,, and be A\ {a}.

We note that by construction M’ € §5.

A schematic of the Kripke model M!, and an overview of our construction is
shown in Figure 7.2. The construction is similar in essence to the construction
used for the soundness proof of soundness of RComm in Lemma 6.2.5. As in the

construction used for S5 we can see that each of the B-refinements at successors,
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Figure 7.2: A schematic of the construction used to show soundness of RComm.
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Mpy ..., M., are combined into the larger Kripke model M. However in
contrast to the construction used for S5 we note that here every a-successor of
M, satisfies 37 for some vy € Iy, and corresponds to some B-refinement M, .
This is required as a € B and so forth-a is required in order for M, to be a
B-refinement of M. From this schematic representation we can clearly see that
M!, E V{y,. .., W} It is less clear that M, =5 M/, but we will show this
next.

To show that M ;90 F v A VI, we will show that M, =5 M ;90 and M ;,70 E
Yo A\ Val'a.

We first show that M, =g M, S/'m'

We define R C S x S’ where:

m= | (. sOun)
z€l,Us R,

We show that R is a B-refinement from M, to M éﬁvo'

Let pe P,be A, ¢ € A\ B. We show by cases that the relationships in R

satisfy the conditions atoms-p, forth-c, and back-b.

Case (t,,s,) € R where x € ', UsR,:

T T

atoms-p By atoms-p for R*, t, € V(p) if and only if s* € V*(p). By
construction s* € V*(p) if and only if s/, € V'(p).

forth-c Suppose that ¢ = a. Let v € t,R,. By the transitivity of M we
have that u € sR,. By construction s/, € s/ R, and (u, s.,) € fR.
Suppose that ¢ # a. Let u € t,R,.. By hypothesis (t,,s”) € R*. By
forth-c for R there exists u® € s*R*¥ C s/ R/ such that (u,u”) €
KT C AR.

back-b Suppose that b = a. Let s!, € s, R, where 2’ € I', UsR,. By
hypothesis t,, € t,R,. By construction (¢, s.,) € R.

l’,

188



Suppose that b # a. Consider s, € s, R;. By the reflexivity of M
we have that t, € t,R,. By construction (¢,,s,) € 9. Consider

t* € s"Rf C s, R;. By hypothesis (t,,s") € R*. By back-b for R”
there exists u € t, R, such that (u,t*) € R* C R.

Case (t,t*) € R* CR where z € [, UsR,:

atoms-p By atoms-p for R* ¢t € V(p) if and only if t* € V*(p). By
construction t* € V*(p) if and only if t* € V'(p).

forth-c Let u € tR,.. By forth-c for R* there exists u* € t*R? C t*R,
such that (u,u”) € R* C R.

back-b Let s/ € t"R;. By construction this is only the case if b # a.
By construction s* € t*R;. By back-b for SR” there exists u € { R,
such that (u,t”) € R*. By hypothesis (¢,,s") € R* and as R” is
an expanded B-refinement there exists a unique u € S such that
(u,t”) € M and so u = t. Therefore t, € tR, and (t,,s”) € R*. By

construction (t,,s.) € R.

x) T

Let u* € t"Rj C t*R;. By back-b for R* there exists u € tR, such
that (u,u”) € R* C R,

Therefore R is a B-refinement from M, to M, Sl'vo'

We note for every v € I', that J\ﬂ,V F v and for every t € sR, that ]\/[;g F
Vwera ~. This follows from essentially the same reasoning to that used in the
proof of soundness of RS5 in Lemma 7.2.2. Then M ;,70 F v AV, I, follows from
similar reasoning to that used in the proof of soundness of RK in Lemma 5.2.1.

Therefore M, F Ig(v A Voly). O

We next show that the axiom RDist is sound. Recall that the axiom RDist
takes the form F 3p(v0 A Ayea Val'a) & Auea I(70 A Val'y) where B C A and
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YA Ages Val'a is an explicit formula. We note that unlike the proof of soundness
of RDist in RMLg,s and RMLgpys, which was a direct copy of the soundness
proof of RDist in RMLg, the soundness proof for RDist in RMLg; is more
involved. Due to the requirement that refinements be reflexive, the construction
used for RMLg does not work in RMLgs. The construction used for RMLy,
RMLyys, and RMLgpys relied on including in the construction bisimilar copies of
the refinements described on the right of the equivalence, which as we remarked
earlier is not possible in general in RMLgs. Similar to the soundness proofs for
RS5 and RComm we must rely on the properties of explicit formulas in order

to show that our constructed refinement satisfies the required explicit formula.

Lemma 7.2.4. The axiom RDist is sound with respect to the semantics of the

logic RMLyg;.

Proof. (=) Let M, € S5 be a pointed Kripke model such that M, F Jp(y0 A
Ases Val'a). We show that M, F A .4 3(70 A V,I',) using essentially the same
reasoning to that used in the proof of soundness of RDist in Lemma 5.2.3. The
only additional consideration required for RMLg;s is that the refinement must be
a S5 Kripke model, but this is given by the semantics of dg in RMLgs.

(<) Let My, = ((S,R,V),s) € 855 be a pointed Kripke model such that
M, E Nyeads(vo A Vely). For every a € A there exists M. € S5 such that
M, =g Mg and Mg E v A V,I,. By Lemma 4.1.13, without loss of generality
we assume for every a € A that Mg is such that M, »p M% via an expanded
B-refinement R* C S x S* where for every t* € §*. Without loss of generality
we assume that each of the S are pair-wise disjoint. We use these refinements
to construct a single larger refinement to satisfy the left-hand-side of the RDist

equivalence.
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Figure 7.3: A schematic of the construction used to show soundness of RDist.

A
si:EIBValFal/\ '-/\EIBV%F% TTe-ll
/’ N \\\
/, \\ \\
Y
=B ,* ‘. =B .
/, \\\ \\
e \\ N
. N \\
¥ Q4 3
a a
M a9 EV, Dy : M, E vanran

FARAS:

ACtal tale ACt‘ln t“n:A !

SN\ LA

s'F 3p(Va, AV Ta,) <-

U
A

Let M., = ((S',R',V'),s") be a pointed Kripke model where:

S = {SrulJ s

a€A
R, = ({§}Us"R*)?U U R4 fora € A
deA
Vip) = {s|sevVplulJVi
acA

where s’ is a fresh state not appearing in S or S° for any a € I',, and a € A.

We note that by construction M’ € $5.

To show that M, F (v A A,ecs Val'a) we will show that M, =g M., and
M ': EIB(’YO A /\aEA )
We first show that M, =5 M.

191



For every a € A let R* C S x S* be a B-refinement from M, to M%. We
define R C S x S” where:

R={(s,s)}U U R

a€A

We show that R is a B-refinement from M, to M.
Let pe P,be A, d € A\ B. We show by cases that the relationships in R

satisfy the conditions atoms-p, forth-d, and back-b.
Case (s,s') € R:

atoms-p By construction s € V(p) if and only if s’ € V'(p).

forth-d Let t € sR,;. By hypothesis (s, s?) € R¢. By forth-d for R? there
exists t? € s’R, such that (¢,t%) € ®?. By construction s*R, C s'R).
Then t¢ € s'R/, and by construction (¢,t?) € fR.

back-b Let ' € s'R;. By the reflexivity of M we have s € sR,. By
construction (s,s’) € R.
Let t* € s’R) C §'R;. By hypothesis (s,s’) € R’. By back-b for R°
there exists t € sR, such that (¢,t°) € R®. Then (¢,t°) € R.

Case (t,t*) € R* C R where a € A:
atoms-p By atoms-p for R? ¢t € V(p) if and only if t* € V%p). By
construction t* € V¢(p) if and only if t* € V/(p).

forth-d Let u € tR,;. By forth-d for Y3 there exists u® € t*R] such that
(u,u”) € ®* C R. By construction t*R, C t*R),. Then u* € t*R/, and
(u,u”) € R.

back-b Let s’ € t*R;. By construction s* € t*Ry. By back-b for R* there
exists u € tR, such that (u,s®) € R?. By hypothesis (s,s%) € :R* and
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as R* is an expanded B-refinement there exists a unique u € S such
that (u,t*) € R* and so u = s. Therefore s € tR,. By construction
(s,s") € R.

Let u® € t°R;. By construction u® € t*Rj. By back-b for R* there
exists u € tR, such that (u,u®) € R*. Then (u,u”) € R.

Therefore R is a B-refinement and as (s, s’) € S we have that M, =5 M/,.
Let A={d <d|ceC,\e€ A, € A}, as defined in the definition of explicit
formulas in Definition 7.1.1. We show by induction on the structure of formulas

in A, for every 6 € A, v € T', that:
1. For every a € A: M, ¢ if and only if M% F§
2. For every a € A, t* € S M/, F § if and only if M% E

Let 0 € A, a € A, and t* € 5.

1. We show that M}, ¢ if and only if MZ F 6:

Case 6 = p where p € P :
By the semantics M/, F p if and only if s’ € V'(p). By construction
s € V'(p) if and only if s € V(p) if and only if s* € V*(p). Then
s* € V(p) if and only if M% F p.

Case 0 = ~¢ where p € A :

Follows directly from the induction hypothesis.

Case § = ¢ A where ¢, € A
Follows directly from the induction hypothesis.

Case § = [y where p € A
Suppose M., E Oyp. For every t* € s’R) C 'R, we have M), E .
By the induction hypothesis for every t* € s*R? we have Mtb,, E .
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Therefore M?, E Cyp. By hypothesis 79 A A,c4 Vol is an explicit

acA
formula so - v9 — Ty or = 79 — —p. By hypothesis be F v and
from above be F Oy so we must have F vy — Opp. By hypothesis

M E vy and from above - vy — Oy therefore M& E Dyep.

Suppose M2 F Oyp. From the same reasoning as above we must have
M?, E Oyp. For every t* € s"R) we have M}, £ ¢. By the induction
hypothesis we have M/, F ¢ and for every t* € s"R) we have M}, F .
Therefore M!, E Oyp.

2. We show that M/, F ¢ if and only if Mf F o:

Case 6 = p where p € P :
By the semantics M/, E p if and only if t* € V’(p). By construction
t* € V'(p) if and only if t* € V(p). Then t* € V?(p) if and only if
M E p.

Case 0 = ~¢ where p € A :
Follows directly from the induction hypothesis.

Case 0 = ¢ A i) where ¢, € A
Follows directly from the induction hypothesis.

Case § = [,p where p € A

Suppose M. E Opp. For every u® € t*Ry C t*R; we have M. E ¢.
By the induction hypothesis for every u® € t*Rj we have M. E .
Therefore M/ E Opep.

Suppose M. E Opp. For every u® € t*Rf we have MJ. F ¢. By
the induction hypothesis for every u® € t*Rg we have M. F ¢. By
construction t*R; = {s'} Ut*RY} or t*R; = t*R}. Suppose that s’ ¢
t*R;. Then M. F Opp. Suppose that s’ € t*R;. Then s* € t*Ry
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so from above M FE ¢ and by the induction hypothesis M., E ¢.
Therefore M/, E Opep.

Then M, F v A N,ca
proof of soundness of RK in Lemma 5.2.1. Therefore M, F 3p(v0 A A,cs Vala).
O

V.I', follows from similar reasoning to that used in the

Finally we show that the axiomatisation RMLgs is sound.

Lemma 7.2.5. The axiomatisation RMLgg is sound with respect to the seman-

tics of the logic RMLygs.

Proof. The soundness of the axioms and rules of S5 with respect to the semantics
of the logic RMLgs follow from the same reasoning that they are sound in the

logic S5. The soundness of R, RP and NecR follow from Proposition 4.2.7. The

soundness of RS5, RComm and RDist were shown in the previous lemmas. [J

7.3 Completeness

In this section we show that the axiomatisation RMLgs is complete with respect
to the semantics of the logic RMLgs. As for RMLyg, we show that RMLgs is
complete by demonstrating a provably correct translation from formulas of £,
to the underlying modal language L,,;. As a consequence of this provably correct
translation we also have that RMLgs is expressively equivalent to S5, and that
RMLygs is compact and decidable (via the compactness and decidability of 55).
Similar to RMLgk we rely on a special syntactic form for modal logics for
our provably correct translation, which we call explicit formulas. We show that
every modal formula is equivalent to a disjunction of explicit formulas, under the

semantics of 5.
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Lemma 7.3.1. Every modal formula is equivalent to a disjunction of explicit

formulas of at most the same modal depth, under the semantics of the logic S5.

Proof. Let ¢ € L,,; be amodal formula. Without loss of generality, by Lemma 5.3.4
we may assume that ¢ is in disjunctive normal form. Then ¢ is a disjunction of
formulas of the form ¢ = 7 A A o VcIe where 7 € L, C C A, and for every
ce C, ', C L, is a finite set of modal formulas. Let A = {6 <y |ce C,v €
r.}.

Our strategy is essentially to transform 1 into a disjunction of cover opera-
tors where each formula in each cover operator explicitly denotes whether each
subformula from A is true or false. We achieve this by adding for each formula
in the cover operator and each § € A a vacuously true disjunction ¢ V —é, and
then “pulling” the disjunctions out of the cover operator to the top level. Once
in the desired form we show that each disjunct is either equivalent to an explicit
formula, or is inconsistent, in which case we can safely remove the disjunct from
the overall disjunction. The S5 axioms T, 4, and 5 ensure that if a disjunct is
consistent then it satisfies conditions (1) and (2) of explicit formulas.

For every A € P(A) we define 7(A) = Ascy 6 A Aseayn 0

Let A\, X € P(A) such that A # X'. Without loss of generality we assume that
there exists § € A such that 6 ¢ \'. As § € A then 6 € A\ N. Then - 7(\) = ¢
and F 7(XN) — = so b =(7(A\) AT(XN)). Therefore for every A\, X € P(A)if A # X
then 7(A) and 7(\') are inconsistent, so by contrapositive, if 7(A) and 7()\') are
consistent then A = \.

By propositional reasoning we have:

H \/ 7(\)
)

AEP(A
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Let c € C', v € T'.. By propositional reasoning we have:

oy (”y/\ \/ T()\))

AEP(A)

and:

Fy e ( V (WAT(A)))

AEP(A)

Let A € P(A) such that v ¢ \. As~y € A thenye€ A\ A\ soF 7(\) = —y
and F —(y A 7(A)). So we can safely remove such disjuncts v A 7(A) from the
disjunction.

Let PT(A) = {\ € P(A) | v € A\}. Let A € PT(A). As v € X then
F7(A) = vsob (y AT(A)) <> 7(A). Then:

Fy \/ T()\))
(A)

AEPTY
Let ¢ € C. Then:
FVILe Ve \/ (V) [veT,
AEPHY(A)

We can pull the disjunctions inside the cover operator out to the top level.

We note that:
FV.{aVvB}ul') < (V.({atul) vV .{B}UT)VV.{a,5}UT))

This becomes more obvious if we expand the cover operators:

F (Ol VBV Vo er 1) AOaV B) AN cr O7) <

(
((Dc(a \% VWEF ’7) A Oca N /\’yEF <>c’7)v
(DC(B \% nyep ,Y) A <>C/B N /\'YGF <>c')/)\/

(Dc(a Vv 5 V \/fyeF ’}/) A <>cOé A Ocﬁ A /\761‘ <>c’y))
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The semantic intuition for this equivalence is that the disjunction on the right
hand side of the equivalence enumerates the possible ways that the o vV 8 part
of the cover operator may be satisfied at successors of the current state: there
exists a successor that satisfies , but maybe no successor that satisfies 3; there
exists a successor that satisfies 5, but maybe no successor that satisfies a; or
there exists both a successor that satisfies a and a successor that satisfies 3.
We can generalise this equivalence by applying it iteratively to disjunctions

of an arbitrary number of formulas:

FV.({\/olul) e \/ V.(Z'Uur)

oEs ([l
The semantic intuition here is similar: the disjunction on the right hand side of
the equivalence enumerates the possible ways that the \/, .y, o part of the cover
operator may be satisfied, with each disjunct corresponding to the situation where
a given subset of the formulas in ¥ is satisfied at successors of the current state.
We can generalise this equivalence even further by applying it iteratively to

sets of disjunctions of arbitrary numbers of formulas:
n
FVA\ oli=1...n} e \/ - \/ V.U
o€y, PCxiCEy pcxl Coy =1
If we enumerate I', as T'. = {7§,..., 75} then we get:

net

- V.. Voo \/ Ve T [ e A}

0cAsCPPT(A)  ocAc.cPPne(a) L

If we enumerate C' as C' = {cy,..., ¢y} then we get:

l_ ¢ A \/@CAil gp""‘/fl (A) e V

o .
OCAL CP el (A)

\/@CAgm gp-‘rwfm (A) e VQ)CAZTm gfp""’mcfcnm (A)

(A Aeee Ve UL {T(0) | X € AF)

198



So ¢ is equivalent to a disjunction of formulas of the form y = mAA .- V. Uk {7 () |
A € A¢}, where for every c € C,i=1,...,n% 0 C A C PT(A).
For every ¢ € C' let A, = |J/-, A¢. Then:

Fx e mA N\ Ve{r(V) [ X €A}
ceC

We note that as - V.[' — 0./ T then by the S5 axiom T we have - V.I' —
\/ . From this follows:

-y (m N ( \/ 7 AVAT(N) | AGAC}>)

ceC \)\:€A.

and by propositional reasoning we have:

o\ <M/\<ACAVC{T<A)|AGAC})>

Aey€Ac; Aem€Aen, ceC

So x is equivalent to a disjunction of formulas of the form:

w=7A N QAVATN) [ A €A}

ceC
where for every ¢ € C, \. € A.. We will show that if w is consistent then it is
equivalent to an explicit formula. If w is inconsistent then we can safely remove
it from the overall disjunction.

Suppose that there exists ¢,d € C such that \. # A\;. From above it follows
that 7(\.) and 7(\q) are inconsistent. Therefore w is inconsistent. So we can
safely remove such disjuncts w from the disjunction. By contrapositive it follows
that the remaining, consistent disjuncts have for every c¢,d € C that A\, = 4.
Let Ag = A, =+ = A,,. Then for every c € C' we have that \y € A, satisfying

condition (1) of explicit formulas. Then:

Fwe (77/\7’()\0)/\ /\ VATr(A) | A € Ac})

ceC
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Let 74 = 7(Xo), for every ¢ € C, XA € A, let 74 = 7()), and for every c € C
let TV = {74 | A € A.}. Then:
Fw s (71'/\”)/6/\ /\VCF’C>
ceC
This is in the correct syntactic form for an explicit formula.

Suppose that there exists ¢ € C, A € A, .0 € A such that (0.0 € A and
there exists A’ € A, such that § ¢ X'. Then F 7(\) — 0.0 so - V. I, — ¢.0.9,
and by the contrapositive of the S5 axiom 5 it follows that - V. .I", — O.J. Also
Fr(N) — =dsob VI, — .6 or equivalently, - V. I, — —[0.0. Therefore w is
inconsistent. So we can safely remove such disjuncts w from the disjunction. By
contrapositive it follows that the remaining, consistent disjuncts have for every
ceC, e A, 0.0 € A that if (0.0 € A then for every X € A, we have § € .

Suppose that there exists ¢ € C, A € A, 0.0 € A such that (0.0 ¢ A and
for every X € A. we have § € N'. Then F 7(\) — =0, so - V.I. — ¢,~0O.9,
or equivalently - V.I", — —0.0.0 and by the contrapositive of the S5 axiom 4
it follows that - V.I7 — —[0.0. Also for every X € A. we have 7(\) — ¢ and
FVID - O0.VNeAT(N)sobk VI — 0. Therefore w is inconsistent. So
we can safely remove such disjuncts w from the disjunction. By contrapositive
it follows that the remaining, consistent disjuncts have for every ¢ € C', A € A,
0.0 € A that if for every X' € A, we have § € X' then (0.0 € A.

From the above it follows that the remaining, consistent disjuncts have for
every c € C, A € A, 0.0 € A that 0.0 € A if and only if for every X' € A,
we have § € X, satisfying condition (2) of explicit formulas. Therefore if w is
consistent then it is equivalent to an explicit formula.

Therefore ¢ is equivalent to a disjunction of explicit formulas. O

We note that we have shown a semantic equivalence between £,,; formulas and

disjunctions of explicit formulas. As S5 is a sound and complete axiomatisation
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for S5 then this is also a provable equivalence in S5, and as the axioms and
rules of S5 are included in the axiomatisation RMLgs this is also a provable in
RMLgs.

We also note that converting a modal formula to a disjunction of explicit
formulas can result in an exponential increase in the size compared to the original
formula. This is essentially because the conversion requires introducing disjuncts
considering power sets of subformulas.

Given this equivalence with disjunctions of explicit formulas, we will show
that the reduction axioms of RMLgs may be applied to disjunctions of explicit
formulas in order to give a provably correct translation.

We first show some useful theorems in RMLgs.

Lemma 7.3.2. The following are theorems of RMLkys:

FVB(p AY) < (Vep AVpY) (7.1)
F3p(p V) < By V 3pY) (7.2)
F3s(p A1) = (Fpp A 3pY) (7.3)
F(Vee A dp) = Ip(e AY) (7.4)
H(m A 3p) < 3p(m AY) (7.5)

F3p(m Ao A\ Vala) ¢

a€A

(mA3sA N\ N\ 0TsrA N\ Vel3sr[rvela})  (7.6)

a€ANB €T, a€A\B

where 9, € Ly, T € Ly, a € A, BC A, 59 ANyea Vala s an explicit formula

and for every a € A, v AV I'y is an explicit formula.

Proof. These theorems can be shown using essentially the same proofs given for
Lemma 5.3.7 for similar theorems in RMLg. The only consideration that must

be made for RMLgs is for theorem (7.6) where we must use RS5 instead of RK,
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and we require that 79 A A, 4 Val'a is an explicit formula and for every a € A,

acA
Yo A V,I'y is an explicit formula, in order for RS5, RComm, and RDist to be

applicable, but that requirement is satisfied by hypothesis. ]

We can now clearly recognise that equivalences (7.2) and (7.6) are reduction
axioms that can be used to push refinement quantifiers past propositional con-
nectives and modalities in disjunctions of explicit formulas. However unlike the
reduction axioms of RMLg, which operated on formulas in disjunctive normal
form, or the reduction axioms of RMLgys and RMLkp,s5, which operated on for-
mulas in alternating disjunctive normal form, we note that in explicit formulas
the sets of formulas I', are not themselves explicit formulas. We must modify
our provably correct translation appropriately to account for this.

Before we give our provably correct translations we give two lemmas. We note

that every S5 theorem is an RMLgs theorem.
Lemma 7.3.3. Let ¢ € L, be a modal formula. If g5 ¢ then FrmLgs ©-
We also note that RMLgs are closed under substitution of equivalents.

Lemma 7.3.4. Let p, 1, x € Ly be formulas and let p € P be a propositional
atom. If Frvrg, ¥ > X then Frmigs ©[¥\D] < 0[x\p].

These lemmas follow from essentially the same reasoning to that used to show
Lemma 5.3.5 and Lemma 5.3.6 for RMLxk.
We now show that the reduction axioms of RMLgs; admit a provably correct

translation from L,,,; to L,,.

Lemma 7.3.5. Fvery refinement modal formula is equivalent to a modal formula

under the semantics of the logic RMLyg;.

Proof. We use essentially the same reasoning to that used to show the same result

in RMLk in Lemma 5.3.9. We convert subformulas to disjunctions of explicit
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formulas instead of formulas in disjunctive normal form, allowing the equivalences
from Lemma 7.3.2 to be applied. In order for the equivalences from Lemma 7.3.2
to be applied inductively to the subformula we must at each stage convert to a
disjunction of explicit formulas again. We note that by Lemma 7.3.1 converting
a formula to a disjunction of explicit formulas does not increase the modal depth
of the formula, so the induction remains well-founded despite these additional

conversion steps, as at each step the modal depth of the formula decreases. [

Given the provably correct translation we have that RMLgs is sound and

complete.

Theorem 7.3.6. The aziomatisation RMLgs is sound and strongly complete

with respect to the semantics of the logic RMLgs.

Proof. Soundness is shown in Lemma 7.2.5. Strong completeness follows from
similar reasoning used in the proof of strong completeness of RMLy in Lemma 5.3.10.

]

We note that, much like the provably correct translation for RMLg, the prov-
ably correct translations we have presented here can result in a non-elementary
increase in the size compared to the original formula.

The provably correct translation also implies that RMLgs is expressively

equivalent to S9.
Corollary 7.3.7. The logic RMLgs is expressively equivalent to the logic S5.

Finally from expressive equivalence we have that RMLgs is compact and de-

cidable.
Corollary 7.3.8. The logic RMLgs is compact.
Corollary 7.3.9. The model-checking problem for the logic RMLgs is decidable.
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Corollary 7.3.10. The satisfiability problem for the logic RMLgs is decidable.

As we noted above, the provably correct translation from L., to L,,; may
result in a non-elementary increase in size compared to the original formula.
Therefore any algorithm that relies on the provably correct translation will have
a non-elementary complexity. Unlike RMLy complexity bounds for the model-
checking and satisfiability problems have not been considered for RMLgs, neither
has the succinctness of RMLgs been considered. We leave the consideration of

better complexity bounds and succinctness results for RMLgs; to future work.
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CHAPTER 8

Refinement modal logic: %4

In this chapter we consider results specific to the logic RMLg, in the setting of
%4. The main results of this chapter are expressivity results. We show that the
logic RMLpy is strictly more expressive than the underlying modal logic K4, and
strictly less expressive than the bisimulation quantified modal logic BQMLy,,
and the modal p-calculus K4,. A corollary of the latter results are that RMLy,
is decidable, via a semantically correct translation from L,,; to Ly, Unlike
previous chapters we do not present a sound and complete axiomatisation or
a provably correct translation from L,,; to L,;. As RMLgy is strictly more
expressive than K/ a provably correct translation from L,,,; to £,,; is not possible,
so a different strategy for proving the completeness of a candidate axiomatisation
is required. The axiomatisation of RMLgy is left as an open problem.

In the following sections we provide expressivity results for RMLy,; with re-
spect to various logics. In Section 8.1 we show that RMLg, is strictly more
expressive than the underlying modal logic K4 by demonstrating a semantic
property that can be expressed as a L,,,; formula but not as a £, formula. In
Section 8.2 we show that RMLgy is (non-strictly) less expressive than BQMLy,
and K4, by demonstrating a semantic translation from L,,,; to Lyg,. In Sec-
tion 8.3 we show that RMLgy is strictly less expressive than K/, and BQMLy,
by demonstrating a semantic property that can be expressed as a £, formula but

not as a L, formula.
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8.1 Expressivity: modal logic

In this section we show that RMLg, is strictly more expressive than the under-
lying modal logic K. That RMLg, is at least as expressive as K4 is obvious,
as RMLg, generalises the syntax and semantics of K4. To show that RMLyy is
strictly more expressive than K we demonstrate a %4 Kripke model with two
designated states that can be distinguished by the validity of a £,,,; formula under
the semantics of RMLgy, but that cannot be distinguished by any £, formula
under the semantics of K/.

Although we do not show it formally here, the distinguishing £,,,,; formula that
we will use corresponds to the semantic property that there exists an infinite path
starting from the designated state in a pointed Kripke model. To show that no
L, formula corresponds to this semantic property we demonstrate a K4 Kripke
model with two designated states, one with an infinite path, and one without.
Both states also have terminating paths of length n for every n € N. The Kripke
model is constructed in such a way that the two designated states are n-bisimilar
for all n € N, and so they agree on the interpretation of all £,,; formulas. However
as one designated state has an infinite path and the other doesn’t, they disagree

on the interpretation of the given L, formula.
Theorem 8.1.1. The logic RMLg, is strictly more expressive than Kj.
Proof. Let M = (S, R,V') be a Kripke model where:

s = NU{w,w'}

R = {(m,n),(w,n),(w,n)|mneNm>n}U{(w, )}

Vip) = 0

The model M is represented in Figure 8.1. We note that M € %4.

We will show that no modal formula can distinguish between M and M.
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w D
Figure 8.1: The model M, omitting implied transitive edges. The state w has

only finite paths whilst the state w’ has an infinite path due to its reflexive edge.

To show this we show the following intermediate results for every n € N:
1. M; ~, M; for i,j € N where 4,7 > n.

2. M, ~, M.

w

3. M, ~, M.

w

We proceed by induction on n € N:

1. We show that M; ~, M, for i,j € N where 4,5 > n.
Suppose that n = 0. Then we trivially have that M; ~¢ M,.

Suppose that n > 0.

atoms Trivial.

forth Let k € ¢R.
Suppose that k > n — 1. By the induction hypothesis M ~, 1 M;_;.

Suppose that £k <n —1. Then k <n—1< jand k € jR, so we
trivially have that M, ~, 1 M,.

back Symmetrical reasoning to forth.
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2. We show that M, ~, M _,.

w

Suppose that n = 0. Then we trivially have that M, >~y M_,.

Suppose that n > 0.

atoms Trivial.
forth Let k € nR. Then k € w'R and we trivially have that M, ~,_, M,.

back Let k € W'R.
Suppose that & = w’. Then n—1 € nR and by the induction hypothesis
M, | ~,1 M,.
Suppose that k # w’ and k < n. Then k € nR and we trivially have
that M, ~,_1 M,.
Suppose that & # w’ and £ > n. Then n — 1 € nR and from above

M 1 =n-1 Mk

n

. We show that M, ~, M.

w

Suppose that n = 0. Then we trivially have that M ~y M.

Suppose that n > 0.

atoms Trivial.

forth Let k € wR. Then k € w'R and from above we have that M, ~,
Mk-
back Let k € W'R.

Suppose that k = «’. Then n — 1 € wR and from above M, | ~, 4
M,.

Suppose that k& # . Then £ € wR and we trivially have that
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Therefore M, ~, M, for every n € N.

Let ¢ € L, and let n = d(¢) be the modal depth of ¢. From above M ~,
M, so M, = ¢if and only if M, & ¢. Therefore M is modally indistinguishable
from M.

Next we will show that the refinement modal formula 3(OT A OO T) can
distinguish between M, and M _,. Although we do not show it formally here, this
distinguishing formula corresponds to the semantic property that there exists an
infinite path starting from the designated state in a pointed Kripke model. It
should be clear from the construction of M that w’ has an infinite path, consisting
of repeatedly following the reflexive edge, whereas w does not have an infinite
path, as the longest path from any successor n € wR has at most n — 1 steps
until it reaches the state 0 where the path must end.

We proceed with model checking using to show that M, and M , disagree on
the interpretation of this distinguishing formula.

We first show that M, E3(OT AOOT). Let M/, = ((S', R, V'),w’) where:

§ = {w}
R = {(Ww,w)}

We note that by construction M/, € 4. We also note that M, > M/,, and
M/, EOT AOOT. Therefore M/, E3I(OT AOOT).

We next show that M, ¥ I(OT AOOT).

Let M, = ((S",R,V"),s") € K4 such that M, =5 M,
MRCS xS

Suppose that 'R’ = (). Then M}, ¥ 0T so M}, EOT AOOT.

Suppose that 'R’ # (). Let n € N, t' € s'R’ such that (n,t') € 8. Suppose

via some refinement

there exists ' € t'R'. By transitivity we have v’ € s’R’. By back for R there
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exists m € nR such that (m,u’) € R. By construction we must have m < n.
Then there exists m € N, v’ € 'R’ such that m < n and (m,u') € R. Therefore
if there exists v’ € 'R’ then there exists m € N, v’ € s’R’ such that m < n and
(m,u") € M. By contrapositive if there is no m € N, v’ € 'R’ such that m < n
and (m,u’) € R, then there is no v’ € t'R'.

Let n € N be the smallest natural number such that there exists ¢’ € 'R’ such
that (n,t') € . From above we have 'R’ = (). Then M), ¥ T so M., ¥ OOT
and M., FOT AOOT.

Therefore M, ¥ I(OT AOOT).

Therefore M, is refinement modally distinguishable from M .

Therefore RMLgy is strictly more expressive than K. ]

8.2 Expressivity: bisimulation quantified modal logic

In this section we show that RMLg, is (non-strictly) less expressive than the
bisimulation quantified modal logic BQMLy,. As a corollary we also have that
RMLgy is non-strictly less expressive than the modal p-calculus K7, as BQMLy,
and K/, are expressively equivalent. We direct the reader to Appendix B for the
required technical background for bisimulation quantified modal logics.

We recall that BOQML extends modal logic with quantifiers over the pointed
Kripke models that are bisimilar to the currently considered Kripke model, except
for the valuation of a given propositional atom. This notion of bisimilarity except
for a given propositional atom is called p-bisimilarity, and is the same as the usual
notion of bisimulation except that the condition atoms-p is relaxed just for the
given atom p. In BQML the formula g’p.gp may be read as “in every p-bisimilar
Kripke model ¢ is true” and the formula 93¢ may be read as “in some p-bisimilar

Kripke model ¢ is true”. Similar to refinement modal logic, different variants
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of BQML restrict the p-bisimilar Kripke models that the quantifiers consider to
Kripke models from a given class of Kripke frames. So in BQML, the quantifiers
only consider p-bisimilar Kripke models from 4.

In previous chapters we considered RML in the settings of K, K45, KD45,
and S§5, and in each setting showed that RML is expressively equivalent to the
respective underlying modal logic. As a consequence we trivially get that RML is
non-strictly less expressive than BQML in these settings. In the previous section
we showed that RMLgy is strictly more expressive than K4, so we cannot simply
show that RMLg, is non-strictly less expressive than BQMLy, as a consequence
of RMLg, being expressively equivalent to K4. Bozzelli, et al. [24] previously
showed that RMLk is non-strictly less expressive than BQML, by demonstrating
a translation from L,,,; to Ly, These results are specific to the setting of X,
however are easily adapted to 4. Specifically, as RMLg and RMLg,; quantify
over different classes of refinements, and BQMLy and BQMLy, quantify over
different classes of bisimilar Kripke models, to adapt the results of Bozzelli, et
al. [24] to RMLg, we must demonstrate that certain refinements and bisimilar
Kripke models in the results belong to %4.

Bozzelli, et al. [24] partially characterised refinements as bisimulations fol-
lowed by restrictions of the accessibility relation. This partial characterisation
was more closely related to bisimulation quantification by partially characterising
refinements as p-bisimulations followed by a restriction of the accessibility rela-
tion to p, removing edges to states not in the valuation of p. As the bisimulation
quantifiers of BQML quantify over p-bisimilar Kripke models, this allows a char-
acterisation of refinement quantifiers in terms of bisimulation quantifiers. This
characterisation was demonstrated by Bozzelli, et al. [24] using a translation from
Ly formulas to Ly, formulas. This translation replaces each refinement quan-

tifier Vo with a bisimulation quantifier g’p.cpp where p is a fresh propositional
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atom, and P is the formula ¢ “relativised” with respect to the propositional
atom p. The relativisation of a formula with respect to an atom p not appear-
ing in the formula has the effect of restricting modalities to only consider states
in which p is valid, essentially by replacing each modality (¢ with a restricted
modality (J(p — ). Interpreting the relativised formula ¢ on a Kripke model
is equivalent to interpreting the original formula ¢ on the Kripke model with its
accessibility relation restricted so that states are only related to other states that
have the atom p in their valuation. Thus the formula g’p.gpp quantifies over all
p-bisimilar Kripke models and interprets the formula ¢ on each Kripke model
with its accessibility relation so-restricted by the atom p. As refinements were
partially characterised as p-bisimulations followed by a restriction of the accessi-
bility relation to p, Bozzelli, et al. [24] showed that Vp.P is equivalent to Vo in
the setting of K.

In this section we mostly restate the results and reasoning by Bozzelli, et
al. [24], with minor modifications to show that the results hold in the setting of
%K4. In line with our previous results we also adapt these results to use our notion
of multi-agent refinement rather than the notion of single-agent refinement used
by Bozzelli, et al. [24].

We first define the notion of model restriction that we will use.

Definition 8.2.1 (Model with accessibility restricted by an atomic proposition).
Let B C A be a set of agents, let p € P be a propositional atom and let M =
(S, R,V) be a Kripke model. Then the (B, p)-restriction of M is the Kripke
model MBP) where MBP) = (S, R, V) where for every b € B: R; C R, where
(s,t) € Ry if and only if (s,t) € R, and M, F p; and for every c € A\ B: R, = R,.

We note that all Kripke models restricted in such a way are refinements of

the original Kripke model.
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Lemma 8.2.2. Let B C A be a set of agents, let p € P be a propositional atom,
let M, € K4 be a Kripke model, and let MP?) e the (B, p)-restriction of M.
Then M, »p MEP),

Proof. As MP?) is defined by removing B-edges from M then this follows di-

rectly from Proposition 4.1.16. 0]

We also note that in the setting of X4 all Kripke models restricted in such a

way are X4 models.

Lemma 8.2.3. Let B C A be a set of agents, let p € P be a propositional atom,
let M € K4 be a Kripke model, and let MBP) be the (B, p)-restriction of M.
Then M' € 4.

Proof. Let b € B, and let (s,t),(t,u) € Rj. By construction Ry, C R, so
(s,t),(t,u) € R,. Then (s,u) € R, follows from the transitivity of R,. By
construction as (t,u) € Rj then M, E p. Then by construction (s,u) € Rj.
Therefore Rj is transitive. Let ¢ € A\ B. By construction R, = R, so as R, is
transitive so is R.. Therefore M’ € %4. O

We now adapt a lemma from Bozzelli, et al. [24] to the setting of X4, partially

characterising B-refinements as (B, p)-restrictions of p-bisimilar Kripke models.

Lemma 8.2.4. Let B C A be a set of agents, let p € P be a propositional atom,
and let My, = ((S,R,V),s), M, = ((S",R",V"),s") € K4 be pointed Kripke
models such that M, >, M.,. There exists a pointed Kripke model M. € K4
where M;$B’p) is (B, p)-restriction of M', such that M, ~, M and M, ~ MIEP).

s’ —p s/

Proof. By Lemma 4.1.13 there exists a pointed Kripke model M), such that
M/, ~ M, and M, =g M), via an expanded B-refinement. Suppose that there
exists a pointed Kripke model M., € X4 where M;SB”’ ) is the (B, p)-restriction
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of M’, such that M, ~, M! and M, ~, M'\®?). As M, ~ M), then we have
that M’ ~, M, and so M/, ~, M'*P?)

S

Then without loss of generality we assume that M and M” are disjoint Kripke
models such that M, =g MY, via an expanded B-refinement /8 C S x S”. For
every t” € S” we denote by R™1(¢”) the unique ¢ € S such that (¢,¢") € R

Let M}, = ((S",R', V'), s") where:

S = Sus”
R, = RyUR/'U{(t"u) | (t,") € R,u € tR,}
R = RUR'

V/(p) — S//

V'i(q) = V(g)uV'(q)

where b€ B, c€ A\ B, and ¢ € P\ {p}.

We show that M’ € K4. Let a € A. We note that R, is composed from
the union of R, and R/ (which are relations defined over disjoint domains) and
if a € B some additional relationships from states in S” to states in S. So we

consider the following cases:

Case (t,u),(u,v) € R, C R.:
(t,v) € R, C R, follows from the transitivity of R,,.

Case (t",u"), (u",v") € R C R.:

(t",v") € R! C R, follows from the transitivity of R/.

Case (t",u") € R! C R, and (u”,v) € R for some (u,u"”) € R, v € uR,:
As R is an expanded refinement then ¢t = R~1(#") € S is the unique state
such that (t,t") € R. As u” € t"R! then by back-a for R there exists
x € tR such that (z,u”) € . As R is an expanded refinement then
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there is a unique state x € S such that (z,u”) € R, and as (u,u”) € R
then x = w. Then (¢t,u),(u,v) € R, so by the transitivity of R, we have
(t,v) € R,. As (t,t") € R and v € tR then by construction (t’,v) € R/.

Therefore R! is transitive and M’ € 4.
We show that M, ~, M!,. Let R C S x 5" where R = RU{(t,t) |t € S}.

s

We show that 9’ is a p-bisimulation between M, and M.,. Let ¢ € P\ {p},
a € A. We show by cases that the relationships in R’ satisfy the conditions

atoms-¢, forth-a, and back-a.

Case (t,t) € R" where t € S:

atoms-g By construction t € V (q) if and only if ¢t € V'(q).

forth-a Let u € tR,. By construction tR, C tR. Then u € tR, and by

construction (u,u) € R'.
back-a Let v’ € tR!. By construction tR, = tR,. Then v € tR, and
(v, u") € R
Case (t,t") e R C R
atoms-q By atoms-q for R, t € V(q) if and only if " € V"(q). As q#p
then by construction t” € V" (q) if and only if ¢’ € V'(q).

forth-a Let u € tR,.

Suppose that a € B. Ast € R71(¢") and u € tR, then by construction
u € t"R,,. By construction (u,u) € R'.
Suppose that a ¢ B. By forth-a for R there exists v’ € t"R! such

that (u,u”) € R C R'. By construction t"R! C t"R/. Thenu” € t"R/,.

back-a Let u” € t"R),.
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Suppose that v” € S. By construction v” € R~ (t")R,. By construc-
tion (u”,u") € R'.

Suppose that v’ € S§”. Then by construction v” € t"R]. By back-a
for R there exists u € tR, such that (u,u”) € R C R

Therefore SR’ is a p-bisimulation between M, and M|, and M, ~, M,.

Let M;E,B’p) = ((s', RBP) V') s") be the (B, p)-restriction of M/,.

We show that M7 ~, M;ng’p). Let ®”" C 5" x S" where R" = {t".t") |
t" € S"}. We show that R” is a p-bisimulation between M/, and M;&B P Let
g€ P\{p},aec A, and (t",t") € " where t" € S”. We show by cases that the

relationships in SR” satisfy the conditions atoms-¢, forth-a, and back-a.

atoms-¢q By construction t” € V"(q) if and only if t” € V'(q).

forth-a Let v” € t"R!. By construction tR! C t"R! so u” € t"R!. By construc-
tion as u” € S” then v’ € V'(p) so M!, & p. Then v € t"RBP) and by

construction (u”,u") € R".

back-a Let v € tR\?”. By construction t R\°") C tR”. Then u” € t'R! and

by construction (u”,u") € R".

s

Mlngzp) i D

S

Therefore " is a p-bisimulation between M), and M;S,B P and M ~,

As previously mentioned, Bozzelli, et al. [24] demonstrated a translation from
L) 10 Lyg that relies on a notion of relativisation of L, formulas with respect
to a specific agent and a fresh propositional atom not appearing in the formula.
We use essentially the same notion of relativisation, but generalised to match our

multi-agent notion of refinement.
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Figure 8.2: A schematic showing the intended relationship between the (a,p)-
restriction of a Kripke model and the (a,p)-relativisation of a formula. The
Kripke model on the right is the (a, p)-restriction of the Kripke model on the left,

and the formula on the left is the (a, p)-relativisation of the formula on the right.

Definition 8.2.5 (Relativisation). Let B C A be a set of agents, let p € P be a
propositional atom, and let ¢ € Ly, be a bisimulation quantified modal formula
not containing p. The (B, p)-relativisation ¢P?) of a formula ¢ of the agents B

to the propositional atom p is defined inductively as follows:

q(Bm) = g

= (")

(o A1 (Bip) _— ¢(B,p) A w(Bm)

(va) — Dc(p(va)

)
)
(@) PP = Oylp = ¢ P7)
)
)

— Vq.<p(B’p)

where ¢ #p, b€ B, and c € A\ B.
Note that the cases for p(%?) and (‘g’p.gp)(B’p) are undefined because p does not

appear in .

The intent of (B, p)-relativisation is to capture the notion of (B, p)-restriction

syntactically. Bozzelli, et al. [24] gave a result demonstrating that given a Ly,
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formula and a Kripke model, the interpretation of the (B, p)-relativisation of the
formula on the Kripke model is equivalent to the interpretation of the formula on
the (B, p)-restriction of the Kripke model. This is represented with a schematic
diagram in Figure 8.2. We adapt this result to the setting of X4 and for our

modified definitions.

Lemma 8.2.6. Let B C A be a set of agents, let p € P be a propositional atom,
let ¢ € Lygmu be a bisimulation quantified modal formula not containing p, let
M, € K4 be a pointed Kripke model, and let MPP) pe the (B, p)-restriction of
M. Then M, Fpqur,, ©BP) if and only if MEP) FBQuMLy, ¢-

Proof. We show by induction on the structure of ¢ that for every M, € X4:
M, & o®BP if and only if MP? E o, where MP?) is the (B, p)-restriction of
M,. Let M, € %4.

We consider each case:

Case ¢ = q where ¢ # p:
By definition M, F ¢'®P) if and only if M, F ¢q. By construction M, F q if
and only if MP?) E q.

Case o = v and p =Y A x:

Follows trivially from the induction hypothesis.

Case ¢ = 1) where b € B:
By definition M, F (Oy)B?) if and only if M, F Oy(p — »BP). By
definition M, F Oy(p — ¥BP)) if and only if for every t € sR,: M, F p
implies that M, F (%?). By the induction hypothesis M, F ¢(ZP) if and
only if Mt(B’p) F 9. Then for every t € sR,: M, F p implies that M, F
¢»BP); if and only if for every t € sR,: M, F p implies that MBP) E g,

By construction t € SRI()B’p ) if and only if t € sR, and M, F p. Then for
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every t € sR,: M, F p implies that MPBP) & v; if and only if for every
t e SRZ()B’p): MPP . By definition for every ¢ € sRéB’p): MPP) o if
and only if MPP) E 0.

Case ¢ = (1.1 where c € A\ B : By definition M, F (O.)Z? if and only
if M, F OapPP). By definition M, F O.4F?) if and only if for every
t € sR.: M, F ¢BP). By the induction hypothesis M, F (%P if and only
if Mt(B’p ) E 1 and by construction tREPP = tR.. Then for every t € sR_:
M, E »®BD: if and only if for every ¢t € sRP?: MPP £ . By definition
for every t € sREP). Mt(B’p) = (B2 if and only if MPEP e 0.

Case ¢ = Jq.¢» where g % p:
By definition M, F (3q.1p)PP) if and only if M, E Jq.0BP) . By definition
M, E 3¢ BP) if and only if there exists M/, € %4 such that M, ~, M/,
and M/, E BP) . By the induction hypothesis M/, E (BP) if and only if
M2 ey So M, F (3g.4p) B if and only if there exists M/, € %4 such

that M, ~, M/, and M\"?) = ),

S

By definition we also have that MPBP Jq.¢ if and only if there exists
M, € K4 such that MEP ~, M7, and MV, E 1.

We will show that there exists M], € &4 such that M, ~, M!, and M ;SB’p ) E

o if and only if there exists M’ € %4 such that M{®? ~, M, and
M7, E .

(=) Suppose there exists M), € %4 such that M, ~, M, via some g-
bisimulation R C S x S’, and M;EB’p) E 1. We show that R is also a ¢-
bisimulation between M{®? and M'P?) Let r € P\{q}, b€ B, c € A\ B,

and (¢,t') € R:
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atoms-r By definition t € V(BP)(r) if and only if ¢t € V (r). By atoms-r
for R between M, and M], we have t € V (r) if and only if ¢ € V'(r). By
definition #' € V'(r) if and only if ¢ € V/(BP) (7).

forth-b Let u € tR\"”. By definition tR®? C tR, so u € tR,. By
forth-b for R between M, and M/, there exists u' € 'R such that (u,u’) €
R. Asu € tRl()B’p) then M, F psou € V(p). By atoms-p for R between
M, and M|, we have u € V(p) if and only if ' € V'(p). Then M/, E p so

by construction v’ € t'R;.

forth-c Let u € tR“7. By definition tRCP) C tR, sou € tR,. By
forth-c for R between M, and M/, there exists u’ € 'R, such that (u,u’) €
R. By construction ¢ R\“? = 'R’ so v’ € 'R.

back-b Follows from symmetrical reasoning to forth-b.

back-c Follows from symmetrical reasoning to forth-c.

Therefore MZ? ~, M'P?) and M;EBVP) = o,

- q s

(<) Suppose there exists M/, € %4 such that MEP ~, MY, via some

¢-bisimulation R C S x §”, and M, E . Let M., = ((S",R,V’),s")
where:
S = Sus”
Ry, = R,URyU{(',u) ]| (t,1') e R,u € tR,NV(p)}
R, = R,UR!
Vi(iry = V(r)uV”(r)

where be B, ce A\ B, r € P.
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We note that M’ € %4 by the same reasoning as used for the similar

construction in Lemma 8.2.4.

We show that M, ~, M!,. Let R" C S x S” where R" = RU{(t,t) | t € S}.
We show that 2R’ is a ¢-bisimulation between M, and M],. Let r € P\ {q},
be B,ce A\ B. We show by cases that the relationships in SR’ satisfy the

conditions atoms-p, forth-b, back-b, forth-c, and back-c.

Case (t,t") € R C R

atoms-r By construction ¢ € V (r) if and only if t € V(BP)(r). By
atoms-r for R we have t € VBP)(r) if and only if ¢/ € V" (r).
By construction t” € V"(r) if and only if t" € V'(r).

forth-b Let u € tR,.
Suppose that u € V(p). Then by construction u € tRl(,Bm ), By
forth-b for MR there exists u” € t"R; C t"R; such that (u,u”) €
R C R'. Suppose that u ¢ V(p). Then by construction u € t R
and (u,u) € R,

back-b Let u"” € t"R;. By construction as u” € S” then u" € t"R}.
By forth-b for R there exists u € QR,(]B’p)tRb such that (u,u”) €
R CR.

forth-c Let u € tR.. By construction u € tRBP), By forth-c for R
there exists u” € "R C t"R., such that (u,u”) € R C R

back-c Follows from the same reasoning as back-b.

Case (t,t) € R" where t € S:

atoms-r By construction ¢t € V (r) if and only if t € V'(r).
forth-b Let u € tR,. By construction u € tR; and (u,u) € R'.

back-b Let u € tR;. By construction v € tR, and (u,u) € R
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forth-c Follows from the same reasoning as forth-b.

back-c Follows from the same reasoning as back-b.

Therefore SR’ is a ¢-bisimulation between M, and M), and M, ~, M.,.

We show that M, ~ M;S,B’p). Let R C 5" x S where R" = {(¢",t") |
(t,t") € R}. We show that SR’ is a bisimulation between M/, and M ;S/B ),
Let r € P,a € A, (t",t") € R" for some (t,t") € R. We show that the

relationships in R’ satisfy the conditions atoms-p, forth-a, and back-a.
atoms-r By construction t” € V”(r) if and only if t" € V'(r).

forth-a Let v” € t"R!.

Suppose that a € B. By construction there exists ¢ € S such that (¢,t”) €
R. By back-a for R there exists u € tR") such that (u,u”) € R. By
construction u € V(p). By atoms-p for R” we have v’ € V(p). By

construction u” € t"RiPP) and (u”,u") e R".

Suppose that a ¢ B. By back-a for R there exists u € tRPP) such that
(u,u”) € R. By construction ¢"R."" = t"R". Then u" € t"R\%” and by

construction (u”,u”) € R".

back-a Let u” € t"R\5P). By construction there exists ¢ € S such that
(t,t") € R. By back-a for R there exists u € t RS such that (u, u”) € R.
By construction as u” € t"RaA®" then u” ¢ V'(p). Then u” € t"R! and by

construction (u”,u”) € R".

Therefore R” is a bisimulation between M7, and M ;S,B ?) and M, ~M ;S/B ),

As M, E 1) then by bisimulation invariance we have M ;S,B S 1.

Therefore M, ~, M/, and M'\"" E .

S
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Therefore M!, € K4 such that M, ~, M!, and M;EB”D) F ¢ if and only if
there exists M}, € K4 such that MED ~, Ml and M), E 1.

Therefore M, F (glq.iﬂ)(B’p) if and only if MPBP) Jq.1).

Therefore by induction on the structure of 1 we have for every M, € X4:
M, & B if and only if M{P? E . 0

Using relativisation we can define a translation from L,,; formulas to Lygm

formulas.

Definition 8.2.7. We define the translation 7 : L,,; = Lygnu by the following

inductive definition:

(@) = ¢

T(mp) = —7(p)
T AY) = T(p) AT(V)
T(0ap) = Ou7(ep)
T(Vep) = Vp.(r(p) PP

where ¢ € P, a € A, B C A, and p € P where p is a fresh atom that does not

appear in 7(¢p).

Finally we can show that this translation is a semantically correct translation
from L, t0 Lpgm under the semantics of RMLy, and BQMLy,. The follow-
ing result is an adaptation of the analogous result by Bozzelli, et al. [24] to
the setting of 4. We rely on the partial characterisation of B-refinements as
(B, p)-restrictions of p-bisimilar Kripke models, and on the correspondence be-
tween (B, p)-restricted Kripke models and the interpretation of (B, p)-relativised

formulas that we demonstrated in the previous lemmas.
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Theorem 8.2.8. Let p € L., be a refinement modal formula. Then for every
M, € K4: M, Frury, ¢ if and only if My Fpour,, T(¢)-

Proof. We show by induction on the structure of ¢ € L,,,,; that for every M, € K4:
M, ':RMLK4 @ if and only ifM, ':BQMLM 7(¢p). The propositional and modal cases
follow directly from the semantics of RMLg,; and BQMLy, and the induction
hypothesis, so we show only the case involving refinement quantifiers.

Let M, € 4.

(=) Suppose that M, Fruyr,, 3pp. Then there exists M, € K4 such that
M, =p M, and M}, Frui,, ¢. By the induction hypothesis we have M, FBQMLy,
7(), so My Fpour,, 7(p). By Lemma 8.2.4 there exists M, € %4 such that
M, ~, M, and M, ~, M;',SB’p). As p does not appear in 7(p), My Fpoumr,, T(#)
and M, ~, MPP then MUt Epou,, (). As MUY Fpgu,, 7() then
by Lemma 8.2.6 we have My, Fpour,, (7())BP). Then there exists M/, € K4
such that M, =~, M}, and M}, Fpour,, (7(¢)) PP, Therefore M, FBQMLY,

s

Ip.(r()) 7).

(«<=) Suppose that M, Fpour,, Ip.(1(¢)) PP, Then there exists M/, € K4
such that M, ~, M/, via some p-bisimulation R C S x S’, and M/, |=BQMLK4
(7())BP). By Lemma 8.2.6 we have M;EB”)) Fpoui,, T(p). By Lemma 8.2.2
we note that M., >p M;EB”’), say via some B-refinement R’ C S’ x S, and by
Lemma 8.2.3 we note that M;EB’p ) € %4. By the induction hypothesis we have
MlslB’p) FruL ©-

Let M;gB’p) = ((S",R",V"),s") where:

S// — Sl
R = R/®P

V'(p) = {t'| () eR (W,t)eNR,teV(p)}

V') = V'(g)
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where a € A and ¢ € P\ {p}.

We show that M, =5 M;EB’p). Let R” C S x S” where R” = Ro9R’. We show
that SR” is a B-refinement from M, to MS’SB’”. Let g€ P,ce A\ B,a € A, and
(t,t') € R” for some (¢,t') € R and (', ") € R

atoms-q Suppose that ¢ = p. By hypothesis (¢,t') € R and (¢/,t") € R'. Then
by construction t € V' (p) if and only if ¢ € V" (p).

Suppose that ¢ # p. By atoms-q for R we have t € V(q) if and only if
t" € V'(q). By atoms-q for S8’ we have t' € V'(q) if and only if " € V'(¢q). By
construction t” € V"(q) if and only if ¢ € V'(q).

forth-c Let u € tR,. By forth-c for R there exists v’ € ¢’ R/, such that (u,u’) €
R. By forth-c for R’ there exists u” € t"R\5P) = t"R! such that (v/,u") € R.
Then (u,u”) € R”.

back-a Follows from symmetrical reasoning to forth-c.
Therefore R” is a B-refinement from M, to MjB’p) so M, =p M;SB’p). There-
fore M, F dpp. O

Corollary 8.2.9. The logic BQMLy, is at least as expressive as RMLyy.

As BQMLg, is expressively equivalent to K4, we also trivially get the follow-

ing corollary.

Corollary 8.2.10. The logic K4, is at least as expressive as RMLgy.

8.3 Expressivity: modal u-calculus

In this section we show that RMLg, is strictly less expressive than the modal

p-calculus K7,. As a corollary we also have that RMLy, is strictly less expressive
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than the bisimulation quantified modal logic BQMLy, as K4, and BQMLy, are
expressively equivalent. That K/, is at least as expressive follows from the results
in the previous section. To show that RMLy, is strictly less expressive than K4,
we demonstrate a &4 Kripke model with two states that can be distinguished
by the validity of a £, formula under the semantics of K/, but that cannot be
distinguished by any L,,,; formula under the semantics of RMLg;. We direct the
reader to Appendix A for the required technical background for modal p-calculus.

In a previous section we used a similar strategy to show that RMLg is strictly
more expressive than K4. The distinguishing £, formula that we used corre-
sponds to the semantic property that there exists an infinite path starting from
the designated state in a pointed Kripke model. To show that no L, formula
corresponds to this semantic property we demonstrated a X4 Kripke model with
two designated states, one with an infinite path, and one without. Both states
also had terminating paths of length n for every n € N. The Kripke model was
constructed in such a way that the two designated states are n-bisimilar for all
n € N, and so they agree on the interpretation of all £,,; formulas. However as
one designated state has an infinite path and the other doesn’t, they disagree on
the interpretation of the given L., formula.

We use a very similar semantic property and construction here to show that
RMLgy is strictly less expressive than K4,. The distinguishing £, formula that
we will use corresponds roughly to the semantic property that there exists an
infinite path starting from the designated state in a pointed Kripke model, along
which $[Jp and [J—p are satisfied infinitely often. To show that no £,,,; formula
corresponds to this semantic property we demonstrate a K4 Kripke model with
two designated states, one with an appropriate infinite path, and one without.
Both states also had terminating paths of length n for every n € N, along which

O0Op and (J—p are satisfied n times. To show that the two states agree on
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the interpretation of all £,,,; formulas we use a notion similar to n-bisimilarity,
which we call n-mutual refinements. We show that the two designated states
of the Kripke model are n-mutual refinements and therefore they agree on the
interpretation of all L., formulas. However as one designated state has an ap-
propriate infinite path and the other doesn’t, they disagree on the interpretation
of the given £, formula.

We first define n-mutual refinements.

Definition 8.3.1 (n-mutual refinements). Let M, = ((S,R,V),s) € X and
M., = ((S",R,V'),s") € K be pointed Kripke models.

We say that M, and M), are n-mutual refinements and we write M >, M, if
and only if there exists a list of non-empty relations R, C R, € --- C Ry C
S x S' such that for every i = 0,...,n, a € A, and (s,s’) € R; the following

conditions, mutual refinements, forth-a, and back-a holds:

mutual refinements If i = 0 then for every ) C B C A: M, <p M, and

M, = M. If i > 0 then (s,s") € R;_1.

forth-a For every t € sR, there exists t' € s'R!, such that (¢,t') € R;_;.

back-a For every t' € 'R/, there exists t € sR, such that (¢,t') € R;_;.

We show that if two pointed Kripke models are n-mutual refinements then

they agree on the interpretation of all L, formulas of modal depth up to n.

Lemma 8.3.2. Let C be a class of Kripke frames, let n € N, let ¢ € Ly
such that d(¢) < n and let M, = ((S,R,V),s), M., = ((S",R,V"),s") € C be
pointed Kripke models such that M >, M!,. Then M, Egur. ¢ if and only if
M, FruLe ¢-
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Proof. We proceed by induction on the modal depth and structure of ¢.

Suppose that ¢ = p where p € P. As M, and M, are n-mutual refinements
then M, < M/, and from atoms-p we have that s € V(p) if and only if s’ € V'(p)
and therefore M, F p if and only if M, F p.

Suppose that ¢ = =) or ¢ = ¥ A x. These cases follow directly from the
induction hypothesis.

Suppose that ¢ = O, and M, F O,¢. Then for every ¢t € sR, we have
M, E . Let t’ € R,. By back-a there exists ¢ € sR, such that M, is (n — 1)-
mutual refinements to M/,. As M, F ¢ and d(¢) < n — 1 then by the induction
hypothesis we have that M, F 1. So for every t' € s'R, we have M|, F 1.
Therefore M!, F O,1. The converse follows from symmetrical reasoning.

Suppose that ¢ = Jpyp and M, E Jp1p. Then there exists M}, € C such
that M, »p M!, and M! E . As M, >p M, then by Lemma 4.1.11 we have
that M, >p M!,. Therefore M/, = 3p1). The converse follows from symmetrical

reasoning. [
We now show our expressivity result.
Theorem 8.3.3. The logic RMLyy 1s strictly less expressive than K4,,.
Proof. Let M = (S, R,V) be a Kripke model where:
S = {n,nt,n" |neN}uU{ww'}
R = {(n,m),(n,m"),(n,m"),(n,n"),
(n,n™),(n",n*),(n",n7) | n,m € N,n > m}
u{0,0",0"} x {07,07} U {(0,0)}
U{w,w'} x {n,n",n~ |n e N} U {(, ")}
V(p) = {n,n"|neN}U{w '}
The model M is represented in Figure 8.3.
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Figure 8.3: The model M, omitting implied transitive edges.

To show that M, and M, , are indistinguishable by the refinement modal logic
we show that M i, M, , for all n € N. To do so we first show that M, and M,
are mutual refinements.

That M, < M, is trivial, as w is the same as w’ except for the reflexive edge,
so we need only show that M , < M.

Let SR C S x S be defined as follows:

R = {(s,9)]|seStU{(0,w),(0,u),(w,u), (W, w)}U
{(0,n), (n,0),(0%,n"),(07,n7), (w,n), (W' ,n) | n € N}

We show that 2R satisfies atoms-p and back for every (s,s’) € R.
Case: (s,s) €R

atoms-p Trivial.

back Let t € sR. By construction (¢,t) € fA.
Case: (0,n) € R where n € N:

atoms-p By construction 0 € V(p) and n € V (p).
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back Let k* € nR.

Suppose that £* = k where £ € N. By construction 0 € 0R and
(0,k) € .

Suppose that k* = kT where k& € N. By construction 07 € 0R and
(0, k1) € .

Suppose that k* = k= where k£ € N. By construction 0~ € OR and
(0-,k7) € R.

Case: (n,0) € R where n € N:

atoms-p By construction n € V(p) and 0 € V (p).

back Let k* € OR. By construction k* € nR and (k*, k*) € fR.
Case: (07,n") € R where n € N:

atoms-p By construction 0" € V(p) and n™ € V(p).

back Let n™ € n™R. By construction 07 € 0" R and (07,n") € .
Case: (07,n7) € R where n € N:

atoms-p By construction 0~ ¢ V(p) and n~ ¢ V(p).

back Let n~ € n~R. By construction 0~ € 0" R and (0~,n") € K.
Case: (w,n) € R where n € N:

atoms-p By construction w € V(p) and n € V (p).

back Let k* € nR. By construction k* € wR and (k*, k*) € fR.
Case: (w',n) € R where n € N:

atoms-p By construction w’ € V(p) and n € V (p).

back Let k* € nR. By construction k* € 'R and (k*, k*) € R.
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Case: (0,w) € R:

atoms-p By construction 0 € V' (p) and w € V (p).

back Let k* € wR. Suppose that k* = k where k € N. By construction
0 € OR and (0,k) € R.

Suppose that k* = k™ where & € N. By construction 07 € 0R and
(0, k1) € .

Suppose that £* = k= where £ € N. By construction 0~ € OR and
(0-,k7) € .

Case: (0,0') € A:

atoms-p By construction 0 € V (p) and ' € V (p).
back Let k* € W'R.

Suppose that k* = w’. By construction 0 € OR and (0,w’) € fR.

Suppose that £* = k where £k € N. By construction 0 € 0R and
(0,k) € .

Suppose that &* = kT where k € N. By construction 07 € OR and
(0F, k1) € .

Suppose that k* = k= where k£ € N. By construction 0~ € OR and
(0-,k7) € R.

Case: (w,w') € R:

atoms-p By construction w € V(p) and v’ € V (p).
back Let k* € W'R.

Suppose that k* = w’. By construction 0 € wR and (0,w’) € R.

Suppose that k* # . By construction £* € wR and (k*, k*) € .
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Case: (W' ,w) € R:
atoms-p By construction w’ € V(p) and w € V (p).

back Let k* € wR. By construction k* € w'R and (k*, k*) € .

We next show that M <, M , for every n € N. To show this we show the

following intermediate results for every n € N:
1. Mp<,M; for i, where i, j > n.
2. M, >, M.
3. M, <, M.
We proceed by induction on n € N.

1. We show that M;>, M; for i, j where 7, j > n.

Suppose that n = 0. From above, M, < M, =< ]\/[j and M, = M, = ]\/[j SO
we have that Mo M.

Suppose that n > 0.

mutual refinements From above, M; < My = M; and M; = M, = M,.

forth Let k* € iR.

Suppose that k* = k where k € N and kK > n — 1. Then from the induction

hypothesis ManAMjfy

Suppose that £* = k where k € Nand k <n—1. Then k <n—1<jso
k € jR and we trivially have that M;p<,_; M.

Suppose that £* = 07. Then 0% € jR and we trivially have that M, ><, 1 M, .
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Suppose that k* = kT where ¥k € N and & > 0. Then j© € jR and as

J = n >0 we trivially have that M, >, M, .

Suppose that k* = k= for k € N. This follows from similar reasoning to the

case where k* = k™.

back Symmetrical reasoning to forth.

. We show that M >q, M ,.

Suppose that n = 0. From above, M, < M, < M _, and M, = M, so we
have that MpyM .

Suppose that n > 0.

mutual refinements From above, M, < M, <X M, and M, = M_,.

forth Let k € nR. Then k € w'R and we trivially have that M >q,_1M,.

back Let k€ J'R.

Suppose that £k = w’. Then n — 1 € nR and by the induction hypothesis
Mnilmn_le/.

Suppose that k # ' and k < n. Then k € nR and we trivially have that

Suppose that & > n. Then n — 1 € nR and from above we have that

. We show that M >, M .

Suppose that n = 0. From above M, < M_, and M, = M, so we have
that MwNOMw"
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Suppose that n > 0.

mutual refinements From above M, < M , and M, = M.

forth Let k € wR. Then k € W' R and we trivially have that M, >, M,.

back Let ke W'R.

Suppose that k& = «’. Then n — 1 € wR and from above we have that
M _INn_le/.

n

Suppose that k # w’. Then k € wR and we trivially have that M, >, M, .

Therefore M >, M, , for every n € N.

Let ¢ € Ly and let n = d(¢) be the modal depth of ¢. From above
M >, M, so M, E ¢ if and only if M, F ¢. Therefore M, is refinement
modally indistinguishable from M .

We next show that the states M, and M, are distinguishable by the modal
p-calculus logic formula vz.(O(x A OOp) A O(z A OO-p)). Although we do not
show it formally here, this distinguishing formula corresponds to the semantic
property that there exists an infinite path starting from the designated state in a
pointed Kripke model, along which there is always a successor state on the path
where ([Jp is satisfied and there is always a successor state on the path where
OO~ is satisfied. It should be clear from the construction of M that w’ has such
a infinite path, consisting of repeatedly following the reflexive edge, whereas w
does not have such an infinite path, as any infinite path from w must include one
of the reflexive states, either: a k* state for k& € N, where no successors satisfy
OO—p; a k~ state for k € N, where no successors satisfy ¢[p; or 0, where no

successors satisfy either ([p or $I—p.
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We proceed with model checking using the modal p-calculus to show that M

and M, disagree on the interpretation of this distinguishing formula.

For any assignment Val we have the following:

Plva =
[Oplva =
[00plva =
[-plva = {n~
[O-plva = {n~
[0O-Plva = {n,n”

For any assignment Val where Val(z) =

{n,n* | n e N}U{w,w'}
{n*|neNn>0}

{n,n* |neN,n>0}U{wuw}
| n € N}

|neN,n>0}

lneN,n>0}U{w,w'}

S we have the following:

S

{n,n* |neNn>0}U{wuw}
{n,n" |neNn>0}U{wuw}
{n,n” IneNn>0}U{ww'}
{n,n" |neN,n>0}U{w,uw'}

{n|neNn>0}U{wuw'}

For any assignment Val where Val(z) = {n |n € Nyn > m} U {w,w'} for

some m € N we have the following:

[z]va

[z A OOp]va
[0(z A OOP)va
[z A OO-plva
Jva

]

[O(x A OO—p)
[O(x A OOp) A Oz AOO=D)]va

{n|neN,n>m}U{w w'}
{n|neN,n>m}U{w w'}
{njneNn>m+1} U{w,w'}
{n|neNn>m}U{w w'}
{nlneNn>m+1} U{w,u'}

{njneNn>m+1} U{w,u'}



For any assignment Val where Val(z) = {w,w'} for some m € N we have the

following;:

[elva = {w,w}
[z AOOplva = {w,w'}
[O(@AoOp)lva = {o'}
[z A OO plva = {w,uw'}
[0z A0O-P)lva = {o}
[0(z A OOpP) AO(z AOO-P)va = {w'}

Therefore for any assignment Val we have that:

[vz.(O(x A OOp) A Q(x A OO ) lva = {w'}

Therefore M, E va.(O(xAOOp) AO(x AOO—p)), but M, ¥ ve.(O(xAOOp) A

Oz A OO-p)).
Therefore M, is distinguishable from M , using the modal p-calculus.
Therefore RMLyy is strictly less expressive than K. O

As K4, is expressively equivalent to BQMLy, we also trivially get the follow-

ing corollary.

Corollary 8.3.4. The logic RMLyy is strictly less expressive than BQMLy,.
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CHAPTER 9

Arbitrary action model logic

In this chapter we introduce the arbitrary action model logic (AAML) and con-
sider results specific to AAML in the settings of K, K45, and §5. AAML extends
the action model logic of Baltag, Moss and Solecki [15, 14] with quantifiers that
denote either that every action model results in a statement becoming true or
that some action model results in a statement becoming true. This formulation
was proposed by Balbiani, et al. [11] as a possible generalisation for APAL, and
is similar to how the arbitrary public announcement logic of Balbiani, et al [10]
extends public announcement logic. The main results of this chapter are to show
that the action model quantifiers of AAML are equivalent to the refinement quan-
tifiers of RML in the settings of K, K45, and §5. As a consequence, most of the
results for RML from the previous chapters also hold in AAML in these settings.
We show the equivalence by showing that if there exists a refinement where a
given formula is satisfied then we can construct a finite action model that results
in that formula being satisfied. This equivalence further justifies our interpreta-
tion of refinement quantifiers as quantifiers for epistemic updates. In Section 9.1
we introduce the syntax and semantics of AAML. In Section 9.2, Section 9.3,
and Section 9.4 we consider AAML in greater detail in the settings of X, %45,
and §5 respectively. In each setting we show that the action model quantifiers

of AAML are equivalent to the refinement quantifiers of RML.
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9.1 Syntax and semantics

In this section we introduce the syntax and semantics of the arbitrary action
model logic. Like our treatment of RML, we consider AAML in different settings,
including XK, K45, and S5. The definitions that we give here generalise to these
different settings. Unlike our treatment of RML, we don’t give any semantic
results that are common to all of these settings. As our main results in AAML
are to show that the action model quantifiers of AAML are equivalent to the
refinement quantifiers of RML in the settings we consider, all of the semantic
results from RML also apply to AAML in these settings. For the same reason we
use the same syntax for action model quantifiers and refinement quantifiers.

We begin with a definition of the syntax of AAML. As in action model logic,
the syntax of AAML is parameterised by a class of Kripke models, C, and a set

of action signatures, .

Definition 9.1.1 (Language of arbitrary action model logic). Let § be a non-
empty, countable set of action signatures. The language of arbitrary action model

logic with action signatures S, Lyumi(S), is inductively defined as:

pu=plop|(eNe) | Dap | [ZT,0,..., 0@ | VBp

where p € P,ae€ A, B C A ¥ = (S,R,(s1,...,5,)) € 8§, T C S, and the
number of parameters to a given action signature ¥ is determined by the number

of designated actions in the action signature.

We use all of the standard abbreviations from modal logic, in addition to the
abbreviations dpy 1= =V, Vi ::= Vap, and V0 1= Vi, 0.

The formula V¢ may be read as “every action model results in ¢ becom-
ing true” and the formula 3¢ may be read as “some action model results in ¢

becoming true”.
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The use of the subscript B in the quantifiers Vg and dp restricts the action
models under consideration to action models that result in a B-refinement of the
original Kripke model. The formula Vg may be read as “every action model
results in ¢ becoming true if it results in a B-refinement” and the formula Jg¢
may be read as “some action model results in ¢ becoming true and results in a
B-refinement”. This addition is for the purposes of showing a full correspondence
between action model quantifiers and refinement quantifiers. Although we do not
consider it in greater detail here, the notion of restricting the results of executing
action models to B-refinements seems like it would be useful. For example, B-
refinements can be partially characterised as those Kripke models that preserve
the truth of B-positive formulas, restricting the learning of new information to
agents in B. So an alternative reading of the formula Vg may be “every action
model where only agents in B learn new information results in ¢ becoming true”
and an alternative reading of the formula 93¢ may be “some action model where
only agents in B learn new information results in ¢ becoming true”.

We define the semantics of AAML.

Definition 9.1.2 (Semantics of arbitrary action model logic). Let C be a class
of Kripke models and let § be a non-empty, countable set of action signatures,
let ¢ € Lygmi(S), and let M, = ((S,R,V),s) € C be a pointed Kripke model.
The interpretation of the formula ¢ in the logic AAMLs on the pointed Kripke
model M, is the same as its interpretation in action model logic, defined in

Definition 3.2.4, with the additional inductive case:

M,EVpp iff for every M, € § such that pre C L,
if M, F pre(s) and M, =p M, @ M
then M, @ M F ¢
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We are interested in the following variants of arbitrary action model logic:

o AAMLy interpreted over the class of K Kripke frames and the language
of arbitrary action model logic L,4,,( %K) with action signatures defined on

the class of finite K Kripke frames.

o AAMLg,s interpreted over the class of K45 Kripke frames and the language
of arbitrary action model logic L,qm(%45) with action signatures defined

on the class of finite K45 Kripke frames.

e AAMLgs interpreted over the class of §5 Kripke frames and the language
of arbitrary action model logic L4,(S55) with action signatures defined on

the class of finite §5 Kripke frames.

We note that by Proposition 4.1.22 the result of executing any action model
is a A-refinement, so the action model quantifiers V4 and 34, abbreviated as V
and J respectively, correspond to unrestricted action model quantification. Given
this we can observe that the semantics of the action model quantifier V is similar
to the semantics of the public announcement quantifier of APAL [11]. Whilst
APAL permits public announcements of formulas containing public announce-
ment quantifiers, the public announcement quantifiers do not quantify over pub-
lic announcements that themselves contain quantifiers. This is required to ensure
the well-foundedness of the semantics of the logic. We make a similar restriction
here with the semantics of AAML. However we will show in the following sections
that such a restriction is unnecessary in the settings that we consider; the logics
AAMLg, AAMLgy5, and AAMLg5 are expressively equivalent to their underlying
modal logics, K, K/5, and S5 respectively, so any action model containing quan-
tifiers is equivalent to an action model without quantifiers. Despite the action
model quantifiers quantifying over more epistemic updates that public announce-

ment quantifiers, the public announcement quantifiers are in fact more powerful
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than action model quantifiers, at least in the setting of S5, as APALgs is strictly
more expressive than S5 and is undecidable, whereas AAMLg5 is expressively
equivalent to S5 and is decidable.

We give some examples of AAML.

Example 9.1.3. Let M, = ((S,R,V),s) and M. = ((S",R',V’'),s) be Kripke

models where:

S = {s:t}

R, = {(s;9),(t,1)}

Ry = {(s,5),(s,1),(L,8), (t,8)}
Vip) = {s}

and:

S = {s,t,u}

R, = A{(s,9),(t,1), (s, u), (u, ), (u,u)}

Ry = {(s;s),(s,1),(t,5), (£,1), (u,u)}
Viip) = {s,u}

The Kripke models M, and M| are shown in Figure 9.1. We note that M,
and M/ are essentially the same as (are isomorphic to) the Kripke models from
Example 3.2.7 and Example 3.2.9. In Example 3.2.7 we showed that M, is the
result of executing an action model on M,, and in Example 3.2.9 we showed that
M, is the result of executing an action model on M.

We note that M. Esamr, O 0pp. As M is the result of executing an action
model on M, we have that M, F4amr, 30,—0pp-

We note that M, Faamr, ~Oa—0Opp. As M, is the result of executing an

action model on M. we have that M, F sy, I3-0.—0p-
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Figure 9.1: Two Kripke models that are each the result of executing an action

model on the other.

M/

e e e e, — - - —
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Example 9.1.4. Let M, = ((S,R,V),s) and M. = ((5',R',V’),s) be Kripke

models where:

S = {s,t,u,v}
R, = {(s,s).(s,1),(t,s), (£, 1), (w,u), (u,v), (v,u), (v,v)}
R, = {(s,5),(s,u), (u,s), (u,u), (t,1), (t,v), (v,t), (v,v)}
Vip) = {s.t}
Vig) = {s,u}

and:

S = {s,t}
R, = {(s;s),(s,1),(t,s), (L, 1)}
R, = {(s,s),(t,0)}

Vip) = {s,t}

Vig) = {s}

The Kripke models M, and M] are shown in Figure 9.2. We note that M,
and M/ are essentially the same as (are isomorphic to) the Kripke models from
Example 3.2.9. In Example 3.2.9 we showed that M/ is the result of executing
an action model on M,.

We note that M. Faanr, Oap- Let My € Kaps such that M. E g, pre(s).
By Proposition 4.1.22 we have that M. = M!® M.. As [,p is a positive formula
and M. = M. ® M, from Proposition 4.1.20 we that M. @ My Faanmr, Oap-
Therefore M. Esamr, YOup. As M. is the result of executing an action model

in M, we have that M, Faanr, IVOp-
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Figure 9.2: An example of a Kripke model and the result of executing an action

model.

________________________________________________

{r}
t

a,b

__________________

S

In the following sections we show that the action model quantifiers of AAML
are equivalent to the refinement quantifiers of RML in the settings of X, K45,
and §5. We show the equivalence by showing that if there exists a refinement
where a given formula is satisfied then we can construct a finite action model that
results in that formula being satisfied. We have already shown the converse: if
there exists an action model that results in a given formula being satisfied then by
Proposition 4.1.22 the result of executing the action model is itself a refinement,
so there exists a refinement where the formula is satisfied. We rely heavily on
results from action model logic and RML, particularly the axioms from both, so
we find it useful to define a logic, which we call refinement action model logic

(RAML), that extends action model logic with refinement quantifiers.

Definition 9.1.5 (Semantics of refinement action model logic). Let C be a class
of Kripke models and let § be a non-empty, countable set of action signatures,
let ¢ € Lygmi(S), and let M, = ((S,R,V),s) € C be a pointed Kripke model.
The interpretation of the formula ¢ in the logic RAML on the pointed Kripke
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model M, is the same as its interpretation in action model logic, defined in

Definition 3.2.4, with the additional inductive case:
M, EVpp iff forevery M/ € Cif M, =g M}, then M., E ¢

As with AAML we are interested in the following variants of refinement action

model logic:

o RAMLy interpreted over the class of K Kripke frames and the language
of arbitrary action model logic L. ( %K) with action signatures defined on

the class of finite K Kripke frames.

o RAMLpys interpreted over the class of X45 Kripke frames and the language
of arbitrary action model logic L, (%45) with action signatures defined

on the class of finite K45 Kripke frames.

e RAMLgs interpreted over the class of S5 Kripke frames and the language
of arbitrary action model logic L,4,(S55) with action signatures defined on

the class of finite $5 Kripke frames.

In the following sections we will show that results from action model logic
and RML apply to the combined logic RAML, and use these results to show
that formulas of L,,,,; have the same interpretation in both AAML and RAML.
Unless otherwise noted we will the semantics of RAML for our definitions and

results, except where we relate RAML back to AAML.
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02 X

In this section we consider results specific to the logic AAMLy in the setting of
K. The main result of this section is that the action model quantifiers of AAMLyg
are equivalent to the refinement quantifiers of RMLyg. We show this equivalence
by showing that if there exists a refinement where a given formula is satisfied
then we can construct a finite action model that results in that formula being
satisfied.

We rely heavily on results from the action model logic AMLk and the re-
finement modal logic RMLg, particularly the axiomatisations from both. In the
previous section we defined the refinement action model logic, RAML, that ex-
tends action model logic with refinement quantifiers, so that we can use results
from AMLyg and RMLy with a combined syntax, semantics and proof theory.

We first note that as the syntax and semantics of RAMLy are formed by
combining the semantics of AMLyg and RMLg, then AMLyx and RMLg agree

with RAMLg on formulas from their respective sublanguages.

Lemma 9.2.1. The logics RAMLyg and AMLy agree on all formulas of L.
That is, for every ¢ € Loy, M, € K: M, Eramr, ¢ if and only if M, Eapr, ¢

Lemma 9.2.2. The logics RAMLy, and RMLy agree on all formulas of L.
That is, for every ¢ € Ly, M, € K: M, Eramr, ¢ if and only if M, Eppr, @-

These results follow directly from the definitions. We note that these results
only apply for L,,; and L., formulas respectively, and do not consider L,
formulas that contain both action model operators and quantifiers.

Given these results we can give a sound and complete axiomatisation for

RAMLyg by combining the axiomatisations for AMLy and RMLy.
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Definition 9.2.3 (Axiomatisation RAMLg). The axiomatisation RAMLk is a

substitution schema consisting of the axioms and rules of AMLg and the axioms

and rules of RMLk:
P

K

AP

AN

AC

AK

AU

R

RP

RK
RComm
RDist
MP
NecK
NecA
NecR

All propositional tautologies

FOu(e = %) = (O — Oa?))

= [M]p <> (pre(s) — p)

= [M]=p < (pre(s) — =[M]p)

FM]J(e Ad) < ([MJ]e A M)

F [M]0ap <> (pre(s) — Oa Acesr, [Me] )
F M1l < Arer M

= Vsl = ¢¥) = (Ve = Visy)

FVpm < m

3V, [, < /\yeFa 0,37y where a € B

F 3Vl < Vo{3py |7y €T} where a ¢ B
38 Aeee Vel'e & Apec 38Vl

From F ¢ — ¢ and F ¢ infer F ¢

From F ¢ infer O,

From F ¢ infer F [M{]p

From F ¢ infer = Vgp

where ¢, € Lygmi, a € A, Mg € Kapnr, p € P, m € Ly, B,C C A, and for every

ac A: T'y, C L, is a finite set of formulas.

We note that the axiomatisation RAMLk is closed under substitution of

equivalents.

Lemma 9.2.4. Let ¢,1, x € Lyam be formulas and let p € P be a propositional
atom. Ift 1) <> x then F o[\p] < ¢[x\p].

This is shown by combining the reasoning that AMLgk and RMLg are closed

under substitution of equivalents.
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We show that RAMLE is sound and complete.

Lemma 9.2.5. The azxiomatisation RAMLgk is sound and strongly complete

with respect to the semantics of the logic RAMLy.

Proof. Soundness of the axioms and rules of AMLg and RMLg follow from
the same reasoning used to show that they are sound in AMLyg and RMLy re-
spectively. Alternatively we can show that the axioms and rules of AMLgk and
RMLgk are sound in RAMLyg for formulas from the languages L,,; and L.,
respectively, as the logics AMLy and RMLg agree with RAMLg on all formulas
of Ly and L., respectively. These restricted axioms are all that is required for
the following completeness proof via provably correct translation to work. After
we have shown expressive equivalence between RAMLy and K we can easily show
soundness of versions of the axioms and rules of AMLg and RMLgk that apply
for formulas from the full language L., by relying on substitution of equivalents.

Strong completeness follows from essentially the same reasoning used to show
the strong completeness of RMLk in Lemma 5.3.10, using a provably correct
translation from L,g,,; to L,;. As the action model logic AML is expressively
equivalent to the underlying modal logic K using the reduction axioms of AMLgk
there is a provably correct translation from L, to L,,;. Likewise, as the refine-
ment model logic RMLy is expressively equivalent to the underlying modal logic
K using the reduction axioms of RMLg there is a provably correct translation
from L,,; to L,;. These provably correct translations can be combined into
a provably correct translation from L., to L,;, by inductively applying the
provably correct translation for AMLy to subformulas containing action model
operators but not refinement quantifiers, and applying the provably correct trans-
lation for RMLg to subformulas containing refinement quantifiers but not action
model operators, relying on closure under substitution of equivalents to allow us

to replace such subformulas with equivalent £,,; formulas. ]
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We note that, much like the provably correct translation for RMLg, the prov-
ably correct translations we have presented here can result in a non-elementary
increase in the size compared to the original formula.

The provably correct translation also implies that RAMLyg is expressively

equivalent to K.

Corollary 9.2.6. The logic RAMLy is expressively equivalent to the logic K.
From expressive equivalence we have that RAMLy is compact and decidable.

Corollary 9.2.7. The logic RAMLg is compact.

Corollary 9.2.8. The model-checking and satisfiability problems for the logic
RAML are decidable.

We note that most results from AMLg and RMLy generalise to RAMLy
trivially thanks to a combination of RAMLy agreeing with AMLy and RMLy
on their respective sublanguages, and the expressive equivalence of RAMLg and
K. For example, in Chapter 4 we showed that RMLy has the Church-Rosser
property; that is, Fpuyr, Ve3pe — IpVpy for every ¢ € L. By Lemma 9.2.2
we have Frami, Vp3pe — IpVpe for every ¢ € L,,;. By Corollary 9.2.6
every ¢ € Lggm has an equivalent ¢’ € L,,; C L,,,;. Therefore we have Fran,
Vdpp — dpVpp for every ¢ € Lygm-

We now move on to our main result, that the action model quantifiers of
AAMLg are equivalent to the refinement quantifiers of RMLyg. We show this
equivalence by showing that if there exists a refinement where a given formula is
satisfied then we can construct a finite action model that results in that formula
being satisfied. The converse we have already shown; if there exists an action
model that results in a given formula being satisfied then by Proposition 4.1.22
the result of executing the action model is itself a refinement, so there exists a

refinement where the formula is satisfied.
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One way of stating our eventual result is as follows: for every ¢ € Ly,
M, € K if there exists M, € K such that M, = M, and M/, F ¢ then there
exists My € Kan such that M, E pre(s) and M, ® Mg F ¢. As we have our
combined logic RAMLy for reasoning about refinements and action models, we
can restate much of this using refinement action model logic syntax: for every
© € Logmi, M, € K there exists My € Kap such that M, F Jp — (M,)p. We
actually show a stronger result. This statement allows a different action model for
each Kripke model in order to result in the given formula. However we can show
that there is a single action model that will result in the given formula, regardless
of the Kripke model that we start with. We show that: for every ¢ € L4, there
exists Mg € Kaas such that F [M ] and E (M,)¢ <> . This statement requires
that there be a single action model that will result in the given formula for every
Kripke model. This allows us to use such action models in settings such as the
proof theory where formulas are not interpreted with respect to just a single
Kripke model.

We show our result using an inductive construction for a given formula. Our
construction is very similar to the constructions used to show the soundness of the
axioms RK, RComm, and RDist in RMLg. We reuse the disjunctive normal
form we used for RM Ly, defined in Definition 5.3.3, and we separate our inductive
steps into two lemmas for each syntactic case from the disjunctive normal form.

We first show the case where the given formula is a disjunction.

Lemma 9.2.9. Let B C A, let ¢ = aV B € Ly, and let MGa € Kan and
Mﬁﬁ € Kam be action models such that F [M$a]a, F (M$a)a < 3pa, E [Mﬁﬁ]ﬂ,
= <|\/|.f.5>ﬁ < 3pp, for every t* € T, M, € K if M, F pre*(t*) then M, »p
M, @M%, and for everyt? € T, M, € K if M, & pre® (t°) then M, =p M5®Mtﬁﬁ.
Then there exists an action model My € Kaps such that E [M1lp, E (M1)p <
dpp, and for every t € T, M, € K if M, = pre(t) then M, =p M, ® M.
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Proof. Without loss of generality we assume that M® and M? are disjoint. We
construct the action model My = ((S, R, pre), T) as the disjoint union of M® and

M? where:

S = s*us”?
R, = RYUR?
pre = pre® U pre”
T = T°UuT’

As M is formed by the disjoint union of M® and M? we note that each state of
M® and M? is bisimilar to the corresponding state in M.

We first show that for every t € T, M, € K if M, F pre(t) then M, >p
M, ®M,. Let v € {o,8},t" € T C T, and M, € X such that M, F pre(t?).
By construction pre(t?) = pre?(t?) and so M, F pre?(t?). By hypothesis then
M, =5 M, ® M{,. From above M,, ~ M{, and so from Proposition 3.2.12 we
have that M, ® M, ~ M, ® M{,. From Corollary 4.1.5 and Proposition 4.1.11
we have that M, =5 M, ® M,,.

We next show that F [M1]ep.

= Mfa]a A (M]3

= Myala A M]3

= Mra](aV 8) A Mys(aV 5)
= Mrl(a Vv B)

(9.1) follows from hypothesis; (9.2) follows from the above note that M$. ~
M+. and Mﬁﬂ ~ M;; and Proposition 3.2.13; (9.3) follows from propositional
disjunction introduction; and (9.4) follows from RAMLk axiom AU, as T =
T*U TP
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Finally we show that E (M1)¢ < Jpp.

F3p(aV B) = (3pa v IpA) (9.5)
F3p(a v B) = ((Mf)a v (M7,)8) (9.6)
= 3p(a Vv B) = (M) V (Mq,)B) (0.7)
F3p(aV B) = (Mra)(aV B) V (M) (aV ) (9.8)
F3p(aVB) = (My)(aVB) (9.9)

(9.5) follows from RAMLk axiom R; (9.6) follows from hypothesis; (9.7) follows
from the above note that M. ~ M. and Miﬁ ~ M;; and Proposition 3.2.13;
(9.8) follows from propositional disjunction introduction; and (9.9) follows from
RAMLk axiom AU, as T = T*U T?.

The converse, that F (M1)p — Jpy follows from a simple semantic argument.
Let M, € K and suppose that M, E (My)p. Then there exists s € T such that
M, E pre(s) and M, ® M F ¢. From above, M, =5 M, ® M, so M, F Jpe.
Therefore E (M1)p — Jpep. O

S

We next show the case where the given formula is a conjunction of a propo-

sitional formula and cover operators.

Lemma 9.2.10. Let B,C C A, let ¢ = m A N\,cc Vel'e € Logmi where m € Ly,
and for every c € C, v € T let M, = ((S*,R7,pre?), T7) € Kuns be a B-action
model such that & [M1,]v, E (MT,)y <> 3pv, and for every t¥ € T, M, € X
if M, E pre?(tY) then M, =5 M, ® M},. Then there exists a B-action model
M; € Kan such that E [My]e, and E (M1)p <> 3. for everyt € T, M, € K
if M, E pre(t) then M, =5 M, @ M,.
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Figure 9.3: A schematic of the constructed action model.

TOA
A
A\{c1,...,em}
dpyp
C1 / X Cm
c1 c1 cm cm
MY ., MY ., MY MY
Tn1 TN T T'nm

Proof. Without loss of generality we assume that each M7 is pair-wise disjoint.

We construct the action model M, = ((S, R, pre), test) where:

S = {test,skip} U U S”

ceCyel.

R, = {(test,t’) |y €T, t" € T} U{(skip,skip)} U | ] RI
deCyel'y

R, = {(test,skip), (skip,skip)}u [ J R}

ceCyyel.

pre = {(test,3pyp), (skip, T)} U U pre”

ceCel.

where c€ C and be A\ C.

A schematic of the action model M, , and an overview of our construction is
shown in Figure 9.3. Here we can see that M, is formed by taking each action
model M}, for ¢ € C, v € T, and combining them into a single model with a
new state with the precondition dgp. This is similar to the construction used to

show the soundness of the axiom RK in RMLg, but it deals with all agents in C
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at once, rather than a single agent at a time.

We note for every c € C, v € T'., s7 € S7 that M, ~ M{,, as by construction
M contains the disjoint union of each M” and no outward-facing edges are added
to any state from S” in M.

We first show that F [M,]¢, in several parts. We note that from the defini-
tion of the cover operator:

p=rANO:\ 7~ N 0)
ceC ~v€le v€le

Thus we will show individually that:

L. E [Myeat™

test]
2. F [MieotlOc Ver, 7, for every c € C
3. E [M] /\vel“c O, for every c € C

We show that = [M

test]7r'

Fo—m (9.10)
R (9.11)
FVp(—1 — —p) (9.12)
FVp—m — Vg (9.13)
E Jpe — Jpm (9.14)
F pre(test) — 7 (9.15)
F [Myegt )™ (9.16)

(9.10) and (9.11) follow from propositional reasoning; (9.12) follows from RAMULgk
rule NecR; (9.13) follows from RAMLKk axiom R; (9.14) follows from the defini-
tion of Jp; (9.15) follows from the construction of M,,, and RAMLgk axiomRP;

and (9.16) follows from RAMLk axiom AP.

tes
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We show that F [Mo]00c V cp, 7, for every ¢ € C. Let c € C.

F [M1,]y for every v € T, (9.17)
F [Mt, ]y for every v € I, (9.18)
= /\ IM{] for every v € T, (9.19)
teT™
F O /\ [M{]v for every v € T, (9.20)
teTy

= Ao N\ My (9.21)

vyel'e teTY

= A A DMy (9.22)

vl teTY

= A Ao Y (9.23)
yel. teTY y'ele

=N CeM v (9.24)
tctestR, vele

Fopre(test) =\ O[MJ] \/ v (9.25)

tctestR, vyel'e
F [Miese) O \/ Y (9.26)
V€l

(9.17) follows from hypothesis; (9.18) follows from the above note that M{, ~
M,; (9.19) follows from RAMLk axiom AU; (9.23) follows from propositional
disjunction introduction; (9.24) follows from the construction of M; (9.25) follows
from propositional disjunction introduction; and (9.26) follows from RAMLgk
axiom AK.

We show that F Mo ] A\ cr, 07, for every c € C. Let c € C.

Suppose that ¢ € B. Then:

= ElB(,D — anch (927)
F3se = N 0387 (9.28)
€l

(9.27) follows from RAMLKk axiom R and rule NecR; and (9.28) follows from
RAMLgk axiom RK.
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Suppose that ¢ ¢ B. Then:

= ElBQO — Elech (929)

= EIBQO — VC{EIB’Y | AS Fc} (930)

F3sp = N\ 0387 (9-31)
vele

(9.29) follows from RAMLk axiom R and rule NecR; (9.30) follows from
RAMLg axiom RComm; and (9.31) follows from the definition of the cover
operator.

So we have that F 3pp — A 0.7 Then:

F3se — N 0387 (9.32)
yele
F3pe = [\ 0.MF)y (9.33)
vyele
F3se = N\ 0c(Mp)y (9.34)
vele
FIse— N\ 0.\ M)y (9.35)
vl teTY
=3 = N oV M)y (9-36)
vyel'e tctestR,
=N [3se =0V M)y (9.37)
vel'e tetestR,
= /\ [Miest [0 (9.38)
vele

(9.32) follows from above; (9.33) follows from hypothesis; (9.34) follows from the
above note that M, ~ M,,; (9.35) follows from RAMLg axiom AU; (9.36)
follows from the construction of M and propositional disjunction introduction;
(9.37) follows from propositional reasoning; and (9.38) follows from RAMLg
axiom AK.

Therefore F [M]¢-
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Next we show that F (M, )¢ <> Ipp. This is straight-forward, given what

we have shown above.

F (Miest) 0 <> (pre(test) A [Meegt]9) (9.39)
E (M, )¢ <> pre(test) (9.40)
F (M) > Iy (9.41)

(9.39) follows from the definition of (); (9.40) follows from F [M,|¢ above; (9.41)
follows from the construction of M.

Therefore F (M,o) <> 3.

We next show that for every M, € K if M, E pre(test) then M, =5 M @M.
Let M, € X such that M, F pre(test). For every c € C, v € [',, t° € T,
t € sR, such that M, F pre®?(t*7) we have that M, =5 M, ® Mz: From above
M;’; ~ M_. and so by Proposition 3.2.12 we have that M, ® MZ:C ~ M, &M, ..
From Corollary 4.1.5 and Proposition 4.1.11 we have that M, =p M, ® M_. (say
via a B-refinement R4 ).

Let M/ =M, ®M

(s,test)

We define R C S x S’ where:

test

R = {(s, (s.test))} U{(t, (t,skip)) | ¢ € S}
U |ce Gy et e Tt € LR, M, F pre(t’)}

We show that R is a B-refinement from M, to M/

(s,test)"

Let pe P,a € Aand
d € A\ B. We show by cases that the relationships in R satisfy the conditions

atoms-p, forth-d, and back-a.

Case (s, (s,test)) € R:

atoms-p By construction s € V(p) if and only if (s,test) € V'(p).

forth-d Suppose that d € C. Let t € sR,;. By hypothesis M, F Jp(m A
Aeec Vel'e), and in particular M, F 3pV4lq. As d # B, by the
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RAMLg axiom RComm we have that M, F V{357 | v/ € 'y} and
by the definition of the cover operator we have that M, F O,/ ver, 387
so there exists 7/ € I'y such that M, F 35+'. By hypothesis F 357" —
(M?Z;,W’ so there exists t%7 € T¢" such that M, E pre® (t7).
By construction t*?" € testR, and pre(t®?) = pre®” (t%7) so M, F
pre(t>), (t,t%7) € (s, test) Ry, and (¢, (t,t°7)) € R+ C R
Suppose that d ¢ C. Let t € sR,;. By construction skip € testR, and

M, E pre(skip), so (t,skip) € (s,test)R/, and (t, (¢,skip)) € 9.

back-a Suppose that a € C. Let (¢,t*7) € (s,test)R], where v € T,
and t* € T*7. By construction ¢ € sR, and M, F pre(t*”) so
by hypothesis (t, (¢,t*7)) € R C R, Suppose that a ¢ C. Let
(t,skip) € (s,test)R]. By construction t € sR, and (¢, (t,skip)) € .

Case (t, (t,skip)) € R where t € S:

atoms-p By construction ¢ € V (p) if and only if (¢,skip) € V'(p).

forth-d Let u € tR,. By construction skip € skipR, and M, F pre(skip),
so (u,skip) € (t,skip) R/, and (u, (u,skip)) € fR.

back-a Let (u,skip) € (¢,skip)R,. By construction u € tR,
and (u, (u,skip)) € R.

Case (t,t') € Rt C R where ce €, veT,, " € T, t € S, and M, E pre(t”"):

atoms-p By atoms-p for R we have that ¢ € V(p) if and only if ¢ €
V'(p).

forth-d Let u € tR,. By forth-d for R there exists v/ € 1/ R/, such that
(u,u') € R C R
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back-a Let v’ € t'R). By back-a for R there exists u € tR, such that
(u,u') € R C R

Therefore R is a B-refinement and M, =p M, ® M.
O

We combine the two previous lemmas into an inductive construction that

works for all formulas.

Theorem 9.2.11. Let B C A and let ¢ € Lygm. There exists an action model
M; = ((S,R,pre), T) € Kanr such that & [Mt]e, E (M1)p <> Ipe, and for every
teT, M, € K if M, E pre(t) then M, =5 M, @ M,.

Proof. Without loss of generality, by Corollary 9.2.6 we may assume that ¢ € L,
and by Lemma 5.3.4 we may further assume that ¢ is in disjunctive normal
form. Then we proceed by induction on the structure of ¢. Suppose that ¢ =
T A Neee T'e where m € L, € C A and for every c € C, I'. C L,y is a finite set
of modal formulas. We note that the base case for the induction occurs when for
every ¢ € C, T, = (). By the induction hypothesis for every ¢ € C, v € ', there
exists an action model M., € Kups such that F [M1.]v, E (MJ,)y <> 37, and for
every t7 € TV, M, € K if M, E pre?(t7) then M, = M,®M{,. By Lemma 9.2.10
there exists a B-action model M € %sp such that F [M]ep, F (M) < Ipep,
and for every t € T, M, € K if M, E pre(t) then M, =p M, ® M,.

Suppose that ¢ = a V 8 where o, € L,,;. By the induction hypothesis
there exists B-action models M$. € %y and Miﬁ € Kam such that F [M$.]a,
F (Mf.)a <> dpa, F [Miﬁ]ﬁ, = <M$3>B < dpf, for every t* € T*, M, € X
if M, E pre®(t®) then M, =p M, ® M%, and for every t* € T M, € K if
M, E pre®(t?) then M, =p M, ® Mfﬁ. By Lemma 9.2.9 there exists a B-action
model Mt € Ky such that F [M]p, E (M,)¢ <> Jpy, and for every t € T,
M, € K if M, = pre(t) then M, =5 M, @ M. O
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Given this result we can show that the logics AAMLg and RAMLy agree on

all Lygm; formulas.

Theorem 9.2.12. The semantics of AAMLg and the semantics of RAMLg agree

on all formulas of Lygmi- That is, for every ¢ € Logmi, M, € K: M, Eaamr, ¢
if and only if M, Epamr, -

Proof. Let ¢ € Lygm. We show by induction on the structure of ¢ that for every
M, € X, M, Eaamr, ¢ if and only M, Framr, ¢- The cases where ¢ = p,
=", 0=1UNX, =0 or p =[M|tp where p € P and 1), x € Lz follow
directly from the semantics of AAMLy and RAMLg.

Suppose that ¢ = Ip1) where 1 € L. We will show that M, Fsamz, ¢
if and only if M, Erami, I5¢.

Suppose that M, Faamz, Ipy. Then there exists an action model M, =
((S,R,pre),s) € § such that M, Faamr, pre(s), M, =p M, @ M,, and M, ®
M, Faamz, ¥. By the induction hypothesis we have M, ® My Framr, ¥. As
M, =p M, ® M, and M, ® M EFranr, ¥ then M, Epamr, 3.

Suppose that M, Framr, Y. From Theorem 9.2.11 there exists an action
model M € Kups such that Frayr, M), Eramr, (Mt)Y <> Jp1, and for
every t € T, M, € K if M, Framr, pre(t) then M, =5 M, ® M,. Without loss
of generality, by Corollary 9.2.6 we assume that M has preconditions defined on
L. Then M, Framr, (M1)1 and so there exists t € T such that M, Franr,
pre(t), M, =p M, ®M,, and M @M, Erayr, . Aspre(t) € Ly, then M, E 44z,
pre(t) By the induction hypothesis M, ® M, Faanr, . Then M, Esanmz, 3.

Therefore by induction over ¢ we have for every M, € K: M, Faamr, ¢ it

and only if M, Eaamr, ¢- O

As a consequence of the equivalence between AAMLyg and RAMLyg, we get

as corollaries all of the results that we have previously shown for RAM L.
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Corollary 9.2.13. The logics AAMLg and AMLy agree on all formulas of L.
That is, for every ¢ € Loy, My, € K: M, Eaamr, @ if and only if M, Eapr, ¢-

Corollary 9.2.14. The logics AAMLyk and RMLyg agree on all formulas of L.
That is, for every ¢ € Ly, M, € K: M, Eaamr, ¢ if and only if M, Egppp, @-

Corollary 9.2.15. The azxiomatisation RAMLgk is sound and strongly complete
with respect to the semantics of the logic AAMLy.

Corollary 9.2.16. The logic AAMLy is expressively equivalent to the logic K.
Corollary 9.2.17. The logic AAMLy is compact.

Corollary 9.2.18. The model-checking and satisfiability problems for the logic
AAMLy are decidable.

Similar to RMLg, the provably correct translation from L,,,; to L,; may
result in a non-elementary increase in size compared to the original formula.
Therefore any algorithm that relies on the provably correct translation will have
a non-elementary complexity. We leave the consideration of better complexity
bounds and succinctness results for AAMLg to future work.

The proof of Theorem 9.2.11 and the associated lemmas describe a recursive
synthesis procedure that can be applied in order to construct action models that
result in desired knowledge goals. Suppose that we have an initial knowledge
state involving knowledge and a desired knowledge goal, and we would like to
achieve our desired knowledge goal through a specific epistemic update from
our initial knowledge state. That is, given a pointed Kripke model M, € %X,
and a formula ¢ € L,y we want to find a specific action model My € Ky,
such that M, F (Mt)e. However whether this is possible depends on the initial
knowledge state and the desired knowledge goal. For example, if M, F O,L
and ¢ = T, then for every My € Kup we have M, ¥ (M)OT. So we can
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only find a specific epistemic update that achieves our desired knowledge goal if
the desired knowledge goal can be achieved by some epistemic update from our
initial knowledge state. To rephrase using the language of AAML: if M, F Jy
then we want to find a specific My € Kups such that M, E (M1)p; if M, ¥ o
then clearly we can’t find any such action model. It should be clear that by
using the synthesis procedure described in Theorem 9.2.11 we can find such an
action model, when such an action model exists. In fact the action model given
by Theorem 9.2.11 depends only on ¢ and not on M, so what we get is a single,
specific action model Mt € Ky, corresponding to ¢, such that F Jp <> (M)e
and F [M1]p. That is, the same action model for ¢ can be executed on any initial
Kripke model to achieve the desired knowledge goal, whenever that knowledge
goal cab be achieved by some epistemic update from that initial Kripke model.
We note that as the synthesis procedure described in Theorem 9.2.11 relies on
the expressive equivalence of RAMLg and K, and the provably correct translation
from Ly to L, may result in a non-elementary increase in size compared to the
original formula, the action model produced by the synthesis procedure may be
non-elementary in size compared to the original formula. However if the original
formula is already in £, and in disjunctive normal form, then we note that the
procedure constructs an action model that is linearithmic in size compared to the
original disjunctive normal formula (size measured in bits). The number of states
in the action model is linear in size compared to the original disjunctive normal
formula. This can be noted as the construction step in Lemma 9.2.10 is performed
at most once for each subformula of the original disjunctive normal formula and
introduces only two new states, whilst the construction step in Lemma 9.2.9
introduces no new states. The number of relationships in the action model is
also linear in size compared to the original disjunctive normal formula, as we

note that each state has at most two in-bound edges for each agent, including
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possibly one reflexive state, and one edge from another state. As the number of
states is linear in size compared to the original disjunctive normal formula, then
a state can be represented with a logarithmic number of bits, so the accessibility
relations can be represented in linearithmic space. As the preconditions of each
state correspond to a subformula of the original disjunctive normal formula, or
T, then a subformula can be represented in logarithmic space, by identifying it as
the ith symbol in the formula, so the precondition function can be represented in
linearithmic space. If we had an improved provably correct translation from L,
to Ly, then the size of the action models produced by this synthesis procedure
would be correspondingly improved. Bozzelli, et al. [25] showed that RMLy is
at least doubly exponentially more succinct than K, a result that carries over
to AAMLg, so there are limits to this improvement. However the synthesis
procedure results in action models that have a great degree of redundancy, so
the size of the action model may be reduced through other means. We leave the
consideration of synthesis procedures with improved complexity to future work.

Finally we give an example of an application of the action models synthesised

by the above procedure.

Example 9.2.19. Let o = O,p A =pp. Suppose that we want an action model
My such that E [M{]p and F (M1)p <> . The action model My is in a sense a
general-purpose action model for achieving ¢. For any Kripke model either it is
possible to achieve ¢ as the result of executing an action model, in which case we
can execute M; and result in ¢ being satisfied, or it is not possible to achieve ¢
as the result of executing any action model, in which case we can’t execute M.
We note that ¢ is equivalent to the disjunctive normal formula V,0AV,{—p, T}V
Vo Ap}IAV{—p, T}. Then recursively following the constructions given in Lemma 9.2.9
and Lemma 9.2.10 we get the multi-pointed action model M shown in Figure 9.4.

That F [M,]¢ and F 3p — (M7)p can easily be demonstrated by applying the
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AMLg axioms. We note that there is an amount of redundancy in the action
model, such as multiple identical states with the precondition T, and some states
that are subsumed by other states, such as the 3—p states, which are subsumed by
the 4T states, which are in turn subsumed by the T states. We leave as an exer-
cise to the reader the identification of the smaller action model that results from
removing these redundancies. Automated techniques could in principle identify

these redundancies and produce smaller action models.
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Figure 9.4: An general-purpose action model My for achieving up A —[pp,

produced by our synthesis procedure.
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9.3 K45

In this section we consider results specific to the logic AAMLgy5 in the setting
of K45. The main result of this section is that the action model quantifiers of
AAMLg,5 are equivalent to the refinement quantifiers of RMLg,s. We show this
equivalence by showing that if there exists a refinement where a given formula is
satisfied then we can construct a finite action model that results in that formula
being satisfied.

As in the previous section, we rely heavily on results from the action model
logic AMLgy5 and the refinement modal logic RMLg,5, particularly the axioms
from both. We use the combined refinement action model logic RAML,5 so that
we can use results from AMLg,s and RMLg,s with a combined syntax, semantics
and proof theory.

We first note that as the syntax and semantics of RAMLgy5 are formed by
combining the semantics of AMLg,s and RMLgys, then AMLy;s and RMLgys

agree with RAMLyy5 on formulas from their respective sublanguages.

Lemma 9.3.1. The logics RAMLk,s and AMLg,5 agree on all formulas of Lgy,.
That is, for every ¢ € Lomi, M, € K45: My Fpanry,s ¢ f My Fampg,; -

Lemma 9.3.2. The logics RAMLyys and AMLk,s agree on all formulas of Lyy,.
That 1is, for every ¢ € Ly, My, € K45: M, Framry,; ¢ iff My FryLg,s ¢-

These results follow directly from the definitions. We note that these results
only apply for L,,; and L., formulas respectively, and do not consider L,
formulas that contain both action model operators and quantifiers.

Given these results we can give a sound and complete axiomatisation for

RAMLgy5 by combining the axiomatisations for AMLg;s and RMLgys.
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Definition 9.3.3 (Axiomatisation RAMLky45). The axiomatisation RAMLkys
is a substitution schema consisting of the axioms and rules of AMLgy45 and the

axioms and rules of RMLgys:

P All propositional tautologies
K FOu(p = ¢) = (Oup = Oat)
4 F O — O

5 l_ <>a90 — Da<>a90
AP - [MJp < (pre(s) — p)

AN F [M(]=p < (pre(s) — =[M]p)
AC F [M(p AY) < (IMJo A M)
AK F [M]0up < (pre(s) = Do Avesr, Mil9)

AU F Ml & At Mie
R FVg(p =) = (Vo = Vo)

RP FVpr&n

RK45 +35V.ly < A cp, Oo3py Where a € B
RComm + 35V, I, <> V. {Ip7y |~y €.} wherea ¢ B

RDist 3 Ao Vele < Aee 38Vl

MP From F ¢ — ¢ and F ¢ infer 1
NecK From F ¢ infer F O,
NecA From F ¢ infer = [M{]e
NecR From F ¢ infer - Vgp

where ¢, 9 € Lygmi, a € A, My € K454y, p € P, m € L, B,C C A, and for

every a € A: T', is a finite set of (A \ {a})-restricted modal formulas.

We note that the axiomatisation RAMLgky4s5 is closed under substitution of

equivalents.

Lemma 9.3.4. Let ©,19, x € Loyam be formulas and let p € P be a propositional
atom. Ift 1 <> x then F o[\p] <> ¢[x\p].
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This is shown by combining the reasoning that AMLk4s and RMLgkys are
closed under substitution of equivalents.

We also note that the axiomatisation RAMLgkys is sound and complete.

Lemma 9.3.5. The aziomatisation RAMLgkys is sound and strongly complete

with respect to the semantics of the logic RAMLyys.

Soundness and completeness follows from the same reasoning used to show
soundness and completeness of RAMLg in Lemma 9.2.5. Soundness follows
from the same reasoning that the axioms are sound in AMLg,s and RMLgys.
Completeness follows from a provably correct translation from L, to L,,; that
is formed by combining the provably correct translations from L,,,; and L, to
Lont.

We note that, much like the provably correct translation for RMLgs, the prov-
ably correct translations we have presented here can result in a non-elementary
increase in the size compared to the original formula.

The provably correct translation also implies that RAMLgys is expressively

equivalent to K45.
Corollary 9.3.6. The logic RAMLg,5 is expressively equivalent to K45.

From expressive equivalence we have that RMLgy5 is compact and decidable.
Corollary 9.3.7. The logic RAMLg,s is compact.

Corollary 9.3.8. The model-checking and satisfiability problems for the logic
RAMLgy5 are decidable.

Similar to RAMLg, we note that most results from AMLg;s and RMLgs
generalise to RAMLyys trivially thanks to a combination of RAMLg,5 agreeing

with AMLg;5 and RMLg,s on their respective sublanguages, and the expressive
equivalence of RAMLyy5 and K45.
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We now move on to our main result, that the action model quantifiers of
AAMLyg are equivalent to the refinement quantifiers of RMLyg. We show this
equivalence by showing that if there exists a refinement where a given formula is
satisfied then we can construct a finite action model that results in that formula
being satisfied. The converse we have already shown; if there exists a (possibly
infinite) action model that results in a given formula being satisfied then by
Proposition 4.1.22 the result of executing the action model is itself a refinement,
so there exists a refinement where the formula is satisfied.

We show our result using an inductive construction for a given formula. Our
construction is based on the construction used for RAMLg in the previous section,
and is very similar to the constructions used to show the soundness of the axioms
RK45, RComm, and RDist in RMLgys5. We reuse the alternating disjunctive
normal form we used for RMLgys5, defined in Definition 6.3.1, and we separate
our inductive steps into two lemmas for each syntactic case from the alternating
disjunctive normal form. In RMLg,5 we relied on the fact that B-restricted modal
formulas are preserved in B-bisimilar Kripke models. We rely on a similar notion

of B-bisimilarity for action models, which we define now.

Definition 9.3.9 (B-bisimilarity of action models). Let B C A be a set of agents
and let M, = ((S,R, pre),s) and M., = ((S',R’, pre’),s’) be pointed action models.

/

Then M, and M., are B-bisimilar and we write My ~p M.

, if and only if for every

b € B the following conditions, pre, forth-b and back-b holds:
pre F pre(s) <> prée/(s').
forth-b For every t € sR, there exists t' € s'R; such that M, ~ M;

t/.

back-b For every t' € s'R} there exists t € sR, such that M, ~ M;,.
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We show that B-bisimilar action models result in the same B-restricted
modal formulas. Recall that B-restricted modal formulas were defined in Defini-

tion 6.1.1.

Lemma 9.3.10. Let B C A be a set of agents, let M, and M., be pointed
Kripke models such that M, ~p M!, and let Mg and M, be pointed action models
such that My ~p M. and pre(s) and pre'(s’) are B-restricted modal formulas.
Then M, E pre(s) if and only if M., E pre'(s'), and (when they are defined)
M, ® My ~p M, @ M,,.

Proof. As M, ~5 M., from pre we have that F pre(s) <> pre/(s'). As M, ~p M,
from Lemma 6.2.2 we have that M, F pre(s) if and only if M|, F pre/(s').
Suppose that M, E pre(s) and M/, F pre/(s’). Let M/ ., = M, ® M, and let

(s:8)
M 4y = My @ My, We show that M{, ., ~p M, 4. Let p € P and b € B.

atoms-p By construction (s,s) € V”(p) if and only if s € V (p). As M, ~p M/,
from atoms-p we have that s € V (p) if and only if & € V'(p). By construction
s € V'(p) if and only if (¢',s") € V" (p).

forth-b Let (t,t) € (s,s)R;. By construction t € sR,, t € sR, and M, F pre(t).
As M, ~p M, from forth-b there exists t' € s'R} such that M, ~ M}, and from
pre we have that F pre(t) <> pre/(t'). As M, ~p M/, from forth-b there exists
t' € §'R; such that M, ~ M), and from Proposition 3.1.11 as M, F pre(t) then
M;, E pre/(t'). Therefore (',t') € (s',s') Ry and M ) ~ M

()

back-b Follows from symmetric reasoning to forth-b. O

Corollary 9.3.11. Let B C A be a set of agents and let My and M, be pointed

action models such that M, ~p M., and pre(s) and pre'(s') are B-restricted modal
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formulas. Then for every pointed Kripke model M, and every B-restricted modal

formula ¢ € Lygm we have that M, E [MJ]e if and only if M, F [ML]p.

Proof. This result follows from essentially the same reasoning as the analogous
result, Proposition 3.2.13, for bisimilar action models, using Lemma 9.3.10 in

place of the analogous Proposition 3.2.12. O

We use this lemma in the construction used for our main result. First, the
case where the given formula is a disjunction is handled exactly as it was for

AAMLg.

Lemma 9.3.12. Let B C A, let ¢ = aV 3 € Lygmi, and let MGa € K45 4y,
and Miﬁ € K45 4u; be action models such that E [M$.]a, E (M$a)a <> Jpa,
F [MZ,8, E (M) « 3B, for every t* € T, M, € K45 if M, F pre®(t®)
then M, =5 M, @ M, and for every t? € TP, M, € K45 if M, F pre®(t®) then
M, =p M, ® Mtﬁﬁ. Then there exists an action model My € K45 4); such that
F [M1]e, E (My)e <> 3pp, and for every t € T, M, € K45 if M, F pre(t) then
M, =p M, ® M.

Proof. We use the same construction and reasoning as in the proof of Lemma 9.2.9,
noting additionally that the disjoint union of two %45 4,, action models is also a

K45 4, action model. O

We next show the case where the given formula is a conjunction of a propo-

sitional formula and cover operators.

Lemma 9.3.13. Let B,C C A, let ¢ = 7 AN\ e Vel'e € Lo where m € Ly,
and for every ¢ € C, v € T'¢c let v be a (A \ {c})-restricted modal formula,
and let M3, = ((S®7,R7, pre="), TY) € K45 45s be an action model such that
F M3, ]y, B (MSL)y < 37y, and for every t7 € TV, M, € K45 if M, F

pre®7(t%7) then M, =5 M, @ ML, Then there exists an action model M €
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K45 a0 such that E [M]e E (M1)p <> 3pe, and for every t € T, M, € K45 if
M, E pre(t) then M, =p M, @ M,.

Proof. Without loss of generality we assume that each M%" for every ¢ € C,
v € I', is disjoint.
We construct the action model M, = ((S, R, pre), test) where:
S = {test,;skip} U{t"" |[ceCyeT,t7eT}u | s

ceCyele

R, = {(test,t"") |~ €., t°" € T*"} U {(skip,skip)}
U{(E7, 5% | 7,7 € T, t°7 € T ue? € TV}
U{E*", u®) | d e C\ {c},y € T, t¥ € T ud7 e t47RI}

u |J R¥

dEC,’yGFd
R, = {(test,skip), (skip,skip)}

U{E*7,u®) | d € C,y € Tg,t%7 € T 17 € t2 R}

U U R for a € A\ C

dEC,’yEFd
pre = {(test,3pyp), (skip, T)}

{7, pre™(t*7)) | c € C,y € T, t*7 € T}

U U pre®”

ceCyel,
where c € C'; and b€ A\ C.

We note that by construction M € K45 4,,.

We call each state t7 a “proxy state” for the corresponding state t7. Similar
to the construction used to show the soundness of the axiom RK45 in RMLgys
the intention is that each proxy state t” is (A\{c})-bisimilar to the corresponding
state t%7. In general we cannot have the t“? states be direct c-successors of
test whilst also having M., ~ M{). This is because our construction would

require additional c-edges from the t“? states in order to satisfy the transitive
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Figure 9.5: A schematic of the constructed action model.
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and Fuclidean properties of K45. We introduce proxy states to act a proxy for
the non-c-successors of the corresponding refinement state, so that Meey ~4\(¢})
Mgl . As each 7y is a (A \ {c})-restricted modal formula, and (A \ {c})-bisimilar
action models agree on (A \ {c})-restricted modal formulas, this is enough to
ensure that Meey F 7.

A schematic of the action model M,., and an overview of our construction

tes
is shown in Figure 9.5. This is similar to the construction used to show the
soundness of the axiom RK45 in RMLg,s, but it deals with all agents in C
at once, rather than a single agent at a time. Here we can see that each of
the action models, MY, ..., MZL, o ME2L, o M3 are combined

into the larger action model M We can see the use of the proxy states

test*
ML, METE L MERTL, L MZET  which have all of the (A )\ {c})-
successors of the respective action models. We note that the proxy states are
(A\ {c})-bisimilar to the respective action models, and therefore result in the
same respective (A \ {c})-restricted formulas 71, ..., 7,. We can also see that the
proxy states have additional transitive and Euclidean edges in order to ensure
that M € K45, and these additional edges are why the proxy states are not fully
bisimilar to the respective action models.

We also note for every ¢ € C, v € T, s*7 € S*7 that M., ~ Mg}, as by
construction M contains the disjoint union of each M“? and no outward-facing
edges are added to any state from S%7 in M.

We further observe for every ¢ € C, v € T', t*7 € T%7 that Mee, ~(a\(ep) Mieh,
as by construction the precondition and (A\ {c})-successors of t“" are the same as
to7. As yis a (A\ {c})-restricted modal formula then if we let T/ = {7 | t>7}

we have that F [M<]7y, and F (M—c+)y <> 3p7.

T
We show that E [M]¢, and E (M., )¢ <> Ipp by using the same reasoning

as in the proof of Lemma 9.2.10, but substituting occurrences of M=c~ with My,
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noting from above that these states each satisfy the corresponding formulas v, as
required in the proof of Lemma 9.2.10.

We next show that for every M, € %45 if M, F pre(test) then M, >p
M, @M
t>7 € T%7, ¢t € sR, such that M, F pre?(t“7) we have that M, =5 M, @ Mg%,.

rest- Liet M, € K45 such that M, F pre(test). For every c € C, v € I,
From above Mz, ~ M,.., and so by Proposition 3.2.12 we have that M, @ Mg, ~
M, ® M,.,. From Corollary 4.1.5 and Proposition 4.1.11 we have that M, >p
M, ® M., (say via a B-refinement R"*").

Let M 1oy = (8", R, V'), (s, test)) = M, @ My We define R C 5 x '

where:

R = {(s,(s,test))} U{(¢, (t,skip)) | t € S}
UU{{ EENYURY | ce Oy €Tt € TVt € tR,, M, F pre(t")}

We show that R is a B-refinement from M, to M/

(s,test)"

d € A\ B. We show by cases that the relationships in R satisfy the conditions

Let pe P,a € A and

atoms-p, forth-d, and back-a.

Case (s, (s,test)) € R:

atoms-p By construction s € V (p) if and only if (s,test) € V'(p).

forth-d Suppose that d € C. Let t € sR,. By hypothesis M, F Jp(m A
Aecc Vel'e), and in particular M, F JpVyI'y. As d ¢ B, by the
AAMLgys axiom RComm we have that M, F V {3y | 7/ €
[y} and by the definition of the cover operator we have that M, F
Oa V.yer, 387" so there exists o/ € I'y such that M, F 3p7'. By hy-
pothesis F Iy — <MCTZw )9/ so there exists t%7 € T such that M, F
pre®’ (t%7'). By construction T7 € testR, and pre(t"") = pre®’ (t7')
so M, E pre(t?), (t,T°7) € (s, test) R}, and (¢, (t,T7)) € R.
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Suppose that d ¢ C. Let t € sR,. By construction skip € testR, and
M, F pre(skip), so (t,skip) € (s,test) R}, and (¢, (¢,skip)) € fR.

back-a Suppose that a € C. Let (¢,t"7) € (s, test)R/ where v € T,
and t*7 € T*?. By construction ¢ € sR, and M, F pre(t"”) so by

construction (¢, (t,t*7)) € R.

Suppose that a ¢ C. Let (t,skip) € (s,test)R,. By construction
t € sR, and (¢, (t,skip)) € R.

Case (t, (t,skip)) € R where t € S:

atoms-p By construction ¢ € V (p) if and only if (¢,skip) € V'(p).

forth-d Let u € tR,. By construction skip € skipR, and M, F pre(skip),
so (u,skip) € (t,skip) R/, and (u, (u,skip)) € fR.

back-a Let (u,skip) € (¢,skip)R,,. By construction u € tR, and (u, (u, skip)) €
R.

Case (t,(t,t77)) € R where c€ C, y €[, t7 € T%7, t € S, and M, F pre(t*7):

atoms-p By construction ¢t € V (p) if and only if (¢,t*7) € V/(p).

forth-d Suppose that d =c. Let u € tR,;. As M € %45 then by transitiv-
ity uw € sR,;. By hypothesis M, F Ig(m A\ o VcI'e), and in particular
M, E 3pVly. Asd ¢ B, by the AAMLgkys5 axiom RComm we have
that M, E V{37 | 7' € I's} and by the definition of the cover op-

erator we have that M, F O,/ dp7' so there exists 4/ € 'y such

v'€lq
that M, F 3p+'. By hypothesis £ 357 — <M?Z;,>’y’ so there exists
u®?" € T¢ such that M, E pre®” (u"). By construction 1 € 'R,
and pre(T®") = pre® (u%"") so M, F pre(@”), (u,u®") € (t,t*")R),

and (u, (u,u"")) € K.
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Suppose that d # c. Let u € tR,;. As M, F pre(t>?) then by hypothesis
(t, (t,t%7)) € R, By forth-d for R**" there exists (v,v®7) €
(t,t%7) )R, = (t,°7) R}, such that (u, (v,v®7)) € RHT C R,

back-a Suppose that a € C. Let (u,u®) € (t,t°”)R!, where 4" € ', and
0" € T, As M € %45 then by transitivity u € sR,. As (u,1%7) €
S” then M, & pre(T®) so by construction (u, (u, ")) € .
Suppose that a ¢ C. Let (u,u®?) € (¢,t°") R, where u®? € t*'R, =
t7R,. As M, F pre(t®?) then by hypothesis (¢, (t,t%7)) € R,
By back-a for """ there exists v € tR, such that (v, (u,u®?)) €
R C R

Case (t,1') € R C % where c€ O, v €T, t7 € T, t € S, and M, F pre(t*?):

atoms-p From atoms-p for R we have that ¢t € V(p) if and only if
t" e V'(p).

forth-d Let u € tR,. By forth-d for """ there exists v’ € t'R/, such
that (u,u') € R C R,
back-a Let v’ € t'R,. By back-a for R"*" there exists u € t R, such that

(u,u') € R C R,

Therefore R is a B-refinement and M, »p M, ® M,,. O

We combine the two previous lemmas into an inductive construction that

works for all formulas.

Theorem 9.3.14. Let B C A and let ¢ € Lygm. There exists an action model
M: = ((S,R,pre), T) € K45 45, such that E [M1]p, E (M1)e <> 3y, and for
everyt € T, M, € K if M, E pre(t) then M, =5 M, @ M,.
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Proof. We use the same reasoning used to show the analogous result for AAMLg,
in Theorem 9.2.11, using Lemma 9.3.12 and Lemma 9.3.13 for the inductive steps,
to inductively construct an action model. We convert the formula to alternating
disjunctive normal form instead of disjunctive normal form, which ensures that
the construction from Lemma 9.3.13 can be applied inductively to the formula, by
satisfying the requirement that V. operators are only applied to sets of (A\ {c})-

restricted modal formulas. O]

Theorem 9.3.15. The semantics of AAMLk,s and the semantics of RAMLgs
agree on all formulas of Laami. That is, for every ¢ € Lygmi, M, € K45:
M, Faampy,s ¢ if and only if My Faampg,; ¢-

Proof. We use the same reasoning used to show the analogous result for AAMLg,
in Theorem 9.2.12, using Theorem 9.3.14 in place of the analogous Theorem 9.2.11.
O

As a consequence of the equivalence between AAMLy 5 and RAMLg,5, we

get as corollaries all of the results that we have previously shown for RAMLgys.

Corollary 9.3.16. The logics AAMLk,s and AMLgy5 agree on all formulas of
Lomi- That is, for every ¢ € Ly, M, € K: M, Eaamr, ¢ if and only if
Ms ':AMLK @Y.

Corollary 9.3.17. The logics AAMLg,s and RMLgy5 agree on all formulas of
Ly That is, for every ¢ € Ly, M, € K: M, Eaapn, ¢ if and only if
MS ':RMLK @Y.

Corollary 9.3.18. The axiomatisation RAMLyys is sound and strongly com-
plete with respect to the semantics of the logic AAMLgys.

Corollary 9.3.19. The logic AAMLg,5 is expressively equivalent to K45.
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Corollary 9.3.20. The logic AAMLg,s is compact.

Corollary 9.3.21. The model-checking and satisfiability problems for the logic
AAMLgy5 are decidable.

Similar to AAMLg, discussed in the previous section, the provably correct
translation from L, to L,; may result in a non-elementary increase in size
compared to the original formula. Therefore any algorithm that relies on the
provably correct translation will have a non-elementary complexity. We leave the
consideration of better complexity bounds and succinctness results for AAMLgy5
to future work.

Also similar to AAMLg, the proof of Theorem 9.3.14 and the associated
lemmas describe a recursive synthesis procedure that can be applied in order to
construct action models that result in desired knowledge goals. The action model
given by Theorem 9.4.11 depends only on the desired knowledge goal, and not
on the initial knowledge state, so the action model can be executed on any initial
Kripke model to achieve the desired knowledge goal, whenever that knowledge
goal cab be achieved by some epistemic update from that initial Kripke model.
Similar to AAMLk, as the synthesis procedure relies on the expressive equivalence
of RAMLk,s and K45, and the provably correct translation from L4 to Ly,
may result in a non-elementary increase in size compared to the original formula,
the action model produced by the synthesis procedure may be non-elementary in
size compared to the original formula. If the original formula is already in L,
and in alternating disjunctive normal form, then the action model is linearithmic
in size compared to the original alternating disjunctive normal formula. If we had
an improved provably correct translation from L,,,,; to L, then the size of the
action models produced by this synthesis procedure would be correspondingly
improved. We leave the consideration of synthesis procedures with improved

complexity to future work.
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94 S5

In this section we consider results specific to the logic AAMLgs in the setting
of §5. This setting is significant as it is the traditional setting for epistemic
logic and dynamic epistemic logic. The main result of this section is that the
action model quantifiers of AAMLgs are equivalent to the refinement quantifiers
of RMLgs. We show this equivalence by showing that if there exists a refinement
where a given formula is satisfied then we can construct a finite action model
that results in that formula being satisfied.

As in the previous sections, we rely heavily on results from the action model
logic AMLgs and the refinement modal logic RMLgs, particularly the axioms from
both. We use the combined refinement action model logic RAMLgs so that we
can use results from AMLgs and RMLgs; with a combined syntax, semantics and
proof theory.

We first note that as the syntax and semantics of RAMLgs are formed by
combining the semantics of AMLgs; and RMLgs, then AMLgs and RMLgs agree

with RAMLgs on formulas from their respective sublanguages.

Lemma 9.4.1. The logics RAMLgs and AMLgs agree on all formulas of Lam.
That is, for every ¢ € Lomi, My € §5: M, Framrg, ¢ if and only if M, Fanrg, -

Lemma 9.4.2. The logics RAMLgs5 and AMLgs agree on all formulas of L.
That is, for every ¢ € Ly, M, € §5: M, Eramrg, ¢ tf and only if M, Epyrg, @-

These results follow directly from the definitions. We note that these results
only apply for L,,; and L., formulas respectively, and do not consider L,
formulas that contain both action model operators and quantifiers.

Given this we can give a sound and complete axiomatisation for RAMLgs; by

combining the axiomatisations for AMLgs and RMLgs.
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Definition 9.4.3 (Axiomatisation RAMLgs). The axiomatisation RAMLgs

is a substitution schema consisting of the axioms and rules of AMLgs and the

axioms and rules of RMLgs:

S B L v

AP
AN
AC
AK
AU

R

RP
RS5
RComm
RDist
MP
NecK
NecA
NecR

All propositional tautologies

F Oa(p = %) = (Cap = Oa?))

FOup — ¢

F Qup = HaQa

= [M]p > (pre(s) = p)

[M]=p > (pre(s) = =[M])

[MJ( A 9p) < (M A [M])
[M,]0agp <> (pre(s) = Oa Avesr, [Mi)®)
= Mrlp & Aer Mg

FVge(e = ) = (Vpp — V1)

FVpm < m

l_
l_
l_

= 3B(v0 A Val'a) < (Ip70 A /\%Fa O,3p7) where a € B
F3s(v0 A Vala) < (37 AVe{dpy | v € [a}) where a ¢ B
= 35(10 A Asea Val'a) € Auca 35(70 A Vala)

From F ¢ — 1 and F ¢ infer F 1

From F ¢ infer F O,p

From F ¢ infer F [My]p

From F ¢ infer F Vgp

where 90’¢ € Loami, @ € A, Ms S 55AM7 p € P7 e Lpla B,C - A7 Yo A

Asea Val'a is an explicit formula and for every a € A, vy A VI, is an explicit

formula.

We note that the axiomatisation RAMLgs is closed under substitution of

equivalents.
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Lemma 9.4.4. Let ¢,1,x € Lyam be formulas and let p € P be a propositional

atom. If - < x then b o[v\p] < o[x\p).

This is shown by combining the reasoning that AMLgs and RMLgs are
closed under substitution of equivalents.

We also note that the axiomatisation RAMLgs is sound and complete.

Lemma 9.4.5. The aziomatisation RAMLgs is sound and strongly complete

with respect to the semantics of the logic RAMLygs.

Soundness and completeness follows from the same reasoning used to show
soundness and completeness of RAMLyK in Lemma 9.2.5. Soundness follows
from the same reasoning that the axioms are sound in AMLgs and RMLgs. Com-
pleteness follows from a provably correct translation from L,.,; to L,,; that is
formed by combining the provably correct translations from L,,; and L., to
L.

We note that, much like the provably correct translation for RMLgs, the prov-
ably correct translations we have presented here can result in a non-elementary
increase in the size compared to the original formula.

The provably correct translation also implies that RAMLgs is expressively

equivalent to 5.
Corollary 9.4.6. The logic RAMLgs is expressively equivalent to the logic S5.
From expressive equivalence we have that RMLg; is compact and decidable.

Corollary 9.4.7. The logic RAMLgs5 is compact.

Corollary 9.4.8. The model-checking and satisfiability problems for the logic
RAMLg5 are decidable.
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Similar to RAMLyg, we note that most results from AMLgs and RMLgs gen-
eralise to RAMLgs trivially thanks to a combination of RAMLgs agreeing with
AMLgs and RMLgs on their respective sublanguages, and the expressive equiva-
lence of RAMLg5 and S4.

We now move on to our main result, that the action model quantifiers of
AAMLgs are equivalent to the refinement quantifiers of RMLgs. We show this
equivalence by showing that if there exists a refinement where a given formula is
satisfied then we can construct a finite action model that results in that formula
being satisfied. The converse we have already shown; if there exists a (possibly
infinite) action model that results in a given formula being satisfied then by
Proposition 4.1.22 the result of executing the action model is itself a refinement,
so there exists a refinement where the formula is satisfied.

We show our result using an inductive construction for a given formula. Our
construction is based on the construction used for RAMLy in the previous section,
and is very similar to the constructions used to show the soundness of the axioms
RS5, RComm, and RDist in RMLgs. We reuse the notion of explicit formulas
we used for RMLg;, and we separate our inductive steps into two lemmas, one
for disjunctions of formulas, and another for explicit formulas.

First, the case where the given formula is a disjunction is handled exactly as

it was for AAMLg.

Lemma 9.4.9. Let B C A, let ¢ = aV 3 € Ly, and let MGa € S54m
and Miﬁ € S54m be action models such that F [M$.]a, F (M$%a)a < dpa,
F [Miﬁ]ﬂ, = <M$ﬁ>6 < dpp, for every t* € T*, M, € S5 if M, E pre*(t*)
then M, =p M, ® M%, and for every t? € TP, M, € S5 if M, F pre®(t?) then
M, =p M, ® I\/Ifﬁ. Then there ezists an action model M+ € S5 4y such that
F Mg, E (Mp)p <> 3pe, and for every t € T, M, € S5 if M, F pre(t) then
M, =5 M, ® M,.
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Proof. We use the same construction and reasoning as in the proof of Lemma 9.2.9,
noting additionally that the disjoint union of two S5 45, action models is also a

S5 4 action model. O
We next show the case where the given formula is an explicit formula.

Lemma 9.4.10. Let B C A, let p =y AT A /\aeA Ve € L,y be an explicit
formula, and for everya € A, v € A let M7, = ((S*7,R7, pre®?), T%7) € 85 am
be an action model such that & [M$.. ]y, E (MT..)y < 3p7y, and for every
t® € T, M, € 85 if M, E pre®(t*") then M, =5 M, @ M{),. Then there
exists an action model My € S5 apr such that = M1, E (M) <> 3pp, and for
everyt € T, M, € S5 if M, E pre(t) then M, =5 M, @ M,.

Proof. Without loss of generality we assume that each M*7 for every a € A,
v € I'. is disjoint.

We construct the action model M., = ((S, R, pre), test) where:

S = {test}U{t"" |[ac A yeTl,t*"eT}u [ J ™

aEA,’YEFa
R, = ({test} U{t"" |y €T, t* € T*7})?
U U ({T®" | u®? € t“7RY N T} U t“7RS7)?
ceA\{a}yET  tereTeY
u U Ry
CGA,’YGFC
pre = {(test,Ipp)} U{(E""7, pre®?(t*")) |a € A,y € Ty, t*7 € T} U
U pre®”
a€A~El,

where a € A.
We note that by construction M € §5 4.
A schematic of the action model M,,, and an overview of our construc-

tion is shown in Figure 9.6. This is similar to the construction used to show
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Figure 9.6: A schematic of the constructed action model.

TDA

A

A\A{c1,...,cm}

Y
E|Bg0 D A

TS

M M
A C Tcl,’yzll e Tcl,’y{lzl A. A Cm "/1 e C'm ’Ynm
A V\Cl_/ A A W A
A A A A
Y Y Y Y
A A A A
A A A A
Y Y Y Y
c1, c1 c1, <1 , cm , cm
ACMVy M7 A+ A Mem7 MEmT
TCI ’Ynl Tcl"‘/l TCm s TCm>Tnm

285



the soundness of the axiom RS5 in RMLgs, but it deals with all agents in C
at once, rather than a single agent at a time. Here we can see that each of
the action models, M{%,, ..., MJShL, . ME2L, oo M3 are combined
into the larger action model M, . We can see the use of the proxy states
M, MR MR M which have all of the (A \ {c})-
successors of the respective action models. Unlike the construction used for
AAMLg,s the proxy states are not (A \ {c})-bisimilar to the respective original
action model states. This is because in order to ensure that M_S$5 the (A\ {c})-
edges from proxy states to original action model states must be symmetrical.

Unlike the constructions used in AAMLg and AAMLgy5, the construction
used here does not preserve the bisimilarity of states from each of the action mod-
els M®7 so we need a different approach to show that £ [M]¢, and F (M,)p <
dpe. There is a parallel here with the different problems experienced in RMLgs
and the approach used to show the soundness of the axiomatisation of RMLgs,
as compared to the approaches used for RMLyg and RMLgys.

Let A={d <d|ceC,\eA,de N}, as defined in the definition of explicit
formulas in Definition 7.1.1. We show by induction on the structure of formulas

in A, for every 6 € A, v € T', that:
L. For every a € A: F [Mza]0 — [Megt ]9
2. Foreverya € A, y € [y, t*7 € T*7: E [Mias [0 < [Myay]0.

3. For every a € A, v € 'y, ™7 € S¥7: E [My,]0 <> [Mih]0.
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Let 6 € A,ac A, veT,, t* € T®Y and s*7 € S*7. We show by cases that

the above properties hold:
1. We show that F [Meaq, |0 — [Mieg]0.

Case 0 = p where p € P:

By hypothesis F [M$2%,]70, and F (M$2%, )70 <> 3570 and so we have
(MT2%) T <> 3. By AU and AP we have that F \/ - cpan, Pre®(t*7°) <
Jp70. For every t* € T* by construction pre(t*"") = pre® (t®)

so we have that £ \/ aqctan Pre(t™™) <> Ip7. We also have that

F @ — v s0 E3pp — 3y and E g — Vo ctan Pre(t””). Then

E (Vroetar Pre(t™™®) = p) = (3pp — p). By AP and AU we have

that & [Meaq|p = [Mieg]p-

Case 0 = ) where ¢ € A:
Follows directly from the induction hypothesis.

Case 0 = 1) A x where ¢, y € A:
Follows directly from the induction hypothesis.

Case 0 = [,% where ¢ € A:
By AU and AK we have F [Me]0a® 3 Agaroeran (Pre(t™) —
Oa Ayegeog, [My]#0). By construction for every t*7° € T we have
"R, = {test} UU, p, T so by AU we have F (Moo ]0atp ¢
erocron (re®) = OulMu 66 A A, cr, MeaaJi). By proposi-
tional reasoning we have F [Mzaq]0at <> (Viarpereno Pre(t™”?) —
Oa([Meest[OAN cr, [Mzas]4)). From above we have = \/a crane Pre(t™) <
3570 50 Mesro]Datr 5 @550 = DalMeaaltd A Aser, Mean i),
By construction testR, = {test} U ., T so by AU we have
F [Mgano]0a? > (3570 = Ua Aycrestr, IMu]¥). From above E 350 —
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Fp70 and 0 F [Myane |0t = (3¢ = Do Aycrestr, [Mu]?)) By AK we
have = (Moo ]0at) = [Mygee] at

Case 6 = .Y where ¢ # a and ¢ € A:
By AK we have F M., |00 > (pre(t””) — O, Nueeer, IMy]¥). By
construction pre(t*”) = pre™(t*7) = pre(t*”) so we have F M|t <>
(pre(t™) — Oc Ayezeor, [My]9). By construction 'R, = t*'R, so
we have & [Mes |0 > (pre(t™?) = Oc Aycrang, [My]¥0). By AK we
have E M., |0ct) ¢ [Mya /)00

2. We show that F M0 < [Ma,]0.

Case 6 = p where p € P:
By construction pre(t™”) = pre®”(t*?) = pre(t*?) so E [Mw]p <

M.~ |p follows trivially from AP.

Case ) = ) where Y € A:
Follows directly from the induction hypothesis.

Case 0 = ¢y A x where ¢,y € A:
Follows directly from the induction hypothesis.

Case 6 = [, where ¢ € A:
As ¢ is an explicit formula then either F v — Oy or F v —
—[,%. Suppose that E v — 1. By hypothesis E [M{)]y so we
have E [M{h]0.¢. By the properties of explicit formulas for ev-
ery v € I', we have E 7/ — 1. By hypothesis for every 7' € I',
we have F [M?I_’Z;,h' so we have F [I\/I:_Z;,]iﬁ By the induction hy-

pothesis for every 7/ € Ty, t* € T* from E [Mfﬂ,]w we have

F [M_, ,]v and so we have F [MTWY/]Q/J. By the properties of explicit

e
formulas we have vy € I'y, 50 F [Mcas,]ib and by the induction hy-
pothesis F [My]t). By AK we have F [Mw, |00 < (pre(t™”) —
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Do Ayczoor, [My]9). By construction pre(t™”) = pre(t"”) so we have
F [Men 0ot > (pre(t™) — Oa Ayeemogr, IMul?). By construction
t"'R, = {test} U U, cr, T so by AU we have F [Mw,]0at
(pre(t®”) — Oa([Meest] A Ayer, [MTM,]w)). From above we have
Tm/]zﬁ. Therefore
F M ]Oatp < [MEh]0a%. Suppose that = v — —J,%. By hy-

F M) and for every 7/ € T', we have E [M

pothesis £ [MT.,]y so we have F —[M$.,]0,¢. By the properties of
explicit formulas there exists v € I', such that F 4" — —). By hy-
pothesis we have F [M“T’Z;,]y’ so we have F [M“T’Z;,]ﬂz/z. Then for every
7" € T% we have F ﬁ[Mfﬂ,]w. For every t*7 € T by the induc-
tion hypothesis we have F [Mfﬂ,]w “ [Mfw,]w and so F —{Mfaﬂ,]w.
By AK we have F [Mu|0Ou < (pre(t™”) — 0o Ajcpeor, IMu]Y).
As 7 € ¥R, and F —~[M_, ]y then F =[Mg.,]0.%. Therefore
F [Mias]Oa® < Mg | 0ot

Case § = [J.1) where ¢ # a and ¢ € A:
By AK we have £ [M.., |0 > (pre(s®?) = Oe Ayecresanr, [Mu]¥)-
By construction s*?R, = s*7R®Y or s*'R, = {u®? | u®” € t*YR* N
T} Ut*'REY where t*7 € T*?. Suppose that s*7R, = s*7R%7. By
construction pre(s®?) = pre®7(s*7) so F [Mg., |0 > (pre®?(s*?) —
Oe Avorresanr, IMy]¥0). From above s*R, = s*"R%7 so F [My. ;|09 <>
(pre®7(s*7) — e Ayaressnrer [My]¥). By the induction hypothe-
sis for every u®? € s®'R%7 we have E [M,.,]¢p < My, ] so E
[Mgoir ][O < (pre®?(s™) — Oe Ayanesanpe Muay ). By AK we
have E M., |00 <> [M&h]0:40. Suppose that s*'R, = {u®? | u*? €
t*7RETATYUL*YRY where t*7 € T*7. By the induction hypothesis
for every u®? € s*7R%7 we have E [M.-]¢ <> [Mi2,]¢ and if u®7 €

T%7 we have F [Myas ]t < [Myah ], so F Mg, |00 < (pre®7(s®7) —
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O /\uaﬁesaﬁRgﬁ IMi25]1). By AK we have E [M., |0 <> [M&h]0:40.
3. We show that F [Mg.,]d +> [MZ&T]4.

Case 0 = p where p € P:
By construction pre(s®?) = pre®?(s*?) so E [Mg|p <> [Mg)]0 follows

trivially from AP.

Case § = ) where ¢ € A:
Follows directly from the induction hypothesis.

Case 0 = 1) A x where 9, y € A:

Follows directly from the induction hypothesis.

Case § = [, where ¢ € A:
By AK we have F [M.+]0.¢ <> (pre(s™) = Oa Ayaresenr, [Mul?).
By construction pre(s®7) = pre®7(s*7) so F [M., |00 <> (pre®?(s*7) —
Oa Ayerresanr, [My]#0). By construction s*7R, = s*7Rg7 so F My, |0t 4
(pre®7(s™) = Oa Ayerresavrer [Myar]?). By the induction hypoth-
esis for every u®? € s®'R%7 we have E [M.,|¢ < [M3L]Y so E
Moo J0u 5 (e (8°7) — D Ayorcsnns MS516). By AK we
have F [M,.]0,% < [Mh 0.0

Case § = [J.¢) where ¢ # a and ¢ € A:

As @ is an explicit formula then either F v — . or E vy — —..
Suppose that F vy — .. By hypothesis F [MT2%]7 so we have

F [M$2%]0:0. From the above cases we have F [MTJ% |04 <«
[Mea06]0cth, and F [Ma50]Oct) < [Man |Oct), therefore F [M—a s |t
By hypothesis F [M$2%,]70 so we have E [M$2%,]0:¢. From the above
cases we have F [MT25,]0c) <> [Myeqo]|Oct), F [Myeno|Octh < [Meeno |09,
and F [M—cy]0c0 = [Myeg]Oct), therefore F [Mo]Octp. Therefore
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F [Mearo )0 — [Mieee]Oetb. Suppose that = v9 — =04, By hy-
pothesis F [MT2%]70 so we have E [M$.J%,]-0:¢ and F =[M32%,]0.4.
From the above cases we have F [MT72%]0.¢ < [M1aq|O:t, and

F [M1ano]Oct) < [Mzarno]Oct), therefore & —=[M—ay |0, Therefore
= [MT“WO]DJ/} — [Mtest]Dcw'

Then for every a € A we have F [MT72% |70 — [Miest)70 and for every v € T,
we have F [M—a» ]y <> [MT2,]7. By hypothesis we have [M“T’Z%O]% so from above
we have F [M,|70. For every 7/ € T', by hypothesis we have [ h’ so from
above we have F [MTM,]”y’. By construction F (M—ay) T <> (Mflr]ﬁfl— < dpvy and
from above we have that F [M<a,]y s0 F (Mzr)y <> Jp7.

We show that F [M, ], and F (M, )¢ <> Ipp by using similar reasoning
to the proof of Lemma 9.2.10, but substituting occurrences of M., with My,
noting from above that these states have the same required properties, and noting
that as F [Me]70 handles the reflexive case in showing that F M ]0a V. cr, 7-

Finally we show that for every M, € S5 if M, F pre/(test) then M, »p5 M, ®
M
t € sR, such that M, F pre®7(t*7) let M1, = ((S*7, R, V*7), (¢,t*7)) =
M, ® MgY,. Then we have that M, =5 M/}

(t,t07)

Let M, € S5 such that M, & pre(test). Foreverya € A,y € T'y, t*7 € T*7,

(say via a B-refinement R%*).

We also note that S*? C S as for every (u,u) € S we must have M, F

pre®”(u), and by construction pre(u) = pre®”(u) so M, F pre(u) and (u,u) € 5.
Let M/ =M, ® M,;. We define R C S x S’ where:

(s,test)

R = {(t,(t,test))|t€S,Mtl=EIB<p}
UJHE @ E ) URY [ a€ Ay € Do t™ € Tt € tR,, M, F pre(t*”)}

We show that R is a B-refinement from M, to M/

(s,test)"

d € A\ B. We show by cases that the relationships in R satisfy the conditions

Let pe P,a € Aand

atoms-p, forth-d, and back-a.
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Case (i, (t,test)) € R where t € S and M, F Jpy:

atom-p By construction s € V(p) if and only if (s, test) € V'(p).

forth-d Let u € sR,;. By construction M, F 3¢, and in particular M, F
(W AVal'y). Asd ¢ B, by the AAMLgs axiom RComm we have
that M, F 370 AVa{3IpY' | v € T's} and by the definition of the cover

operator we have that M, F O, \/ dp7’ so there exists 7' € 'y such

y'€lq
that M, F Jdp+'. By hypothesis £ 357 — (Mflrf]’;,)’y’ so there exists
47" € T4 such that M, F pre® (t%7"). By construction 7 € testR B
and pre(t*) = pre®' (t47) so M, F pre(t*), (u,t") € (s, test) R/,
and (u, (u,t*7)) € R.

back-a Let (u,t*”) € (t,test) R/, where v € 'y, and t*? € T%7. By con-
struction u € t R, and M, F pre(t*”) so by construction (u, (u,t*”)) €
R. Let (u,test) € (¢, test)R,,. By construction u € tR, and M, F Igp

so (u, (u,test)) € fA.

Case (t,(t,t77)) €e R where c€ A, y e T, t7 € T, t € S, and M, F pre(t*7):

atom-p By construction ¢ € V(p) if and only if (¢,t%7) € V/(p).

forth-d Suppose that d =c. Let u € tR;. As M € S5 then by transitivity
u € sR,;. By hypothesis M, F Jpp, and in particular M, F Jp(7o A
Vail'a). As d ¢ B, by the AAMLgs axiom RComm we have that
M, E 37 AVa{3sY | ¥/ € T4} and by the definition of the cover

operator we have that M, F O, \/ dp7' so there exists v/ € I'y such

v'€lq
that M, F 3p+'. By hypothesis £ 357 — <M?Z;,>’y’ so there exists
u®’" € T¢ such that M, E pre®” (u"). By construction 1 € 'R,
and pre(T®") = pre® (u%"") so M, F pre(@”), (u,u®") € (t,t*")R),

and (u, (u,u"")) € K.
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Suppose that d # c. Let u € tR,;. As M, F pre(t>?) then by hypothesis
(t, (t,t%7)) € R, By forth-d for R**" there exists (v,v®7) €

(t,t%7) )R, = (t,°7) R}, such that (u, (v,v®7)) € RHT C R,

back-a Let (u,@®") € (t,17)R, where v/ € T, and 1 € T%". As M €
S5 then by transitivity u € sR,. As (u,u%") € S’ then M, F pre(u®"")
so by construction (u, (u,u®)) € M. Let (u,test) € (t,t°")R,. By

construction u € tR, and M, F 3pp so (u, (u,test)) € R.

Case (t,(u,u)) € R CR where c€ A, y €T, t*7 € T, t € S, and M, F pre(t*):

atom-p From atoms-p for R we have that ¢ € V(p) if and only if
(u,u) € V9(p). By construction (u,u) € V4¥(p) if and only if u €
V(p) if and only if (u,u) € V'(p).

forth-d Let u € tR,. By forth-d for R**"" there exists (v,v) € 'R5" such
that (u, (v,v)) € R C R. By construction v € t7RG” C t*7R); so
(v,v) € 'R

back-a Let (v,v) € t'Rl,. By construction u“?R, = u“'R%" or u*'R, =
{Vo7 | v € t*YRET N T} U t*7RSY where t©7 € T, Suppose that
v € u®7R%7. By back-a for R there exists u € tR, such that
(u,u') € R C R. Suppose that v € {V&7 | v&? € t*IRST N T}
where t*7 € T%Y. By construction v € tR, and M, E pre(v) so
(v, (v,v)) € R.

Therefore R is a B-refinement and M, =p M, ® M. ]

We combine the two previous lemmas into an inductive construction that

works for all formulas.
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Theorem 9.4.11. Let B C A and let ¢ € Lygm. There exists an action model
M: = ((S,R,pre), T) € 85anm such that E [M]e, E (M) <> Ipp, and for every
teT, M, € X if M, F pre(t) then M, =5 M, @ M,.

Proof (Sketch). We use the same reasoning used to show the analogous result
for AAMLg, Theorem 9.2.11, using Lemma 9.4.9 and Lemma 9.4.10 for the in-
ductive steps, to inductively construct an action model. We convert the formula
to a disjunction of explicit formulas, which ensures that the construction from
Lemma 9.4.10 can be applied inductively to the formula. As in the provably
correct translation for RMLgs at each inductive step we must convert the given
formula to a disjunction of explicit formulas, but the induction remains well-
founded despite these additional conversion steps, as at each step the modal

depth of the formula decreases. ]

Theorem 9.4.12. The semantics of AAMLgs and the semantics of RAMLgs
agree on all formulas of Lagmi. That is, for every ¢ € Lygmi, My € S5: M, FgamrLg;

@ if and only if M, Faamry ©-

Proof. We use the same reasoning used to show the analogous result for AAMLg,
in Theorem 9.2.12, using Theorem 9.4.11 in place of the analogous Theorem 9.2.11.
O

As a consequence of the equivalence between AAMLgs; and RAMLgs, we get

as corollaries all of the results that we have previously shown for RAMLgs.

Corollary 9.4.13. The logics AAMLgs and AMLgs agree on all formulas of L.
That is, for every ¢ € Loy, M, € K: M, Egamr, @ if and only if M, Eapr, ¢-

Corollary 9.4.14. The logics AAMLgs and RMLgs agree on all formulas of Ly,;.
That is, for every ¢ € Ly, My € K: M, Eaamr, ¢ if and only if My Ermr, -
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Corollary 9.4.15. The aziomatisation RAMLgs is sound and strongly complete
with respect to the semantics of the logic AAMLygs.

Corollary 9.4.16. The logic AAMLg;s is expressively equivalent to the logic S5.
Corollary 9.4.17. The logic AAMLgs is compact.

Corollary 9.4.18. The model-checking and satisfiability problems for the logic
AAMLgs5 are decidable.

Similar to AAMLy, discussed in a previous section, the provably correct trans-
lation from L,.m to L, may result in a non-elementary increase in size compared
to the original formula. Therefore any algorithm that relies on the provably cor-
rect translation will have a non-elementary complexity. We leave the considera-
tion of better complexity bounds and succinctness results for AAMLgs to future
work.

Also similar to AAMLg, the proof of Theorem 9.4.11 and the associated
lemmas describe a recursive synthesis procedure that can be applied in order to
construct action models that result in desired knowledge goals. The action model
given by Theorem 9.4.11 depends only on the desired knowledge goal, and not
on the initial knowledge state, so the action model can be executed on any initial
Kripke model to achieve the desired knowledge goal, whenever that knowledge
goal cab be achieved by some epistemic update from that initial Kripke model.
Similar to AAMLg, as the synthesis procedure relies on the expressive equiva-
lence of RAMLgs and S5, and the provably correct translation from Lgg,,; to L,y
may result in a non-elementary increase in size compared to the original formula,
the action model produced by the synthesis procedure may be non-elementary
in size compared to the original formula. Unlike AAMLy, if the original formula
is already in £,,; and is a disjunction of explicit formulas, then the action model

may not be linearithmic in size compared to the original disjunction of explicit
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formulas. This is because unlike the synthesis procedure of AAMLg, which re-
lies on disjunctive normal formulas, the subformulas of an explicit formula are
not explicit formulas, and will require a conversion to a disjunction of explicit
formulas in order to continue the synthesis procedure. This may result in an
exponential increase in formula size at each step, which will also correspondingly
increase the size of the synthesised action model. We leave the consideration of

synthesis procedures with improved complexity to future work.
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CHAPTER 10

Conclusion

In this work we considered a two logics for quantifying over epistemic updates:
refinement modal logic, which quantifies over refinements, and action model logic,
which quantifies over action models. Compared to previous dynamic epistemic
logics such as the public announcement logic of Plaza [76] and Gerbrandy and
Groenveld [47], and the action model logic of Baltag, Moss and Solecki [15, 14],
which reason about the results of specific epistemic updates, the logics we con-
sider reason about the results of arbitrary epistemic updates, allowing us to ask
questions such as “Is there an epistemic update that results in the desired change
in knowledge?”, and “What is a specific epistemic update that results in the de-
sired change in knowledge?”. Compared to previous dynamic epistemic logics
such as the arbitrary public announcement logic of Balbiani, et al. [11] and the
group announcement logic (GAL) of Agotnes, et al. [2, 74], which quantify over
relatively restricted forms of epistemic updates, the logics we consider quantify
over much more general forms of epistemic updates. Logics for quantifying over
epistemic updates allow us to reason about the existence or non-existence of epis-
temic updates that result in desired epistemic goals. A closely related problem
we have also considered is that of synthesising specific epistemic updates that
achieve desired knowledge based goals. Such tools could see applications in the
development of network protocols, the verification of secure computer systems,

games, or in artificial intelligence.
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10.1  Contributions

In Chapter 4 we recalled the refinement modal logic of van Ditmarsch and
French [34] and generalised the semantics to other modal settings. Compared
to previous treatments of RML [34, 35, 25] we considered only multi-agent vari-
ants of RML. We also used a multi-agent notion of B-refinement, which we
believe to be more elegant in a multi-agent setting than the single-agent no-
tion of a-refinements used previously [35]. We generalised many known results
about refinements to B-refinements. A significant new result is a better partial
correspondence between refinements and positive formulas. We showed that a
modally saturated Kripke model is a refinement of another modally saturated
Kripke model if the former satisfies all of the positive formulas satisfied by the
latter. This is similar to the Hennessy-Milner property that shows the partial cor-
respondence between bisimilarity and modal equivalence. This correspondence,
along with the partial correspondence of refinements with the results of executing
action models, provides a strong justification for our interpretation of refinements
as a very general form of epistemic update. We showed a number of validities in
RML that either apply to all modal settings, such as validities corresponding to
modal axioms K, T, 4, and the modal rule NecK, or apply to all or most of the
modal settings we considered in this work, such as the Church-Rosser, McKinsey,
and finality properties. We showed that many variants of RML are not closed
under uniform substitution, and that in any variant of RML that is, the refine-
ment quantifiers carry no meaning. We also showed that the no distinct pair of
variants of RML that we consider in this work are sublogics of one another, thus
for example, many results specific to RMLg do not trivially generalise to other
variants of RML.

In Chapter 5, Chapter 6, and Chapter 7 we provided results specific to the
logics RMLy, RMLyys and RMLgpys, and RMLgs, respectively. For each logic we
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presented a sound and complete axiomatisation. Each axiomatisation formed a
set of reduction axioms, admitting a provably correct translation from £,,,; to the
underlying modal language £,,;. We used these provably correct translations to
show the completeness of the corresponding axiomatisations, to show that each
variant of RML is expressively equivalent to its underlying modal logic, and to
show that each variant of RML is compact and decidable.

In Chapter 8 we provided expressivity results specific to the logic RMLgy.
We showed that RMLyy is strictly more expressive than K4 and strictly less
expressive than K4, and BQMLy,. We showed that RML, is non-strictly less
expressive than BQMLy, by demonstrating a translation from L, to Lygm. A
corollary of this translation is that RMLgy is decidable, via the decidability of
BQMLy,.

In Chapter 9 we introduced the arbitrary action model logic and provided
results specific to the logics AAMLg, AAMLyys, and AAMLg;. AAML extends
the action model logic of Baltag, Moss and Solecki [15, 14] with action model
quantifiers, and was proposed by Balbiani, et al. [11] as a possible generalisation
for APAL. For each logic we showed that the action model quantifiers of AAML
are equivalent to the refinement quantifiers of RML. As a consequence, most
of the results for RML from the previous chapters also hold in AAML in these
settings. We showed the equivalence by showing that if there exists a refinement
that where a given formula is satisfied then we can construct a finite action model
that results in that formula being satisfied. This forms a synthesis procedure
for the epistemic planning problem for action model logic. This equivalence
also further justifies our interpretation of refinement quantifiers as quantifiers for

epistemic updates.
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10.2 Related work

The refinement modal logic is somewhat related to the bisimulation quantified
logic of Ghilardi and Zawadowski [48], and Visser [82]. Refinements are essen-
tially generalisations of bisimulations, as a refinement is a bisimulation where
the condition forth-a is relaxed for some agents. Bozzelli, et al. [25] partially
characterised refinements as bisimulations followed by restrictions of the acces-
sibility relation, and refinement quantifiers in RMLg as bisimulation quantifiers
in BQML, along with a syntactic notion of relativisation that essentially corre-
sponds to a restrictions of the accessibility relation. In Chapter 8 we adapted
these results to the settings of RMLg,; and BQMLy,. In principle these results
could be adapted to other variants of RML and BQML.

The arbitrary action model logic introduced in this work solves many of the
same problems as the DEL-sequents of Aucher [6, 7]. The DEL-sequents provide
a sequent calculus for reasoning about arbitrary action models. In contrast to
the arbitrary action model logic, the system of DEL-sequents does not extend the
syntax or semantics of action model logic with quantifiers. Rather, all reasoning
about arbitrary action models is performed at the meta-logical level. The partic-
ular case of epistemic planning with DEL-sequents gives a method to determine,
given a formula describing an initial knowledge situation, and a formula describ-
ing a desired knowledge situation, a formula describing an action model that
takes us from the initial situation to the desired situation. If the formula describ-
ing the action model is satisfiable then we can produce a specific action model
that takes us from the initial situation to the desired situation. Otherwise if the
formula describing the action model is unsatisfiable then we know that no such
action model exists. This essentially corresponds to having a single action model
quantifier at the meta-logical level, that can only quantify over quantifier-free

formulas. With AAML we are able to directly express and reason about complex
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statements involving action model quantifiers at the logical level. For example,
we can nest quantifiers to reason about the existence of an action model that
results in a situation where all subsequent action model executions will preserve
a given property. Having action model quantifiers in the logic also allowed us to
show that action model quantifiers are equivalent to refinement quantifiers, and
that action model quantifiers add no expressivity to modal logic in the settings

we considered.

10.3  Future work

There are several immediate avenues for future work based on the results pre-
sented in this work.

We have not shown complexity or succinctness results for the multi-agent vari-
ants of RML and AAML. Bozzelli, van Ditmarsch and Pinchinat [25] gave com-
plexity bounds for the decision problem and succinctness results for the single-
agent variant of RMLg, and Achilleos and Lampis [1] provided complexity results
for the model-checking problem in addition to tighter complexity bounds for the
decision problem, both for the single-agent variant of RMLg. Hales, French
and Davies [51] described a decision procedure for the single-agent variants of
RMLgkpys and RMLgs. Decision procedures for the multi-agent logics RMLy,
RMLyys, RMLkpys, and RMLgs, can be formed by combining the provably cor-
rect translation for each with a decision procedure for the respective underlying
modal logic. However the provably correct translations result in a non-elementary
increase in formula size, so such decision procedures will have a non-elementary
complexity, which is less than ideal.

Although we provided decidability and expressivity results for RMLg, we do

not yet have a sound and complete axiomatisation. As RMLg, is strictly more
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expressive than K/ a provably correct translation from £, to modal logic is
not possible, so a different strategy for proving the completeness of a candidate
axiomatisation is required. A candidate axiomatisation must also greatly differ
from the axiomatisations of RMLyk, RMLk,s, RMLgp,s, and RMLgs, as these
axiomatisations admit provably correct translations, which would be unsound in
RMLgy.

As this work has focussed on generalising RML to different modal settings,
a natural avenue for future work would be generalisation to even more modal
settings. Bozzelli, et al. [24] suggest that refinement quantifiers may be ap-
plicable to any modal logic, not just epistemic modal logics. A strong candi-
date for future consideration is RMLg,, in the setting of reflexive and transitive
Kripke frames. We have briefly considered expressivity and decidability results
for RMLg;, and we conjecture that the expressivity results of RMLg, can be
adapted to RMLg;. We conjecture that the expressivity of RMLg, lies strictly
between that of the modal logic S4 and the modal p-calculus S%,, similar to the
expressivity of RMLg,. Work on these results is on-going.

We have not yet considered the addition of common knowledge operators
to RML and AAML. Many natural questions in epistemic logics and dynamic
epistemic logics are about common knowledge, so it seems natural that we would
want to consider common knowledge in connection with quantifiers over epistemic
updates. In principle this would allow us to answer questions such as whether or
not desired common knowledge is attainable, or how desired common knowledge
can be achieved through a specific epistemic update.

Although we provided a synthesis procedure for AAML we have not yet con-
sidered efficient or optimal synthesis procedures for AAML. The provided syn-
thesis procedure relies on the expressive equivalence of AAML with the corre-

sponding underlying modal logic. Expressive equivalence of AAML and modal
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logic is shown via a provably correct translation that results in a non-elementary
increase in formula size, so a synthesis procedure that uses this provably correct
translation will have a non-elementary complexity. In addition to an efficient
synthesis procedure it would be desirable to have a synthesis procedure that re-
sults in “optimal” action models, such as by minimising the overall size of the
action model as measured by the number of states, the size of the preconditions,
and so on.

Finally, we have not yet considered in detail the relationship between AAML
and the DEL-sequents of Aucher [6, 7]. In contrast to AAML, which introduces
syntactic quantifiers over action models, the system of DEL-sequents does not
extend the syntax or semantics of action model logic with quantifiers. However
the DEL-sequents can answer similar questions to those considered by AAML by
performing reasoning at the meta-logical level. We showed most of our results in
AAML by showing that the action model quantifiers of AAML are equivalent to
the refinement quantifiers of RML, however it may be possible to show similar
results by relating the action model quantifiers of AAML to the meta-logical
reasoning that can be performed with the DEL-sequents. As we have shown that
the action model quantifiers of AAML are equivalent to the refinement quantifiers
of RML this also suggests that results in AAML derived from the DEL-sequents
would also be valid in RML.
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APPENDIX A

Modal p-calculus

In this appendix we define the syntax and semantics of the modal p-calculus.
The modal p-calculus extends modal logic with a least fixed point operator pu
and a greatest fixed point operator v. We use the modal p-calculus in Chapter 8
to show that the refinement modal logic RMLg, is strictly less expressive than
the modal pi-calculus K, The proof of this result relies only on the semantics
of the modal p-calculus. For an introductory text on the modal p-calculus we
direct the reader to the book by Arnold and Niwinski [5].

Let X be a non-empty, countable set of variables.

Definition A.0.1 (Language of modal p-calculus). The language of modal -

calculus, L,,, is inductively defined as:

pu=pla|-@|(@Ap)|Oup | pr.

where p € P, a € A and x € X, and in uzx.p every free occurrence of = in ¢

occurs positively (i.e. within the scope of an even number of negations).

We use all of the standard abbreviations from modal logic, in addition to the
abbreviation vx.p 1= —pux.—p.

We now define the semantics of the modal p-calculus. The semantics are
defined in terms of a parameterised class of Kripke frames, C, which could stand

for K, K4, K45, etc. or for any other class of Kripke frames so defined.
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Definition A.0.2 (Semantics of modal p-calculus). Let C be a class of Kripke
frames, let ¢ € L, let M, = ((S,R,V),s) € C be a pointed Kripke model
and let Val : © — P(S) be a function from variables to sets of states. The set
of states [p]va C S where ¢ is satisfied with respect to an assignment Val is

defined inductively as follows:

[Plva = V(p)
[z]lva = Val(z)
[e AYlva = [elva N [Wlva
[Daplva = {s€S|[sR, C[e]va}
[relva = [T €S| [elvamm €T}

where Val[T /] is the assignment such that Val[T /z](x) = T and Val[T /z](y) =
Val(y) for y # x.
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APPENDIX B

Bisimulation quantified modal logic

In this appendix we define the syntax and semantics of the bisimulation quanti-
fied modal logic of Ghilardi and Zawadowski [48], and Visser [82]. The bisimula-
tion quantified modal logic extends modal logic with quantifiers over the pointed
Kripke models that are bisimilar to the currently considered Kripke model, except
for the valuation of a given propositional atom. We use the bisimulation quanti-
fied modal logic in Chapter 8 to show that the refinement modal logic RMLg, is
non-strictly less expressive than the bisimulation quantified modal logic BQMLy,.
The proof of this result relies only on the semantics of the bisimulation quanti-
fied modal logic. We also note that RMLg, is decidable as a consequence of the
decidability of BQMLy,.

We first define the notion of bisimulation used by bisimulation quantified
modal logic. This is essentially the same as the standard definition of bisimula-
tion, except that the condition atoms is relaxed for a designated propositional

atom.

Definition B.0.1 (p-bisimulation). Let M = (S, R, V) and M' = (5", R', V') be
Kripke models, and let p € P be a propositional atom. A non-empty relation
M C S x5 is a p-bisimulation if and only if for every ¢ € P\ {p}, a € A and

(s,5") € R the following conditions, atoms-¢q, forth-a and back-a holds:

atoms-q s € V(q) if and only if s € V'(q).
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forth-a For every t € sR, there exists t’ € s'R!, such that (¢,t') € R.

back-a For every t' € s'R], there exists t € sR, such that (¢,t) € .
If there exists a p-bisimulation PR such that (s,s’) € R then we say that M,

and M, are p-bisimilar and we denote this by M, ~, M.

S

We define the syntax of bisimulation quantified modal logic.

Definition B.0.2 (Language of bisimulation quantified modal logic). The lan-

guage of bisimulation quantified modal logic, Ligm;, is defined inductively as:

pu=plz|-p|(pAp)| O | Ypo
where p € P, and a € A.

We use all of the standard abbreviations from modal logic, in addition to the
abbreviation Ip.p ::= =Vp.—.

The formula 9p.<p may be read as “in every p-bisimilar Kripke model ¢ is
true” and the formula 3¢ may be read as “in some p-bisimilar Kripke model ¢
is true”.

We now define the semantics of the bisimulation quantified modal logic. The
semantics are defined in terms of a parameterised class of Kripke frames, C, which
could stand for K, K4, K45, etc. or for any other class of Kripke frames so de-
fined. Similar to refinement modal logic, the parameterised class of Kripke frames
restricts the p-bisimilar Kripke models that are considered by the bisimulation

quantifiers.

Definition B.0.3 (Semantics of bisimulation quantified modal logic). Let C be
a class of Kripke frames, let ¢ € Ly, and let M, = ((S,R,V),s) € C be a
pointed Kripke model. The interpretation of the formula ¢ in the logic BQML,,
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on the pointed Kripke model M, is the same as its interpretation in modal logic,

defined in Definition 3.1.7, with the additional inductive case:

M, EVp.p iff for every M/, € Cif M, ~, M/, then M/, E ¢
We note the following two results.
Proposition B.0.4. The logic BQMLy, is expressively equivalent to K4,

Proposition B.0.5. The logic BQMLy, is decidable.

These results are shown by French [44].
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